Large scale asymptotics for

random convex hulls

RUHR UNIVERSITY BOCHUM

DOCTORAL THESIS

presented to the Faculty of Mathematics
at the Ruhr University Bochum

in consideration for the award of the academic grade of
Doctor rerum naturalium

by

Julian Grote

April 2018






Meinen Eltern in Dankbarkeit gewidmet.






“It depends on how many beers one has already drunken when choosing the points.”

- my mother, on Sylvester’s four point problem.
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Chapter 1
Introduction

This chapter begins with a general introduction into the theory of stochastic geometry
and random polytopes, presenting some milestones in their historical development. In
particular, we focus on Buffon’s needle problem from 1777 and Sylvester’s four point
problem from 1864, which enable the reader to gain some insights into two mathem-
atical problems that are regarded as the starting points in the theory of stochastic
geometry and random polytopes, respectively. Then, we use the class of Gaussian
polytopes to state some applications of random polytopes to other fields of mathem-
atics, to explain results concerning random polytopes that have been obtained in the
last decades and to arrive at a point that can be considered as a kick-off for Chapter 3.
Moreover, we provide the reader with a historical background, dealing with the theory
of the approximation of smooth convex bodies by random polytopes. Finally, this leads
to a starting point for Chapter 5.

Next, we switch to the actual content of this thesis and describe its guideline. We
introduce three different random polytope models, combined with the associated is-
sues that are analyzed and solved in the upcoming chapters. Furthermore, we state
exemplary results to give an heuristic overview on the main topics of the thesis, and

specify the research papers that this thesis is based on.
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1.1 General introduction

Stochastic geometry is a branch of mathematics at the borderline between convex
geometry and probability theory. Its origin is in the year 1777, when Buffon [21] found

an answer to the following question, known as Buffon’s needle problem in literature:

Let us imagine two people stand in a room whose floor consists of parallel ordered
boards, having all the same width. Now, one person throws up a needle of given
length, betting that it falls on one of the splices between the boards. The other

person bets on the opposite event. We assume, additionally, that the needle is not

longer than the boards are wide. Under which assumption on the length of the needle

in relation to the width of the boards can this game be considered to be fair?

This problem can be regarded as an easier version of the game ‘franc Carreau’; very
popular in France at that time. Here, two people stand in a room and throw a coin
onto its chessboard patterned floor. The question, how high is the probability that the
coin will be completely contained in one of the squares, initiated also the interest in

Buffon’s needle problem.

In order to provide the reader with an overview on where both geometry and probability
come into play, we have decided to enumerate the main ideas of Buffon’s proof. Let
2a and 2b denote the width of the boards and the length of the needle, respectively,
satisfying 2b < 2a by assumption. Now, consider a strip of width 2a — 2b in the middle
of one of the boards (see Figure 1.1). If the center of the needle, symbolized by M,

1
b
........................................................................... l

FIGURE 1.1: Buffon’s needle problem I.

falls into this strip, the needle cannot touch one of the splices. On the other hand, if
M falls into one of the two remaining stripes of width b, the needle can either touch
a splice or not. Without loss of generality, let us assume that M falls into the upper

one, and denote by = the shortest distance from M to the corresponding upper splice.
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If the needle falls down in such a way that it just touches the splice with one of its

ends, this direction and the perpendicular dropped of M onto the splice form the angle

a (see Figure 1.2). Now, the probability that the needle hits the upper splice is 2?“,

F1GURE 1.2: Buffon’s needle problem II.

and in view of cosa = ¢, it follows that o = arccos . Therefore, the probability that

the needle hits the splice, given that it is at distance x to M, is

T
— arccos —.
T b

Since x can take values between 0 and b, we average over all of those. Thus, the

probability that the needle hits a splice, given that it lies in the upper strip, is

b
12 2
/arccos z dr = —.

b b s
0

If M is located in the lower strip, we obtain the same probability. Because the prob-
ability that M falls into one of the two stripes is ;—Z, finally, the probability that the
needle hits a splice is given by

202 2

i (1.1)

2am  ar

As a consequence, to achieve a fair game between the two players, the length of the
needle, 2b, and the width of the boards, 2a, need to satisfy

2 2b
B2 g 9T
ar  am 2
Hence, their relation has to fulfill
20w
2a 4’

which is the answer to Buffon’s needle problem.
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The first proof in the setting of a ‘long needle’, that is, 2b > 2a in our above used
spelling, is given in an article by Wolf [134], who published results obtained by Merian
in 1850. In this situation, the probability that the needle hits a splice is given by

2 2b
2, 2%
T aT

(1 —sin B), (1.2)

where  is the angle arising when both endpoints of the needle are located on neigh-

boring splices (see Figure 1.3). In particular, in the case that 2a = 2b, it follows that

—

FiGURE 1.3: Buffon’s needle problem III.

f = 0 and, thus, the two probabilities in (1.1) and (1.2) do match.

In the last two centuries, random polytopes, or random convex hulls, have become one
of the outstanding models of study in stochastic geometry. Indeed, they have seen nu-
merous applications to other branches of mathematics, such as asymptotic geometric
analysis, coding theory, compressed sensing, computational geometry, optimization and
multivariate statistics. Also consider the surveys about random polytopes by Béarany
[7], Hug [72] and Reitzner [110] for further details and references. We explicitly state
some of these applications in the setting of Gaussian polytopes below.

A random polytope emerges as the result of a random experiment, obtained in our
setting by choosing n € N random points in R?, d > 2, according to some probability
measure. The random convex hull of this point set, that is, the smallest closed convex
set containing all the points, defines the random polytope.

The most natural way of choosing the points might be the one where they are inde-
pendent and uniformly distributed. In view of this purpose, we restrict ourself to some
bounded set K in R Since the induced random polytope is convex and should also
be contained in this set, we assume K to be convex itself.

For the sake of precision, we always assume K to be a convex body in R?, i.e., a con-
vex, compact and non-empty subset of R%, and X1, ..., X, independent and uniformly

distributed points in K. Then, the random convex hull of this point set is denoted by

K, = conv(Xy,..., X,).
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Figure 1.4 illustrates some convex body in the planar case, from which we choose

uniformly distributed random points and, finally, the corresponding convex hull K.

FIGURE 1.4: Construction of K.

The origin of random polytopes is traditionally related to the Sylvester’s four point
problem. In 1864, Sylvester [124] posed a problem, very innocent at the first glance,

that in more recent terminology reads as follows:

Show, that the probability that the convex hull of four points taken at random in an

indefinite plane is a triangle, is i.

Some years later, in 1885, Crofton [30, Page 785] underlined the meaning of Sylvester’s

four point problem by writing:

“Historically, it would seem that the first question given on local probability, since

Buffon, was the remarkable four point problem of Prof. Sylvester.”

Many people started working on this issue and presented different ‘solutions’. While
Sylvester [124] himself gave a proof, Ingleby [74] published answers obtained by De-
Morgan and Wilson, arguing that the probability has to be %, respectively % If ois
the origin of R¢, we denote by B%(0,7) the d-dimensional closed ball of radius r > 0,
centered at the origin. Woolhouse [136] initially chose the four points at random in
B?(0,7). Then, he computed the probability inside this circle. Finally, he took the

limit, as » — 0o. In other words, he treated R? as a circle of infinite radius.

5
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Using this idea, he obtained a probability of

35
1272

It was almost immediately understood that these inconsistent results were due to the
instruction that the points should be taken at random in an indefinite plane, allowing
for different interpretations of the underlying probability measure. To overcome this
culprit, Sylvester modified his question. Given a convex body K in the plane, he asked
for the probability that the convex hull of four points chosen from K independently
and uniformly distributed forms a triangle (see Figure 1.5). We denote this probability
by P(K). In the above introduced notation, this is the probability that K, forms

FIGURE 1.5: Sylvester’s four point problem.

a triangle. Additionally, Sylvester asked for classes of convex bodies that minimize,
respectively maximize P(K).

Since the points are chosen independently and uniformly distributed, it follows that

P(K) = 4P({One point lies inside the triangle formed by the other three points.})
]E[VOIQ(K;;)]

=4
VOIQ(K)

Here, voly(:) denotes the 2-dimensional volume, namely, the area, while, generally,
vol;(+), j € N, is the j-dimensional volume of the underlying set. Moreover, the

expected area of the random polytope K3 is given by

vol,

1
E[voly(K3)] = oL (K ///Volg(conv(xl,xQ,xg))dxldxgdxg,
K K K

where dz;, i € {1, 2,3}, is the Lebesgue measure.
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Woolhouse [136] computed this integral in the case of K being a circle of arbitrary

radius. As mentioned above, he obtained that

35

P = T

On the other hand, if K is an arbitrary triangle, Sylvester [125] proved that
1
P(K)=—.
(K) = 5

In 1867, Woolhouse [135] computed the probability when the underlying convex body

is given by a square, a parallelogram and a regular hexagon, respectively. In particular,
he noted that for all discussed sets K, it holds that

35
<PK) <
1272 — (K) <

W

Therefore, it seemed natural to conjecture that the minimum and maximum of P(K)
are obtained when K is a circle and a triangle, respectively. In 1885, Crofton [30]
proved that the minimum is indeed attained when K is a circle. It has taken 32 more
years, until 1917, before a unified proof of the complete conjecture was established by
Blaschke [16].

Sylvester’s four point problem in the plane can easily be generalized to an arbitrary
underlying space dimension. For d > 2, let K be a convex body in R? and K4, be the
convex hull of d 4+ 2 independent and uniformly distributed points in K. Moreover, we
denote by P;(K') the probability that one of the d + 2 chosen points lies in the convex
hull of the d + 1 others. Thus, the probability discussed above can be rewritten as

P(K) = Py(K).

At the end of his proof in the planar case, Blaschke claimed that his results would
easily carry over to higher dimensions. More precisely, he claimed that P;(K) would
be minimized and maximized when K is a ball and a regular simplex in R?, respectively.
Unfortunately, only in 1973, Groemer [54] verified the minimization property of the ball.
However, the conjecture that Py(K) is maximized when K is a regular simplex is still
unsolved and, therefore, still a current topic of research. This is due to the fact that
a positive solution to this problem would immediately imply the famous hyperplane
conjecture, one of the major open problems in the asymptotic theory of Banach spaces

(see Milman and Pajor [102]). Let us give a small background about this conjecture.
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We denote by GL(R?, R?) the family of linear isomorphisms 7" : R? — R? and let K

be a convex body in R%. Without loss of generality, we assume it to be centered, i.e.,

for all u on the unit sphere S¥~1, where (-,-) indicates the standard scalar product on
R?. Then, there exists a T € GL(R? RY) such that K := T(K) is isotropic, i.e., has

unit volume and there is an absolute constant Ly € (0, 00) satisfying

JCORIE

K

for all u € ST (see [102]). L is called the isotropic constant of K. In 1986, Bourgain
[20] conjectured that a uniform upper bound on the isotropic constant should hold,
simultaneously for any convex body and any space dimension. More precisely, he

conjectured that there is an absolute constant C' € (0, 00) such that
LK S Ca

for any d > 2 and any convex body K in RY. Unfortunately, the best known bound in

the literature is
Ly < Cdi,

where C' € (0,00) is an absolute constant (see Klartag [82]). The isotropic constant
conjecture is equivalent to the aforementioned hyperplane conjecture, stating that there

exists another absolute constant C' € (0, 00) such that
max{voly (K Nu'):ueS™}>C,

for any d > 2 and any centered convex body K in R¢ of unit volume. Here, u' is the
hyperplane containing the origin and orthogonal to u € S%~!. Indeed, for any d > 2,
any u € S%! and any isotropic convex body K in R?, it holds that

1 1
o T < volg_1 (K Nut) <0y o

where C, Cy € (0, 00) are absolute constants (see Hensley [65]).
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Thus, Sylvester’s four point problem from 1864 was not only the starting point in
the theory of random polytopes, but even nowadays it still affects and influences the

ongoing research in this rapidly developing area of stochastic geometry.

Another way of constructing random polytopes that has attracted particular interest
in the last decades concerns the so-called Gaussian polytopes. They arise as convex

hulls of a collection of independent random points in R¢, distributed according to the

standard Gaussian law. More formally, let ||-|| stand for the Euclidean norm. Then,
1 2
¢d(x) = a Xp <_M) ) YRS Rda (13)
(2m)2 2
is the density of a standard Gaussian random variable in R?. Now, let Xi,..., X,,

n € N, be independent random points in R?, d > 2, distributed according to the
Gaussian law. Finally, the random convex hull of this point set, denoted again by K,
defines the Gaussian polytope.

The main differences towards the already discussed model are that there is here no
reference body in which the points are contained with probability 1 and that the
induced Gaussian polytope grows unboundedly in all directions, as the number of

points increases.

Gaussian polytopes show relevant connections to other fields of mathematics. Firstly,
they are highly relevant in asymptotic convex geometry or the local theory of Banach
spaces. Indeed, since the breakthrough paper of Gluskin [49], Gaussian polytopes have
been used as extremizers in geometric or analytic problems. For example, consider the

two random convex hulls
K := conv([-1,1]% U IES ¢ iXC(li)}),

i € {1,2}, formed by the union of the d-dimensional unit cube [—1,1]¢ with two
independent and symmetrized Gaussian polytopes in R?, arising from d independent
Gaussian points Xl(i), . ,Xcgi), i € {1,2}. In particular, K, i € {1,2}, is an origin
symmetric convex body in RY, that is, if z € K, it holds that also —z € K. Note that
there is a one to one correspondence between the class of such origin symmetric convex
bodies and the class of d-dimensional Banach spaces (see [49] for further explanations).
Now, with probability tending to 1 exponentially fast, as the space dimension d tends
to infinity, the two random convex hulls K} and K3 - or, equivalently, the random d-

dimensional normed Banach spaces that have these polytopes as their respective unit
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balls — have Banach-Mazur distance bounded from below by a constant multiple of d.
This distance is defined as follows. Let X and Y be two d-dimensional normed spaces,
and let GL(X,Y') be the collection of all linear isomorphisms 7" : X — Y. If ||T|o,
denotes the operator norm of 7', the Banach-Mazur distance between X and Y is given

by
inf{||T)|op [T~ |lop : T € GL(X,Y)}.

The value d also provides an upper bound for this quantity by the classical John’s
theorem (see [77]). We refer to the work of Latala, Mankiewicz, Oleszkiewicz and
Tomczak-Jaegermann [88] and to the survey by Mankiewicz and Tomczak-Jaegermann
[96] for a generalization of this result to certain sub-Gaussian polytopes. Further ex-
tremality results in this context are due to, for instance, Gluskin and Litvak [50] and
Szarek [126].

Secondly, Gaussian polytopes are prototypical examples of random convex sets that
satisfy the (probabilistic version of the) celebrated hyperplane conjecture, already men-
tioned above. Initially, they where considered as a potential counterexample. More
detailed, it was shown by Klartag and Kozma [83] that the isotropic constant of the
convex hull of n > d + 1 independent Gaussian random points in R? is bounded by an
absolute constant with probability at least 1 — e=“?, where C € (0, 00) is another ab-
solute constant. In other words, Gaussian polytopes satisfy the hyperplane conjecture
asymptotically almost surely, as d — oo. For other random polytope models satisfying
this form of the hyperplane conjecture, we refer to the works of Alonso-Gutiérrez [5],
Dafnis, Guédon and Giannopoulos [31], Héorrmann, Hug, Reitzner and Théle [67] and
Hoérrmann, Prochno and Théle [68].

Thirdly, Gaussian polytopes are of interest in some branches of coding theory because
of the following interpretation, derived by Baryshnikov and Vitale [11]. Fix n > d + 1,
and let A, be a regular simplex in R". Now, take a random rotation ¢ in R", and let
pr? : R — R? be the projection onto the first d coordinates (see Figure 1.6). Then,
the randomly rotated and projected simplex prfj(o(A,,)) has the same distribution as
a Gaussian polytope that arises as the convex hull of n + 1 standard Gaussian random
points in R%, up to an affine transformation. In the context of coding theory, it is of
interest whether the projection of k vertices of A, is always a (k — 1)-dimensional face
of pr(o(A,)). As n — oo, this holds as long as k and d are both proportional to
n. For more details in this direction, we refer to the works of Candes and Tao [24],
Donoho and Tanner [35, 36, 37] and Vershik and Sporyshev [132].

10
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pri(o(An))

FIGURE 1.6: Projection of the randomly rotated simplex onto its first
d coordinates.

Moreover, spatial data can be assumed to follow a Gaussian law. For more information
on this point, we refer to the survey article by Cascos [26]. Hence, Gaussian polytopes
show a clear relevance also in the area of multivariate statistics. For example, the
vertices of a Gaussian polytope can be viewed as the multivariate extremes of the

underlying sample.

In the following, the reader is provided with a historical background, dealing with
expectation and variance asymptotics, as well as central limit theorems, for different
characteristics of Gaussian polytopes. Let us denote the i-th intrinsic volume and
the number of j-dimensional faces of K,, by V;(K,), i € {1,...,d}, and f;(K,), j €
{0,...,d — 1}, respectively (see Section 2.2 for a detailed definition). In particular,
Vi(K,) represents the volume, while fo(K,,) indicates the number of vertices of K.

One of the first issues taken into account concerned their expected values, as the
number of points tends to infinity. This line of research starts with the classical work
of Rényi and Sulanke [111] in 1963. Their paper can generally be seen as the first
milestone in the analysis of expected values of characteristics of random polytopes,
as the number of underlying points tends to infinity. Specifically, Rényi and Sulanke
analyzed the expected vertex number of a huge class of random polytope models in the

plane, including the Gaussian model as a special case.

11
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This research was continued by the papers by Affentranger [2] and Affentranger and
Schneider [3], concerning the face numbers of Gaussian polytopes in higher dimensions.
Particularly, for all j € {0,...,d — 1}, it holds that

—1

E[f;(K,)] ~ ¢ (logn)®

as n — 0o, where ¢; € (0,00) is an explicitly known constant only depending on d and
j. Here, for two functions f(n) and g(n), the notion f(n) ~ g(n) indicates that

lim M = 1.

n—vo g(n)
Now, some simulations are presented to provide an heuristic explanation for the beha-
vior of the expectation asymptotic for the volume of K,,. While Figure 1.7 shows the
simulation of different numbers of Gaussian points in the plane, Figure 1.8 contains
their respective convex hulls. As already described above, K, grows unboundedly in
all directions, as the number of points increases. On the other hand, the more points
thrown in, the more the random polytope K, looks like a circle. Figure 1.9 indicates
that B%(o, v/2logn) might be an appropriate reference body to compare the random
polytope K, with. Indeed, it was proved by Geffroy [48] that the Hausdorff distance
between K, and this ball converges to 0 almost surely, as n — oo. Here, the Hausdorft-

distance of two convex bodies K and L in R? is given by
inf{e >0: K C(L®B%o0,¢)) and L C (K ®B%o,¢))},
where the Minkowski sum of K and L is defined as
KeL:={a+b:ac K,be L}.

Therefore, the expected value of the volume of K, behaves like r4(2log n)%, asn — 0o,
where x4 denotes the volume of the d-dimensional unit ball. This was proved by
Affentranger [2], showing that even more generally for all intrinsic volumes, i.e., all
i€ {l,...,d}, it holds that

Rd—i

B ~ () 2 2logn)*

as n — oQ.

12
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FIGURE 1.7: Simulation of n = 10,100, 1.000, 100.000 Gaussian points.

Hug and Reitzner [73] derived variance upper bounds and used them to establish laws
of large numbers. For all i € {1,...,d} and j € {0,...,d — 1}, they proved that

i—3 d—1

var[V;(K,)] < ¢ (logn) 2 and  var[f;(K,)] < c (logn) 2,

for sufficiently large n, where ¢y, ¢y € (0,00) are constants only depending on d, i and
j. Matching lower bounds were obtained by Barany and Vu [9] for all face numbers
and the volume.

Moreover, Hueter [70, 71] computed the precise variance asymptotics for the number
of vertices and the volume of K,,, while Calka and Yukich [23] generalized the result

to hold for all intrinsic volumes and face numbers.
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1.1. GENERAL INTRODUCTION

FIGURE 1.8: Simulation of KlO, KlOO; Ki.000 and K100.000-

For alli € {1,...,d} and j € {0,...,d — 1}, they showed that

d+3 d—1

var[Vi(K,)] ~ ¢1 (2logn)"™ = and var|f;(K,)] ~ ¢z (2logn) =,

as n — 00, where ¢; € [0,00) and ¢ € (0,00) are constants only depending on d, i
and j. In particular, the upper bound for the intrinsic volumes derived in [73] does not
have the right order of magnitude. However, except for the case that i = d, Calka and
Yukich were not able to exclude the possibility that c; = 0. Recently, Barany and Thale
[8] closed the missing gap and proved that, in fact, ¢; € (0,00) for all other intrinsic
volumes, too. Further, it was shown in [23] that the scaling limit of the boundary of

K,, as n — oo, converges to a ‘festoon’ of parabolic surfaces.
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CHAPTER 1. INTRODUCTION

Figure 1.9: Comparison of K, with the respective ball with radius

N

The central limit problem for Gaussian polytopes has first been treated again by Hueter
[70, 71] for the number of vertices and the volume of K,, and been generalized in
the breakthrough paper by Bérdny and Vu [9] to hold for all other face numbers,
too. Finally, Barany and Théle [8] added the result for the lower-dimensional intrinsic
volumes. More in detail, for all i € {1,...,d} and j € {0,...,d — 1}, it holds that
Vi(Ky) —E[Vi(Kn)] b

[i(K) —Ef; (K] b
N s an N y 1)
) o ed kO

as n — o0o. Here, L denotes convergence in distribution and N (0, 1) stands for a

standard normally distributed random variable.
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1.1. GENERAL INTRODUCTION

Under a further randomization of the model, that is, the family of random points is
induced by a Poisson distributed number of points instead of a deterministic one, these

central limit theorems yield an excellent starting point for Chapter 3 (see Section 1.2).

A third valuable example of constructing random polytopes is the following. Indeed,
it is the underlying model in Chapter 5. Let for now K be a convex body in R%, d > 2,
having twice continuously differentiable boundary 0K with strictly positive Gaussian
curvature kg (z), * € K. Moreover, let f : 0K — R, be a continuous and strictly

positive function, satisfying

/ F () M (da) = 1,
0K

where 'Hg;(l is the Hausdorff measure on 0K. Additionally, X,..., X, are chosen

independently on 0K, distributed according to the probability measure induced by
f (@) My (dw). (1.4)

Finally, K, indicates the random convex hull of this point set. In this situation, Schiitt
and Werner [121] proved that

le Hd_l d ’ .
()™ or (dz),  (1.5)

~J

__2 2
oA 2(d+ 1) wi

volg(K) — E[voly(K,)] (d— 1)ai T (d+1+7%) / Kk ()
oK

as n — 00, where wy is the surface area of S“!. In particular, the latter result will
be crucial in Chapter 5, which is concerned with the theory of the approximation of
smooth convex bodies by (random) polytopes. We close this section by providing a
historical background on this topic.

Let P be a polytope in R?, defined as the closed convex hull of a finite point set, and

let K be a convex body in R? as above. The general question,
How well can such a convex body K be approximated by a polytope P?,

has attracted a lot of interest in the last decades and much research has been devoted
to its solution. This is due to the fact that it is fundamental in convex geometry and
has applications in stochastic geometry, complexity, geometric algorithms and many
more. The surveys and books by Gruber [59, 60, 62] and the references cited therein

are excellent sources in this context.
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CHAPTER 1. INTRODUCTION

As formulated above, the question is quite vague and needs to be phrased more pre-
cisely. First of all, we aim to clarify what we mean by approximated and how we want
to measure the degree of approximation. The most prominent ways to do this might
be the symmetric difference metric and the surface deviation, reflecting the volume
deviation, respectively the surface deviation, of the approximating and approximated

objects. Here, we focus on the symmetric difference metric, defined for convex bodies
K and L in R? as

voly(KAL) :=vol; (KUL)—voly (KNL).

The blue area in Figure 1.10 gives an example of this set in the planar case. Moreover,

L
K

FiGURE 1.10: The symmetric difference metric.

various assumptions on the approximating polytopes can be added. One can restrict
only to those polytopes that are contained in or do contain K, respectively. One can
focus on polytopes with a fixed number of vertices or, more generally, a fixed number of
lower-dimensional faces. Here, we deal with the situation where the number of vertices
is fixed and the polytope can be placed arbitrarily in space.

The question about the approximation of K in the symmetric difference metric by a
polytope P, having a fixed number of vertices and satisfying P C K, was answered
in dimension d = 2 by McClure and Vitale [99] and in arbitrary dimension d > 2 by
Gruber [61]. There exists a constant del; € (0, 00) only depending on d such that

inf{vol,(KAP): P C K P) < 1 1
inf{volg( ) E , Jol )—n}wédeldas(K)ﬁl,

as n — 0o, where fo(P) denotes the number of vertices of P, and the affine surface

area of K is given by

as(K) = //iK(x)dil HE (da).

oK
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1.1. GENERAL INTRODUCTION

The integral involving the Gaussian curvature appears in questions of best approx-
imation of convex bodies by polytopes quite naturally. Indeed, more vertices of the
approximating polytope should be placed where the boundary of K is strongly curved
and fewer points where the boundary is flat.

Regarding to the constant del;, Gordon, Reisner and Schiitt [52, 53] proved that there
exist absolute constants C, Cy € (0, 00) such that

Cid < dely < Cod. (1.6)

Later, Mankiewicz and Schiitt [94, 95] enhanced the bounds, providing that

d—1 -2 Clogd\ d—1 -2
a51 " Sdeldﬁ(” d )dH“ddw

where C' € (0,00) is an absolute constant. In particular, the latter result implies that

deld 1

[ —

d 2mre’

as d — oco. Removing the assumption that the polytope P has to be contained in K
and, hence, considering all polytopes having at most n vertices, Ludwig [90] showed
that there exists another constant ldely € (0, 00) only depending on d such that

nf{vola(KAP) : o) Snp Ly as(r) st (1.7)
2 2 b N

n d-1

as n — 0o. The dependences on the number of points n and the convex body K are
the same as in the previously mentioned result. Besides, as a corollary from (1.6), one

gets that there is an absolute constant C' € (0, 00) such that
Idely < Cd.

On the other hand, since we removed the restriction that P C K, this upper bound
can be improved. Indeed, in the case of K being the d-dimensional unit ball, it was
proved by Ludwig, Schiitt and Werner [91] that there exists a polytope P in R, having
n vertices, such that for all sufficiently large n, it holds that

voly(KAP) < Cn™ a1 ky, (1.8)

where C' € (0,00) is an absolute constant.
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CHAPTER 1. INTRODUCTION

The approximating polytope is obtained via a random construction. In particular, if
one drops the restriction that P has to be contained in K, one gains by a factor of

dimension, that is,
Idely < C|

where C' € (0,00) is an absolute constant. The corresponding result for arbitrary
K follows from (1.8), together with (1.7). Indeed, applying the affine isoperimetric
inequality [118, Equation (6.2.4)], that is,

d+1
(as(K)) o voly (K)

W Rd

yields that
volg(KAP) < Cn 71 volg(K).

However, we aim to produce a direct proof for the approximation of K without using
the results of [90, 91]. This is the content of Chapter 5, where we construct a well
approximating polytope, obtained via a random construction. It is the convex hull of
randomly chosen points with respect to a probability measure with density f, given in
(1.4). In fact, it is only via our new approach that different densities can be considered,

not merely the uniform distribution as in [91] (see Section 1.2).

1.2 Guideline

This thesis deals with three completely different models of random polytopes and
associated issues. The purpose of this guideline is to introduce these models and to

provide an overview on the problems afforded, techniques used and answers suggested.

Chapter 2: The second chapter is devoted to some general preliminaries and back-
ground material. In Section 2.1, we start with the presentation of notation, used
throughout the whole text.

Then, Section 2.2 provides a short review of important concepts from convex geometry.
In particular, we define characteristics of convex bodies, namely, the intrinsic volumes,
together with their basic properties. Moreover, we introduce a prominent sub-class

of convex bodies, namely, convex polytopes. For polytopes, we present not only their
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1.2. GUIDELINE

metric parameters like the intrinsic volumes, but also their combinatorial structure,
represented by its f-vector.

Thereafter, Section 2.3 is concerned with some ‘special functions’ and their analytic and
asymptotic properties. This includes the Gamma function with associated digamma
and polygamma functions, the Beta function, as well as the Barnes G-function.

Next, in Section 2.4, we introduce the reader to the theory of cumulants. We state
their main properties, stressing their importance. This is due to the fact that once one
can bound the cumulants of a sequence of random variables ‘efficiently’; one directly
achieves not only a central limit theorem for this sequence, but also some related res-
ults, listed in this section.

Among them is a so-called moderate deviation principle, explained in Section 2.5, by
giving an overview on the even more general theory of large deviations.

Afterwards, in Section 2.6, we define the concept of Poisson point processes, focusing
on properties that turn out to be crucial later, namely, the Mecke equation and a map-
ping theorem.

The final Section 2.7 is concerned with an introduction into the theory of mod-¢ con-
vergence. Once an appropriate version of mod-¢ convergence has been established, one

gets a collection of companion theorems for free, stated in this section.

Chapter 3: This chapter ties on the results presented above for the class of Gaussian
polytopes, after a further randomization of the model. Specifically, we assume that the
considered generalized Gamma polytopes are defined as the random convex hulls of a
Poisson point process, whose intensity measure is given by a multiple of a huge class
of isotropic measures on R?, d > 2, including the Gaussian one as a special case.

Such a random polytope is constructed in three steps. First, let N be a Poisson

distributed random variable of intensity A > 0, i.e.,

for all k € Ny. Secondly, choose the random number of N points in R?, independently
and distributed according to the density

T B
bas(2) = ¢y [2]|* oxp (—%)  seRrY (1.9)

where o > —1 and 8 > 1. We denote this point set by P,. In a third step, the convex
hull of P,, indicated by K, defines the underlying random polytope.
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CHAPTER 1. INTRODUCTION

The family of stated densities can be summarized under the class of the generalized
Gamma distribution, giving rise to the description generalized Gamma polytopes. As
special cases, it includes the Gaussian distribution (o« = 0,8 = 2), the generalized
normal distribution (v = 0,5 > 1), the Gamma distribution (o > 0,8 = 1) and the
Weibull distribution (o > 0,5 = a + 1).

In the Gaussian setting, the only difference to the previously discussed Gaussian poly-
topes concerns the number of chosen points, now no longer deterministic but random,
and determined by a Poisson distributed random variable. Furthermore, since we are
interested in the large scale asymptotics, as the number of points tends to infinity,
we now consider the setting where the parameter in the Poisson distribution tends to
infinity, i.e., A — oo.

Since Béarany and Vu [9] in the Gaussian framework, the line of research under this
further randomization has recently been taken up in the remarkable work of Calka and
Yukich [23], who computed the precise variance asymptotics for the intrinsic volumes
and face numbers of Gaussian polytopes. Moreover, in [23], the scaling limit of the
boundary of the K, considered is obtained by means of a scaling transformation, de-
veloped in previous works of Calka, Schreiber and Yukich [22] and Schreiber and Yukich
[120] on random Poisson polytopes in the unit ball.

The general purpose of Chapter 3 is to introduce a new probabilistic viewpoint on
our class of generalized Gamma polytopes and to gain new insights into their large
scale asymptotic geometry. It is based on sharp bounds for cumulants and the large
deviation theory of Saulis and Statulevic¢ius [117]. By means of these techniques, we
derive a number of new and powerful results that were not within the reach of other
methods available before. The geometric characteristics we consider are, on the one
hand, related to the metric and, on the other hand, related to the combinatorial struc-
ture of the underlying random polytopes, given by the intrinsic volumes and the face

numbers, respectively.

Some very technical, but crucial, preliminaries are described in Section 3.1. In the
Gaussian case, i.e., « = 0 and 8 = 2, it is known from the work of Geffroy [48] that the
Hausdorff distance between K, and B (o, (2log Ar)2) converges to 0 almost surely, as
k — oo, along all ‘suitable’ subsequences )\, tending to infinity. The goal of Section

3.1.1 is to determine this critical ball in our generalized setting, which turns out to be
d 1
B (07 (ﬁ log )‘k‘)ﬁ)v
not depending on the parameter a.
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1.2. GUIDELINE

Establishing these balls is necessary to define the scaling transformation 7' in Section
3.1.2, a modified version of the one used in [23, Equation (1.5)]. Via this transformation,

the Poisson point process P, in R? is mapping to another Poisson point process
PY =T)\(P))

in some bounded region of the product space R x R. Its limit, as A — oo, is given

by a third Poisson point process P in R?~! x R, having density
(v, h) > e, (v,h) € R x R,

with respect to the Lebesgue measure on R4 x R, independent of the parameter a
and 3 in the underlying density function ¢, s.

From this scaling transformation, in Section 3.1.3, we introduce germ-grain processes
TN (PN and N (PAN). As A — oo, these processes connect the characteristics of
K to limit paraboloid germ-grain processes W(P) and ®(P) associated with P (see

also Section 3.4.3). To construct, for instance, ®(P), let

2
I = {(v,h)eRd‘lxR:hg—HUQH }

and, for w € R x R, put
T (w) == w @ I+,

Then, we denote by ®(P) the maximal union of downward parabolic grains IT+(w),
whose interior contains no points of the Poisson point process P. Specifically, ®(P)
arises by filling up the space from below with downward parabolas IT*, not containing
points from P. Therefore, its boundary 0®(P) is a union of inverted parabolic surfaces.
Afterwards, in Section 3.1.4, we introduce the key geometric functionals taken into
account in this chapter (see [23, Page 9], slightly modified from their Gaussian setting).
First, we define the intrinsic volume and face number functionals that correspond to
P, then, the ones to the rescaled process PY. For example, the volume functional is

given by the score function
&, (w, PY),

w € PWY. Thirdly, we present those correlated to the limit Poisson point process P.

22



CHAPTER 1. INTRODUCTION

The final Section 3.1.5 is concerned with the measure-valued versions of our functionals
defined in Section 3.1.4. We also introduce a cluster measure representation of their

cumulant measures that is crucial for the proof of the cumulant bound in Section 3.3.

Recall that the case a = 0 and § = 2 is the classical Gaussian setup. In Section 3.2, we
generalize the results stated and proved in [23] concerning the functionals of interest
and the germ-grain processes to arbitrary parameter o« > —1 and f > 1 in the under-
lying density of the Poisson point process P,. First, we show in Section 3.2.1 that the
rescaled functional 5‘(/2)(10,73()‘)), defined on points w := (v, h) € R¥1 x R, ‘localizes’
exponentially fast in its spatial coordinate v, as well as height coordinate h. Loosely
speaking, the value of this functional is just influenced by changes in the whole point
configuration P™ in some ‘small’ neighborhood of the point w itself. This leads to the
theory of localization, formally introduced at the beginning of this section.
Furthermore, [23, Lemma 4.4] shows that, in the Gaussian setting, the geometric func-
tional f‘(g )(w, P has finite moments of all orders. However, we provide some bound
in Section 3.2.2 to control the precise growth of these moments by using the local-
ization results from the previous section. For the volume functional, for all p € N,
w = (v,h) € PY and sufficiently large A, it holds that

hVO
_ e
E|& (w, PY)|" < e ¢ (p)* (1+ [])" D7 exp (— - > , (1.10)
3
where ¢, ¢, c3 € (0, 00) are constants only depending on d, a and /3, and hV 0 indicates
the maximum between both values. Such precise moment bounds can be seen as the

main output of Section 3.2.

The proofs of most results we achieve in Chapter 3 rely on a cumulant estimate, content
of Section 3.3. The related proof uses heavily the moment bounds obtained in the
foregoing section. Moreover, it is based on the cluster measure representation of the
cumulants of the measure-valued versions of the key geometric functionals, presented
in Section 3.1.4. Omitting technical details at this point, as an example, we state the
bound of the k-th cumulant achieved for the volume of K. For all k € {3,4,...} and
sufficiently large A, it holds that
B(d—kd—k—1)+2kd

[F[Va(EN)]] < eres (log ) 2 (k1> *2,

where ¢;, ¢y € (0,00) are constants only depending on d, a and 3.
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Thereafter, in Section 3.4, we present our main findings of Chapter 3. In Section 3.4.1,
we discuss the intrinsic volumes and face numbers of K. First of all, we generalize
the expectation and variance asymptotics, as well as central limit theorems, from the
Gaussian setting treated in [8, 9, 23] to our generalized one. For example, as the volume
of K is considered, it holds that

4d—B(d+3)

E[V,(K))] ~ ka (Blog \)®,  var[Vy(Ky)] ~ e (Blog\)™ 2,

and

Va(Ky) — BVaKNL b, g 1)
var[Vy(Ky)] o

as A — oo, where ¢; € (0,00) is a constant only depending on d, @ and . Secondly, we
state further probabilistic results for this class of random polytopes that were, to the
best of our knowledge, previously unknown, even in the Gaussian case. In particular,

this includes
— concentration inequalities,
— bounds for the growth of moments of all orders,
— Marcinkiewicz-Zygmund-type strong laws of large numbers,
— bounds on the relative error in the central limit theorems, and
— moderate deviation principles,
for all key geometric characteristics discussed above. Let us, for instance, state the

following concentration inequality. For sufficiently large A and all y > 0, it holds that

P(|Va(K)) — E[Va(Ky)]| > y v/var[Va(K,)] )
1 y2 1 ggls 335
< 2exp 1 min W,cl (log ,\) (d+5) q)3d+5 ’

where ¢; € (0,00) is a constant only depending on d, « and f.

Subsequently, in Section 3.4.2, we present the corresponding results for the measure-
valued counterparts of all intrinsic volumes and face numbers of K. We emphasize
that the latter have the advantage to capture the spatial profile of the considered

functionals, not only their total masses.
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As aforementioned, the germ-grain processes W (PXN) and @™ (PW) connect the
characteristics of K via the scaling transformation 7T to limit paraboloid germ-grain
processes U(P) and ®(P), as A — oco. In Section 3.4.3, we discuss more in details the
topic. In particular, the scaling limit 7)(0K)) coincides with 0®(P), as A — oo, for
all parameter o and S in the underlying distribution of the Poisson point process P,.
Thus, this ‘festoon’ of parabolic surfaces turns out to be a unique scaling limit for the
rescaled boundary of our class of generalized Gamma polytopes.

We remark that most of the theorems we have stated in Section 3.4.1 and Section
3.4.2 are the analogues of the results derived by Grote and Théle [56], where random
polytopes arising as convex hulls of a homogeneous Poisson point process in the d-
dimensional unit ball are considered. Moreover, the principal technique we use, based
on sharp bounds for cumulants in conjunction with the large deviation theory from
[117], parallels that in [56]. However, besides of these conceptual similarities, the
further details and arguments differ considerably and require much more technical
effort, as well as a number of new ideas, if compared to [56]. Indeed, in contrast to
random polytopes in the unit ball, our random polytopes in R¢ grow unboundedly in
all directions. In particular, for any fixed A > 0, there is no centered ball with radius
only depending on A (or any other deterministic set that depends on the parameter
A only) in which K is included with probability 1. This implies that the scaling
transformation 7y maps K into a set in the product space R4~! x R, while the scaling
transformation for random polytopes in the unit ball has R x [0, 00) as its target
space (see [22, 56]). In our situation, the upper half-space R~ x [0, 00) corresponds
to the image of a proper centered ball that contains the random polytope with high
probability, while the lower half-space R%~! x (—o0,0) corresponds to the image of its
complement. The probability that the latter contains points from the Poisson point
process PM) is small, but if there are such points, they have a significant influence on
the geometry of the underlying random polytope K.

While the geometric functionals satisfy a weak spatial localization property in the
upper half-space, such a behavior holds no more in the global setup. An example is
provided by the moment bound stated in (1.10), where the exponential term and, thus,
the complete right hand side, is just ‘small’ if the involved point is located in the upper
half-space. This remarkable but unavoidable phenomenon is explained in the Gaussian
case in [23] and generalized to all underlying densities of the form (1.9) in Section 3.2.1.
It causes considerable technical difficulties that were not present in the previous work
[56] and makes the analysis of probabilistic properties of generalized Gamma polytopes

a much more demanding task.
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The final Section 3.5 of Chapter 3 contains the proofs of all the results presented in
Section 3.4. More in details, Section 3.5.1 includes the proof of the expectation and
variance asymptotics for the measure-valued versions of the intrinsic volumes and face
numbers of K.

Then, in Section 3.5.2, we apply the cumulant bound obtained in Section 3.3 to prove
all other theorems stated in Section 3.4.2, while Section 3.5.3 covers the proofs of
the results in Section 3.4.1, concerning the intrinsic volumes and face numbers of K
themselves.

Finally, in Section 3.5.4, we establish the results regarding to the scaling limit properties

of the germ-grain processes ®(P) and V(P), respectively.
Chapter 3 is partly based on the paper

e GROTE, J., AND THALE, C. [57]: Gaussian polytopes: a cumulant-based ap-
proach. Journal of Complezity (2018+),

where the authors derived the cumulant bound presented in Section 3.3 in the Gaussian
case, i.e., « = 0 and § = 2, leading to the corresponding results stated in Section 3.4.1
and Section 3.4.2, respectively. Compared with that, the content of Chapter 3 goes
far beyond. Indeed, it contains a far-reaching generalization of the results stated by
Grote and Théle [57], as well as the variance asymptotics and scaling limits obtained by
Calka and Yukich [23], to arbitrary parameter & > —1 and 8 > 1 in the distribution
of the underlying Poisson point process P,. The main steps in the process of this
generalization are the following.

First, in Section 3.1, we modify the scaling transformation T} from [23, Equation (1.5)]
to achieve the uniqueness of the limit process P, giving rise to the uniqueness of the
scaling limit of the rescaled boundary T (0K)) (see Section 3.4.3). A second demanding
task is to prove the localization results and moment bounds in our generalized setting,
content of Section 3.2, following roughly [23, Lemma 4.1, 4.2 and 4.3] and [57, Section
5], respectively. Additionally, the proof of the cumulant bound in Section 3.3 generalizes
[57, Section 6]. Moreover, the expectation and variance asymptotics for the intrinsic
volumes and face numbers of K, as well as there measure-valued counterparts, are
obtained as in [23, Section 5.2 and 5.3], while the scaling limit properties are realized
as in [23, Lemma 3.1 and Section 5.1]. Finally, all other main results in Section 3.4,
based on the cumulant bound, are accomplished as in [57, Section 4].

The general case, dealing with our huge class of generalized Gamma polytopes, will be

prepared for publication soon.
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Chapter 4: In the last decades, random polytopes have mostly been modeled as
follows. First, fiz a space dimension d > 2 and a probability measure p on R?. Then,
let X1,...,X,, n € N, be independent random points in R?, distributed according
to p. A random polytope K, now arises by taking the convex hull of the point set
X1,...,X,. In particular, if the probability measure p is the uniform distribution on
some convex body K or the Gaussian measure on R? we obtain two of the situations
described in detail in Section 1.1. As aforementioned, the asymptotic behavior of the
expectation and the variance of characteristics like the volume or the number of vertices
of K, has been studied intensively, keeping the dimension fixed and letting n grow to
infinity. Moreover, it has been investigated whether these quantities satisfy a ‘typical’
or ‘atypical’ behavior, that is, for instance, they fulfill a central limit theorem, large
and moderate deviation principles, and concentration inequalities.

However, up to a few exceptions, it has not been investigated what happens if the
space dimension d is not fixed, but tends to infinity itself. As far as we know, the
only exceptions are the papers by Ruben [114], Mathai [98], Anderson [6] and Maechara
[93]. In the first two, it is shown that, for any fized r € N, the r-volume of the convex
hull of r +1 < d + 1 independent and uniform random points, partly in the interior
of the d-dimensional unit ball and partly on its boundary, is asymptotically normally
distributed, as d — oo. Besides, the third one establishes analogous results when
the fixed number of points are distributed according to the Beta distribution in the
d-dimensional unit ball, while the fourth paper generalizes the setup to the situation
of an arbitrary underlying d-fold product distribution on R¢.

Nevertheless, the regime in which r and d tend to infinity simultaneously is not treated
in these papers. The purpose of Chapter 4 is to close this gap and to prove a collection
of probabilistic limit theorems for the r-volume of the convex hull of r +1 < d+ 1
random points, distributed according to some classes of probability distributions that
allow for explicit computations. We focus especially on different regimes of growths of
the parameter r, relative to d. More precisely, we distinguish between the following

three regimes. The first case concerns r growing as o(d) with the dimension d, that is,

This includes, for example, the case where r is fixed or behaves like d*, for some o €
(0,1). Secondly, the underlying situation might be the one where r is asymptotically
equivalent to ad, again for some o € (0,1). Lastly, we analyze the setting where

d—r=o0(d), as d — 0.
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In particular, for » = d, we choose d + 1 random points. Thus, their convex hull is

nothing but a full-dimensional simplex in R¢ (see Figure 1.11).

FIGURE 1.11: Full-dimensional simplex in R3.

This chapter of the thesis is organized as follows. At first, in Section 4.1.1, we introduce
the different random point models considered. Besides the spherical and Beta-type,
this class includes once more the Gaussian model. For the sake of readability, we focus
on the Gaussian model for the rest of this guideline, stressing that similar results hold
also for the other two models.

Let 7(d) < d be an integer, let Xi,...,X,;; be Gaussian random points in R,
and denote by Vg, the r-dimensional volume of the random simplex with vertices
X1,...,X;41. In Section 4.1.2, we state a formula for the moments of V,;,, going back
to Miles [101]. More in detail, for all & > 0, it holds that

E[(r1Va,) %] = (r + 1) H [Qk%} (1.11)

j=1
By using these moments, we derive the distribution of Vg, in Section 4.1.3.

Thereafter, Section 4.2 is devoted to the precise analysis of the cumulants of the log-

arithmic volume of the Gaussian simplex, given by the random variable
Ly, = log(rVa,).

In Section 4.2.1, we start by analyzing its expectation and variance asymptotics, where

the first significant difference between the regimes for the parameter r arises.
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Specifically, as d — o0, it holds that

:z :r=o(d)
.
E[Lq,] ~ 3 logd  and  var[lq,]~ qilog  ir~ad
3 log d7f+l cd—1r=o(d).

Further, we derive a cumulant bound. For all k£ € {3,4, ...} and sufficiently large d, it
holds that

c’f !
La, —E[La,) = .= o(d) or 7 ~ ad
Ck Zdr — Zdr] < K
var[Lq.] - Ak cd—r=o(d),

<,/10g ﬁ)k

where ¢y, c3 € (0,00) are constants not depending on d and k. In particular, in contrast
to the cumulant estimates in Chapter 3, these bounds are ‘optimal’ in the sense that
the exponent at k! is 1 and, therefore, as small as possible. Indeed, this can be seen
from Theorem 2.4.3.

In Section 4.2.2, we apply these bounds and obtain ‘optimal’ Berry-Esseen bounds,
moderate deviation principles and concentration inequalities for the log-volume Lg,.
Then, in Section 4.2.3, we transfer the limit theorem from the log-volume to the volume
itself and obtain a phase transition in the limiting behavior. If r = o(d) or r ~ ad,
a € (0,1), the volume of the Gaussian simplex, V., converges to a normally or log-

normally distributed random variable, respectively.

Beyond, Section 4.3 establishes results concerning mod-¢ convergence for the logar-
ithmic volume of the Gaussian simplices. Postponing a detailed introduction into this
topic and the used terminology to Section 2.7, let us for now just state the exemplary

result from Section 4.3.1 in the case that r € N is fixed. As d — oo, the sequence

1
d (Ed,r - glogd — 5 log(r + 1))

converges mod-¢ with parameter rd and limiting function (¢+ 1)_T<Tir % More formally,

E [etd(ﬂdﬂ.fglogdf% 1og(r+1))] .

N<t+1) 4 ,

erd(%((t—i—l)log(t—&-l)—t))

as d — oo, uniformly as long as t stays in any compact subset of C \ (—oo, —1).
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1.51

0.51
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FIGURE 1.12: The rate function I(z).

Section 4.3 is also the starting point to prove the results presented in Section 4.4,

concerning large deviation principles. For example, if r € N is fixed, the sequence

1 r 1
. (ﬁdﬂ« ~3 logd — 3 log(r + 1))

satisfies a large deviation principle with speed rd and rate function
(6233—1)—90, reR,

(see Figure 1.12).
Chapter 4 is based on the paper

e GROTE, J., KABLUCHKO, Z., AND THALE, C. [55]: Limit theorems for random

simplices in high dimensions. arXiv: 1708.00471.

Chapter 5: Let K be a convex body in RY, d > 2, with twice continuously differ-
entiable boundary 0K and strictly positive Gaussian curvature kg (z), v € 0K. As
aforementioned, it has been derived from [91] that there exists a polytope P in R,

having n vertices, such that for sufficiently large n, it holds that
voly(KAP) < Cn™ 71 voly(K), (1.12)

where C' € (0,00) is an absolute constant.
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In Chapter 5, we generalize the latter result in the following way. Let f : 0K — R,

be a continuous and strictly positive function, satisfying

/ f(2) H (da) = 1.
0K

Then, there exists a polytope P; in R having n vertices, such that for sufficiently
large n, it holds that

() T He(de), (1.13)

VOld(KAPf) S Cniﬁ /T
x)d—1

0K

where C' € (0,00) is an absolute constant. In particular, in the case of f being the
uniform distribution on the boundary of K, we recover the result stated in (1.12).
Afterwards, we discuss the influence of different densities f on the right hand side of
(1.13). On the one hand, the optimal density is given by the normalized affine surface
area measure, distributing the points according to the Gaussian curvature. With this
optimal density, the dependence on K in our result is optimal. On the other hand, our
result always gives the optimal dependence on the number of vertices, not depending

on the underlying density f.

Next, Section 5.2 is devoted to some preliminaries. Besides a Blaschke-Petkantschin
type formula for functions with respect to points chosen on the boundary of K due to
Zahle [137], this includes the result by Schiitt and Werner [121], stated in (1.5).

The proof of the main result is the content of Section 5.3. As in [91], we obtain
the approximating polytope in a probabilistic way. To be more precise, we consider
a convex body that is slightly bigger than the body K. Then, we choose n points
randomly on the boundary of the bigger body and take the convex hull of these points.
Since our density functions live on the boundary of K, we choose the random points
on 0K and approximate a slightly smaller body, say (1 —+)K, where v depends only
on the dimension d and the number of points n. This is established by means of the

aforementioned result from [121]. Secondly, we bound the expected volume difference
E[voly((1 —v)KAP,)]

between (1 —)K and a random polytope P, := conv(Xy,...,X,) by the right hand
side of (1.13).
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FIGURE 1.13: The set (1 —)KAP,.

The blue area in Figure 1.13 illustrates the set (1 — v)KAP, in the planar setting.
Here, the vertices of P, are chosen randomly from the boundary of K, according to

the probability measure

f(2) My (dx).

Consequently, there exists a polytope Py satisfying (1.13). Finding this bound relies on
ideas from [91], in conjunction with approximation results for the boundary of convex
bodies due to Reitzner [108], which we develop and apply in detail in a quite technical

proof in this section.
Chapter 5 is based on the paper

e GROTE, J., AND WERNER, E. [58]: Approximation of smooth convex bodies
by random polytopes. Electronic Journal of Probability 23 (2018), no. 9, 1-21.
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Chapter 2
Preliminaries

In this chapter, we provide the reader with background material. First, we introduce
standard notation used throughout this thesis and, then, recall some foundations from
convex geometry. Thereafter, we present some special functions together with their
basic properties, the theory of cumulants, as well as large deviations and the concept
of Poisson point processes. The chapter closes by introducing the notion of mod-¢
convergence.

Most of the results stated in this chapter are given without a proof. We refer the reader
to [118, 119] as a general reference for convex geometry and to [87] for Poisson point
processes. For cumulants, we cite [81], while we mention [1] for special functions. An
overview on the theory of large deviations and mod-¢ convergence is provided in [33]

and [44], respectively.
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2.1. NOTATION

2.1 Notation

We work in the Euclidean space R? of dimension d € N := {1,2,3,...} with origin
o. For x,y € R% we denote by (x,%) the standard scalar product with associated
Euclidean norm ||z]|. Moreover, let B%(z,r) be the closed ball centered at x € R?
with radius » > 0. If we parametrize points in R? by (v,h) € R4 ! x R, we write
Cy_1(v,r) for the infinite vertical cylinder B *(v,7) x R around v with base radius

r > 0. Furthermore, we let
B :={z eR?: ||z|| < 1} and ST i={z e R?: ||z|| = 1}

denote the unit ball and the unit sphere, respectively, whereas the north pole on the
unit sphere is given by uy := (0,...,0,1).

We define vol;(+), j € N, to be the j-dimensional volume of the argument set, and
kj = vol;(B’) to be the j-volume of B?. From [119, Page 13], we know that it fulfills

k.

™

YT+ Y)

where I' denotes the Gamma function. Additionally, the surface area of the unit sphere

S'-1, j € N, is given by

(see [119, Page 13]).
Besides, for u € S4~! and h > 0, let

H(u,h) :={x € R*: (v,u) = h}

be the hyperplane orthogonal to u at distance h from the origin, and let H*(u, h) be

the corresponding half-space containing the origin, that is,
H*(u,h) := {x € R": (x,u) < h}.
Similarly, we define H~(u, h) to be the half-space not containing the origin, i.e.,

H™ (u,h) = {z € R*: (z,u) > h}.
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Now, let K and L be two non-empty subsets of R?. We denote their union by K U L,
their intersection by K N L and their difference by K \ L, while

KoL={x4+y:ze€ K,ye L}

denotes their Minkowski sum. Moreover, we write K¢ for the complement and 0K for
the boundary of K, respectively, and for a Borel set B C R, we write int(B) and cl(B)
for the interior and the closure of B, respectively.

While a A b denotes the minimum of a,b € R, a V b describes their maximum. For
a >0, let |a] indicate the largest n € Ny := {0,1,2,...} that is smaller than or equal
to a. Similarly, [a] is the smallest n € N that is bigger than or equal to a.

Besides, let || - || denote the sup-norm of the argument function, and let 1(-) express
the indicator function of the underlying event. Further, |- | stands for the cardinality
of the argument set or the absolute value of some real number, respectively, depending
on the context.

By B(R?) and C(R?), we indicate the spaces of bounded measurable and of bounded
continuous real-valued functions on R?, respectively. For a Borel set B C R? we
write C(R?, B) for the collection of functions f € B(R?) whose set of continuity points
includes B. Beyond, we write M(R?) for the space of s-finite measures on R?. Here,
a measure on R? is called s-finite, if it can be represented as a countable sum of finite
measures. For a function f € B(RY) and a measure v € M(R?), we use the symbol

(f,v) to abbreviate the integral of f with respect to v, that is,

(o) = [ £

Finally, if 2 € C is a complex number, i.e., 2 = a + bi, where a,b € R and i is the

imaginary unit, we denote by Re(z) the real part of z, and for z € C\ {0},

(

arctan% ca>0,beR

arctan§+7r a<0,6>0

arg z .= arctang—w ca<0,b<0
5 a=0,0>0
-7 ca=0,b<0

defines the argument of z.
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2.2. CONVEX GEOMETRY

FIGURE 2.1: A convex and a non-convex set.
2.2 Convex geometry

A subset K of R? is convex, if for any pair of points z,y € K, every point on the
straight line segment between them is also within K (see Figure 2.1). A compact and
convex subset of R?, having non-empty interior, is called a convex body.

Let K be some convex body in R%. We define its centroid by

1
— = [ zda
voly(K) / T,

K

where dx stands for the Lebesgue measure. Moreover, the support function and the

radial function of K in direction u € S%! are given by
hi(u) == max{(z,u) : x € K},
and
ri(u) == max{r : ru € K},

respectively, while for x € 0K, we denote the corresponding outer unit normal by
Nk (z) and the Gaussian curvature by kg (z).

Let the symmetric difference metric of two convex bodies K and L in R? be defined as
voly(KAL) :=voly; (KUL)—voly (KNL).

Now, we introduce the intrinsic volumes of a convex body, which are some of its most
important characteristics. As an example, consider the 2-dimensional case and let K
be the square [0, 1]?.
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Then, the area of K & B?*(o,r), r > 0, is given by
voly(K ® B?*(0,7)) = volo(K) + 4r + 712,

(see Figure 2.2). In particular, it can be expressed as a polynomial in r of degree 2.

/ K & B(o,r) \

K

N /

FIGURE 2.2: The Minkowski sum of the square [0, 1]? and B?(o, r).

This phenomenon holds true far more generally. Indeed, the classical Steiner formula
[118, Equation (4.2.27)] states that for an arbitrary convex body K in R? there exist
coefficients V;(K), i € {0, ..., d}, such that

d
voly(K @ B%(o,7)) = Zrd’i Ka—i Vi(K).

1=0

In the latter result, the term V;(K) is called the i-th intrinsic volume of K. In particular,

for all » > 0, it satisfies

Vi(B4(0,r)) = <C.l) i (2.1)
) Rd—i

(see [119, Page 601]). Some special cases are extremely classical measurements. Spe-

cially, V4(K) is the volume of K. Secondly, V;_1(K) is half of its surface area and

V1(K) a multiple of its mean width. We only focus on the case that ¢ > 1, since for

i = 0 we get that Vo(K) = 1, for all convex bodies K in R? (see [119, Page 601]).
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In the following lines, K and L are two convex bodies in R? and i € {1,...,d}. It
is well-known (see [119, Page 600]), that the intrinsic volumes are valuations, i.e.,

whenever K U L is also a convex body, it holds that
Vi(KUL)=Vi(L)+ Vi(K)—-V;(KNL).
Furthermore, they are motion-invariant, i.e.,
Vi(K) = Vi(gK),

for any g € Gy, where Gy is the group of rigid motions on R?. Additionally, they are
non-negative, that is,

Vi(K) =0,

and monotone, that is,
Vi(K) < Vi(L),

when K C L. Moreover, they are continuous with respect to the Hausdorft distance.
The latter property indicates that if a sequence (K, ),en of convex bodies converges
in the Hausdorff distance to a convex body K, then, V;(K,) converges to V;(K), as

n — oo. Here, the Hausdorff distance of two convex bodies K and L in R? is given by
inf{e >0: K C(L®B%o0,¢)) and L C (K ®B%o0,¢))}.

The intrinsic volumes are of outstanding importance in convex geometry since they
form a basis of the vector space of all continuous motion invariant valuations on the
space of convex bodies. Indeed, Hadwiger’s characterization theorem [118, Theorem
4.2.6] states that any motion-invariant, continuous real-valued valuation ¢ on the space
of convex bodies in R? can be rewritten as a linear combination of intrinsic volumes.
Specifically, for all convex bodies K in R?, it holds that

where ag, ...,aq € R.
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Kubota’s formula [119, Equation (6.11)] yields a second way of introducing the intrinsic
volumes. Let G(d,i), i € {1,...,d}, be the set of all i-dimensional linear subspaces
of R?, or linear i-dimensional Grassmannian of R?, and denote by v; the normalized
SO(d)-invariant Haar measure on G(d,i), where SO(d) is the group of rotations on
R?. Further, if L € G(d,i), we indicate by K|L the orthogonal projection of K onto
L. Then, for all i € {1,...,d}, it holds that

1) RikKd—i
G(dyi)

Vi(K):(C,Z) i /voli(K|L)yi(dL).

Following [22, 23], we define, for x € R?\ {0}, the projection avoidance functional as
0w, K) = / (1—1(z ¢ K|L)) dv™)(L). (2.2)
G(lin[z],i)

Here, lin[z] is the 1-dimensional linear space spanned by z, G(lin[z],4) the set of i-
lin

dimensional linear subspaces of R? that do contain lin[z] and v, "l the normalized

rotational invariant Haar measure on G(lin[z], 7).

Lemma 2.2.1 Let K be a convez body in R? and i € {1,...,d}. Then, it holds that

d—1 1 1
(K) = 0,(z, K) dz.
VilK) (z‘—1>nd_i/||x||d—z (, ) d
Rd

Proof. Starting with Kubota’s formula yields that

Vi(K) = <f> ’Z;‘_ / /(1 —1(z ¢ K|L)) dz vi(dL).

Ri
G(dj) L

To the inner integral over L, we apply the Blaschke-Petkantschin formula [119, Theorem
7.2.1], which leads to

(e | oo
G(dyi) L

_ % (CZ) L / / / (1-1(z ¢ K|L)) 2]~ de vF(dM) m(dL).

G(di) G(L,1) M
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Applying [119, Theorem 7.1.2] and Fubini’s theorem yields that

g(d) Fa / / / (1= 1(x ¢ KIL)) l|e| "~ de v (dL) 11 (dM)

RiRd—i
G(d,1) G(M,i) M

:%G) Fid /// (1- 1(z ¢ K|L)) 2] v (L) dz 1 (dM)

RiRd—i
G(d,1) M G(M,)

:%Cj) fid / / / (1-1(x ¢ KIL)) ]~ /" (dL) d vy (D),

KRiRd—i
G(d,1) M G(lin[z],i)

where we used that M = lin[z]. Next, to this expression we apply the Blaschke-

Petkantschin formula, now backwards, to verify that

7(d) o [ e g KID) el L) de )

) RiRd—i
G(d,1) M G(lin[z],i)

SB[ e gin) a0

v) RiRd—i
R4 G(lin[z],i)
() .
= i/ / (1-1(z ¢ K|L)) [El S l/imm(dL) dz.
Kd—i
R4 G(lin[z],)
Taking into account the definition of 6;(z, K) completes the proof. ]

A convex polytope in R? is defined as the convex hull of a finite point set. Here, the
convex hull is the smallest closed convex set containing all these points. More precisely,

if X is a finite point set in R?, its convex hull can be expressed as

m m
conv(X) := {Zaixi:mEN,ml,...,xmEX,al,...,amZO,Zai: 1}.
i=1

=1

Let P be a convex polytope in R%. For j € {0,1,...,d — 1}, we write F;(P) for the
collection of all j-dimensional faces of P, and put f;(P) := |F;(P)|. In particular,
Fo(P) is the set of vertices and fy(P) the vertex number of P, while the elements of
Fi-1(P) are called the facets and fy_1(P) is the facet number of P. The vector

(fO(P)vfl(P)v'"7fd71(P>>

is called the f-vector of P and describes its combinatorial structure.
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An extreme point of a convex body K in R? is a point which does not lie in any open
line segment joining two points of K. We write ext(K) for the set of extreme points
of K. The extreme points of a finite point set X characterize the extreme points of
its convex hull, i.e., ext(X) := ext(conv(X)). If z € ext(X), we denote by F;(z, X),
j € {0,...,d — 1}, the collection of all j-dimensional faces of conv(X) containing x.

Similarly as above, define as |F;(x, X')| the cardinality of F;(z, X'), whereas
cone(x, X) :={ry:r >0,y € Fa_1(z, X)}

is the cone corresponding to the facets Fy_;(z, X).

Now, let K have twice continuously differentiable boundary with strictly positive Gaus-

sian curvature everywhere. Then,
as(K) = / k()71 HE (da)
oK

is the affine surface area of K. Here, Hg; denotes the (d — 1)-dimensional Hausdorff

measure on 0K, normalized such that

/ HE (du) = wy, (2.3)

and satisfying the relation
HI (du) = ki () Hag (do), r € 0K, (2.4)

(see [118, Equation (2.5.30)]). The affine surface area is an important affine invariant
from convex and differential geometry with applications in approximation theory, the
theory of valuations, as well as affine curvature flows (see, for example, [19, 63, 64, 121,
130, 131]). Moreover, it has recently been extended to spherical and hyperbolic space
by Besau and Werner [14, 15].

Its related affine isoperimetric inequality [118, Equation (6.2.4)] says that

Y

(M)?*SM

Wy Rq

with equality if and only if K is an ellipsoid.
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Further, for p € [—00,00], p # —d, let

FJK(I)ﬁ d—1
as,(K) = o Hox (dz
o= PR

oK

be the p-affine surface area of K. The p-affine surface area, an extension of the classical
affine surface area, was introduced by Lutwak [92] for p > 1 and has been extended to
all other p # —d by Schiitt and Werner [122]. In particular, it is central to the rapidly
developing L, Brunn Minkowski theory (see, for example, [18, 69, 100, 123, 133]).

2.3 Analysis

For n € N, define

The following link between the factorial and the exponential function will be used

several times in the subsequent analysis. For all n € N and z > 0, it holds that

n!

)< 2 2.5
exp (—2) < 7, (2.5)
(see [1, Equation (4.2.35)]).
Lemma 2.3.1 (a) For all a,b € N, it holds that
(ab)! < (a™)® ()" (2.6)
(b) For alld,j, k € N, it holds that
(d(k + ) < (2dj)Y 297 (dk)!. (2.7)
(c) Forallay,...,a, € N,n €N, and b:=ay + ...+ a,, it holds that
alas! -+ a,! <0l (2.8)
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Proof. We prove the first assertion by induction. For b = 1, the inequality follows trivi-
ally. Now, we assume that the result holds for b € N. With the induction requirement

used in the third step, we achieve

(a(b+ 1)) = (ab+a)(ab+ (a —1))---(ab+ 1) (ab)!
< (ab+ a)* (ab)! < a® (b4 1) (a®)? (b1)* = (@) ((b+ 1))

Let us prove (b). By using k% < 2% d k € N, we get

(d(k + ) = (dk + dj)(dk + dj — 1) --- (dk + 1) (dk)!
< (dk + dj)Y (dk)! < (2dkj)¥ (dk)! = (2dj)¥ kY (dk)! < (2dj)¥ 2% (dk)!.

Let us now prove (c). It holds that

bl = (a1 + -+ ay,)!
=1-ay (ar+1)---(a1+ag) (a1 +...4a,1+1)- (a1 + ...+ a1+ ay)
——

(. J (. J
-~ -~

=a! >as! >an!
Z al!ag! cee CLn!.
This completes the proof. O

The Gamma function is given by

o0

[(z):= /tml e " dt, x> 0.
0

In particular, for all x > 0, it fulfills

I(z+1) =al(x), (2.9)
(see [1, Equation (6.1.15)]), and
['(z)T (x + %) = %, (2.10)

(see [1, Equation (6.1.18)]).
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Moreover, the Beta function is defined as
1
/t“l—tyldt z,y > 0.
0
Specifically, for all x,y > 0, it satisfies

(1 )Y d, (2.11)

0\8

(see [1, Equation (6.2.1)]), and
B(z,y) = M (2.12)
(see [1, Equation (6.2.2)]).

Further, for two functions g1, g : C — C, the relation g; ~ g5 indicates that

tim 26 _

Z—00 92(2)

while the relations g1 = 0(g2) and g; = O(g2) indicate that

lim 9(2) =0 and lim sup 9(2)
=00 g3(2) oo | 92(2)

< 00,

respectively, as long as |arg z| < 7.

Building on this notation, for n > 0 and m, my, ms € R, it holds that
T'(nz +m) ~ (2r)2 e ™ (nz)" " 1, (2.13)
(see [1, Equation (6.1.39)]), and

Rl ) _ o (3 =il b= ) o (1)

['(nz 4+ ma) 2nz 22

(see [1, Equation (6.1.47)]), as z — oo, as long as |arg z| < 7.
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Now, let z = a + bi with a > 1 and b € R. Then, the Riemann (-function of z is given

by

=1
_;jz.

As d — o0, it fulfills the asymptotic

G
()~ =+ W’

J=1 J

(see [1, Equation (23.2.9)]). Moreover, let, for d > 1,

denote the d-th harmonic number. In particular, it satisfies

1 1
Hd—logd+7+ﬁ+0<d2)y

(see [29, Page 79]), as d — oo, with the Euler-Mascheroni constant +.
Additionally, for a function f: C — C, let

and the polygamma functions

. dk dk+1
B (2) =1 (2) = Eprasy log I'(2), ke N.

(2.15)

(2.16)

Each polygamma function has a series representation. Indeed, from [1, Equation

(6.4.10)], we know that it fulfills

o0

V() = ()R Y

= Z+])k+1
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Lemma 2.3.2 Let k € N. Then, as z — o0, as long as |arg z| < 7, the digamma and
polygamma functions fulfill

1 1
Y(z) =log z — 5, To <;) , (2.18)
and
L (k=1) 1
Pp®(2) = (=1)k! S 0 (7 ) (2.19)
Besides, for all z > 0, it holds that
(k—1)! k!

[ ®(2)] <

-+ (2.20)

Proof. The asymptotic relations (2.18) and (2.19) can be found in [1, Equation (6.3.18)
and (6.4.11)]. To prove the inequality, note that, in view of (2.17),

o0

= k! k! 1 kK (k—1)!
R) (] — _
W@ () =) (z + )k < +k!/$k+1 de =" +—

=0

z
where we estimated the sum by the integral since x — 2~ **1 2 > 0, is decreasing. [

Lemma 2.3.3 As d — oo, it holds that

1< j d
2 2.Y (5) ~ g loed 221
j=1
and
1< ; 1
Ly (%) = logd 41 +o(1), (2.22)

=1

where ¢ = %(’y + 1+ ’;—2) Furthermore, for all k > 3, it holds that

2_1]{:’ Zd:w_l) (%) ‘ <2(k—1). (2.23)
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Proof. The asymptotic relations (2.21) and (2.22) can be found in [38, Page 17]. To
prove inequality (2.23), use (2.20) and (k — 2)! < (k — 1)! to get that

o g‘“k_l) B)l=z2 ((é;’le : (ké)i)!)
== mi (4jil ! yi'f)

< (k—1)! GC(2)+C(3))-

Bounding the (-functions using [1, Equation (23.2.17) and (23.2.24)] yields that

This completes the proof. O

Moreover, for z € C, the Barnes G-function is defined by

k2

G(2) 1= (2myre A T (14 %) e,
k=1
In particular, it satisfies the functional equation
G(z+1)=T(2)G(2), (2.24)

(see [10, Page 265]), and fulfills a Stirling-type formula of the form

logG(z + 1)
1, 3, 2z 1 d 1 (2.25)
=57 log z — 17 + §log(27r) — Elogz—{— &Q(z) . +0 (;) ,

(see [10, Page 285]), as z — oo, as long as |arg z| < 7.

Lemma 2.3.4 For alld € N and z > 0, it holds that

(2.26)
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Proof. We prove the statement by induction. For d = 1, by equation (2.24), we obtain

+2) G(E+2)T(3+2) _F(l ) .

2 = —+z] = E Z
G(3+2)G(1+2) G(i+2) 2t gr<2+ )

Let us assume that the assertion holds for d € N and consider the case d + 1. By
applying the induction hypothesis and (2.24), it follows that

ﬁf( ) G +2)G (12 +2)G (4 +2) _G(4+2)G (4 +2)
GG+2)GE+:) G(H+2)  GE+)GG+e)
as claimed. -

Lemma 2.3.5 Let z — oo be such that |argz| < m and a = a(z) € C be such that
a = o0(z). Then, it holds that

logG(z+a+1)—logG(z+1)

1 311
:CL<ZlOgZ—Z+log~/27T)+§a210gz+0(|a| + )

z

Proof. As z — 00, as long as |arg z| < 7, applying (2.25) yields

1 1
1ogG(z+a+1)—logG(z+1):§A+B+C+D+O<—),

where

A= (z+a)’log(z+a)— 2% logz

= (2* + a® + 2za) <logz+g——+0( )) — 2% log 2
1 3

:za—2a + a*log z + 2zalog z + 2a® +O(a>

z

AN

3 3 3
B—_2° 2 _ 2y _ _9 2 9
1 ((z+a)®—2%) 14— 57
1
C= §alog(27r), and
1 a
D = —E(log(z +a)—logz)=0 (;) .

Combining these terms completes the proof
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2.4 Cumulants

Let X be a random variable on some probability space (€2, F,P) with distribution
function F(t) := P(X < t) and tail distribution F(t) := 1—F(¢),t € R. If E|X|* < oo,
we denote by E[X*] the k-th moment of X. The moments stand in a direct connection
to the so-called cumulants, introduced by the Danish mathematician and astronomer
Thiele [127] in 1889 under the name of semi-invariants. In 1931, Fisher and Wishart
[47] were the first to call them cumulants.

Let us write ¢*[X], k € N, for the k-th cumulant of a random variable X with E|X|* <

oo, that is,
k

F1X] = (—i)* %log]E[eXp(itX)] Y

In particular, it holds that
c'[X] = E[X] and A1X] = var[X].

In general, the k-th cumulant of X can be expressed as a combination of its moments
up to order k. Indeed, it holds that

X=X (1P - DB - B,

(see [117, Equation (1.34)]), where the sum ranges over all unordered partitions of the
set [k] := {1,...,k}. This is indicated by the symbol L, ..., L, < [k] in what follows.
The next lemma lists some basic properties of cumulants. Further details can be found
in [104, Page 33].

Lemma 2.4.1 Let X and Y be independent random variables with c*[X], c*[Y] < oo,
for some k € N. Then, for all b € R, it holds that

(a) c[X +b] = [X]+b and F[X + b = F[X], for k > 2,
(b) F[bX] = bk X],
(¢) X +Y]=c"[X]+ Y.
We provide the reader with a short example. Let X RN (u,0?), where N (u,0?)

denotes a normally distributed random variable with mean ;1 € R and variance o2 > 0.

While £ indicates equality in distribution, by L we mean convergence in distribution.
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Then, it holds that
. . 1 2.,2
log Elexp(itX)] = pit — 3¢ it
and, thus,
AX]=p, AX]=0* and F[X]=0, forall k>3. (2.27)
Thiele [128, Page 25] underlined the meaning of this property of the Gaussian distri-

bution by writing:

“This remarkable proposition has originally led me to prefer the semi-invariants to

every other system of symmetrical functions.”

It is noteworthy that the property (2.27) with x = 0 and o = 1 characterizes uniquely
the standard normal distribution, as the following result due to Marcinkiewicz [97]

shows.

Theorem 2.4.2 Let X be a random variable. Then, it holds that

XBN(O,I) & dX]=0, AX]=1 and F[X]=0, foral k>3.

In view of this universality of the Gaussian distribution, cumulants have become a
key concept in probability theory. Indeed, the latter theorem suggests a method of
proving a central limit theorem for a sequence (X, ),en of random variables, having
the properties E[X,] = 0 and var[X,,] = 1, for all n € N. Showing that the cumulants
of order three and higher vanish, as n — oo, implies that the underlying sequence of
random variables automatically fulfills a central limit theorem.

If one can not only show that the cumulants of order three and higher vanish, but also
bound them ‘efficiently’, one simultaneously achieves a list of companion theorems,

stated in the following result. We denote by

y
1 o2
O(y) := Nors / e zdz, y € R,

the distribution function of a standard normally distributed random variable.
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Theorem 2.4.3 Let (X,,)nen be a sequence of random variables with E[X,] = 0 and
var[X,] =1, for alln € N. Suppose that, for all k € {3,4,...} and sufficiently large n,
1t holds that

(k1)1

X < W’

(2.28)

with a constant vy € [0,00) not depending on n, and a constant A, € (0,00) that may

depends on n. Then, the following assertions are true:

(i) For ally > 0 and sufficiently large n, it holds that

L . y? o
P 2 ) < 20 (g min { L (a0 }).

(ii) For all 0 <y < ¢; AL and sufficiently large n, it holds that

P(X, > ) 3y A=
log ——* =9 <« 1 A, (1+27)
Ogl_q)(y)’—c2< +y> )

and

]P)(Xn S _y)‘ 3 _ﬁ

log———2 =22 <o (1+9°) A, U7,
P(—y) 2 )

where ¢1, ¢ € (0,00) are constants only depending on 7.

(iii) Let (an)nen be a sequence of real numbers such that

1

lim a, = co and lim a, A, '™ = 0.

Then, (a,,

X, )nen satisfies a moderate deviation principle on R with speed a?

z?

and rate function %

(iv) For sufficiently large n, we get the Berry-Esseen bound

__1
sup |P(X,, <y) — O(y)| < c A, 7,

yeR

with a constant ¢ € (0,00) only depending on .
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Proof. Part (1) is a reformulation of [117, Lemma 2.4] in a form taken from [43, Lemma
3.9] with H = 27 there. Moreover, the statement in (i) corresponds to [117, Lemma
2.3], modified in the form of [43, Corollary 3.2]. Next, the moderate deviation principle
for the family (a,'X,,)nen follows from [39, Theorem 1.1]. Finally, the Berry-Esseen
bound is implied by [117, Corollary 2.1]. O

Due to Janson [76], Theorem 2.4.2 can be weakened as follows. It is enough to show
that all cumulants of order higher than some level 7 > 3 are 0 to assure that it is
Gaussian. To the best of our knowledge, there is no result in literature providing that

the respective assumption on (2.28) also implies the results presented in Theorem 2.4.3.

Theorem 2.4.4 Let X be a random variable and j > 3. Then, it holds that

XEANO,1) & J[X]=0, AX]=1 and F[X]=0, forall k>j.

Part three of Theorem 2.4.3 makes a statement about a so-called moderate deviation

principle, formally introduced in the next section.

2.5 Large and moderate deviations

The theory of large and moderate deviations is concerned with the study of the prob-
ability of ‘rare events’. In order to provide an intuitive idea of the concept of rare,
we start with an example. Let X, X5, ... be independent and identically distributed
random variables with E[X;] = 0 and var[X;] = 1, and put S,, := X;+---+X,,, n € N.
Then, by the strong law of large numbers, it holds that

%Sn —0 almost surely,
as n — oo. Thus, for all x > 0, it follows that
P(|S,| > zn) — 0, (2.29)
as n — 0o, while from the central limit theorem for the sequence S,,, for all x € R,

P(S, > zv/n) — 1 — ®(z) > 0.
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Summarizing, it follows that

1
-5 —0 (2.30)
np

is almost surely true for p > 1 and almost surely false for p < %, as n — oo. The
question of what happens in between, that is, for p € (%, 1), is answered by the so-
called Marcinkiewicz-Zygmund type strong law of large numbers. It states that for
pE (%, 1), the condition E|X;|P < oo is equivalent to the almost sure convergence in
(2.30) (see [27, Page 122]).

The central limit theorem makes a precise statement about deviations of order \/n, i.e.,
for the ‘typical’ behavior of S,,, while the probability of ‘rare events’ of order n tends to
0 (see (2.29)). The question about the speed of this convergence finds an explanation
in Cramér’s theorem. Before stating it, take another look at the Gaussian setting, that

is, X; & N(0,1). Then, for all z > 0, it holds that

lim llog]P’ (lSn > 1:) = —x—Q, (2.31)
n—oco n n 2

(see [33, Page 2]). Now, one could guess that the central limit theorem implies (2.31)
for all sums of independent and identically distributed random variables. However, this
turns out to be wrong. For example, let us consider the case of X; being a Bernoulli
random variable and taking the values —1 and 1 with probability % Then, for all
x > 0, it holds that

1 1
lim —logP (—Sn > x) = —1I(x),
n

n—oo M

where

Holog(l+ )+ S2log(l—z) :z€(0,1)
I(x) =

%) : otherwise,

(see [33, Page 35]). This is due to the fact that the probability of such rare events,
or ‘large deviations’, is much more sensitive by the tail behavior of the involved ran-
dom variables, while the central limit theorem only requires the existence of certain

moments.
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Let X be a random variable. We denote its moment generating function by
px(t) :=E[*], teR,
its cumulant generating function by
Ax(t) := log E[e"¥], teR,
and the Legendre-Fenchel transformation of Ax(¢) by

A% (x) :=sup {tx — Ax(t)}, z e R.

teR

How to establish the so-called rate function I(z) in general, is the content of the next
theorem, which can be found in [33, Theorem 2.2.3].

Theorem 2.5.1 (Cramér’s theorem) Let X, Xs,... be independent and identically
distributed random variables with E[X;] = 0, and let Ax, (t) < oo, for allt € (—¢,¢),
where € > 0. Then, for all x > 0, it holds that

1 1
lim —logP (—Sn > x) = —1I(x),
n—oo M n

where I(x) == A%, (z).

Going back to the example X; 2 N(0,1), we get that

t2 t2 x?
Ax, (t) == and, thus, I(x) =A% (z) =supqtex — — p = —.
2 ! teR 2

Cramér’s theorem yields information about the rate function I(z) in the setting of a
sequence of independent and identically distributed random variables. Moreover, it
identifies the exponential rate of the probability that %Sn lies in an interval of the form

[z,00). In particular, it implies that for all x > 0 and A := [z, 00), it holds that
. 1 .
lim logP (—Sn € A> = — inf I(a).
n—00 n acA

On the one hand, this illustrates a key principle in large deviation theory:

Any large deviation is done in the least unlikely of all the unlikely ways.
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On the other hand, one would like to generalize such a statement to other A C R,
resulting in large and moderate deviation principles. Let us recall from [66, Chapter
II1.1] what this formally means.

A family (v,)nen of probability measures on R fulfills a large deviation principle with
speed a,, and rate function I : R — [0, o], if [ is lower semi-continuous, has compact
level sets, and if it holds that

1 1
— inf [ <liminf —1 B) <1 —1 BY< — inf I
ey (7)< B inf T logra(B) < limsup 2 tlog v (B) < =i, T(w),
for every Borel set B C R. Here, a function f : R — [—00, 00| is lower-semicontinuous,
if it has closed sub-level sets, i.e., for all ¢ € R, it holds that the set

fH (=00, d) ={z eR: f(z) < c}

is closed. A sequence (X, )nen of real-valued random variables satisfies a large devi-
ation principle with speed a, and rate function I : R — [0, 00|, if the family of their
distributions does.

Moreover, if the involved random elements (X,,)nen satisfy a strong law of large num-
bers and a central limit theorem, and if the rescaling a,, lies ‘between’ that of a law of
large numbers and that of a central limit theorem, one usually speaks about a moder-
ate deviation principle, instead of a large deviation principle, with speed a,, and rate

function I.

While, in Section 2.4, we presented a way to prove moderate deviation principles for
a general sequence of random variables via cumulant bounds, the approach to prove
large deviation principles applied throughout this thesis relies on the following theorem
(see [33, Theorem 2.3.6]).

Theorem 2.5.2 (Gértner-Ellis theorem) Let (X,,)nen be a sequence of random vari-
ables, and let Ax, (t), t € R, be its cumulant generating function. Suppose that for each
t € R and any sequence a,, tending to infinity, as n — oo, there exists the logarithmic

moment generating function, defined as the extended real-valued limait

A(t) := lim iAxn(ant), teR.

n—00 (y,
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Moreover, assume that the origin belongs to the interior of the set
Dp:={t e R: A(t) < o0},

A(t) is lower-semicontinuous, differentiable on int(DA), and, either Da =R, or

d

lim
t—0DAa

Then, the sequence (X, )nen Satisfies a large deviation principle with speed a,, and rate

function

A*(x) :=sup {tx — A(t)}.

teR

By using a continuous function, one can shift a large deviation principle due to the
following theorem (see [33, Theorem 4.2.1]).

Theorem 2.5.3 (Contraction principle) Let f: R — R be a continuous function, and
let (Xy)nen be a sequence of random variables that fulfills a large deviation principle
on R with speed a,, and rate function I(x). Then, the sequence (f(X,))nen also fulfills

a large deviation principle on R with rate function
I'(y) =inf{I(z) xR, f(z) =y}, yeR,

and the same speed a,,.

2.6 Poisson point processes

A point process on R? can be viewed as a random collection of at most countably many
points. More precisely, let (€2, F,P) be some probability space, and let & := Z(R?)
be the Borel o-field on R%. Now, let N := N(R?) be the space of all s-finite measures
v on R? having the property

v(B) eNyU {0}, Be%.
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Moreover, let A/ := N (R?) be the o-field generated by the sets
{ve N :v(B) =k},

where k € Ny and B € 4. Thus, N is the smallest o-field on N such that the map
v — v(B) becomes measurable.

Based on this formalism, a point process n on R? is a random variable defined on
(Q, F,P) with values in (N,N), i.e., a measurable mapping 7 : (Q, F) — (N, N). For
a point process 7 on RY, n(B) describes the number of points of 1 contained in some
B € A, that is, we denote by n(B) the mapping

w — n(w, B), w €

By the definition of the o-field N, the function 7 takes values in Ny U {oo}. Fur-
thermore, the intensity measure of a point process n on R? is, for all B € 4, defined
by

The most prominent example in the class of point processes might be the Poisson point
process. It describes a point process, whose number of points in a prescribed set has a
Poisson distribution. Moreover, the number of points in disjoint sets are stochastically
independent. More in detail, let v be a s-finite measure on R? without atoms. A
Poisson point process n on R? with intensity measure v is a point process with the

following two additional properties:

e The number 7(B) of points falling into some B € 4 is Poisson distributed with
mean v(B), i.e., it holds that

for k € Nj.

e Let n € N, and let By,..., B, € % be pairwise disjoint. Then, the random
variables n(By), . ..,n(B,) are stochastically independent.

Poisson point processes play an outstanding role in probability theory. Indeed, they
have applications in, for example, the theory of Lévy processes [13, 86|, Brownian ex-

cursion theory [113] and extreme value theory [112]. Besides, Poisson point processes
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are fundamental to stochastic geometry. In particular, they are often used to construct
more complex random structures such as the Boolean model, the Gilbert graph and
the Voronoi, Delaunay and hyperplane tessellations (see, for example, [103, 105, 119]
and the references cited therein).

Additionally, Poisson point processes have been used several times as the underlying
point sets in the theory of random polytopes (see, for example, [9, 22, 23, 56, 109]).
In order to illustrate why it can be especially advantageous to consider Poisson point
processes here, consider the Gaussian polytope setting described in the general intro-
duction. Here, the Gaussian polytope arises as the convex hull of n € N independent
random points in R¢, distributed according to the standard Gaussian law.

In the corresponding ‘Poissonized’ Gaussian model, the number of points is no longer
deterministic but random, and determined by a Poisson distributed random variable
N with mean n > 0. In other words, the underlying point set is induced by a Poisson
point process whose intensity measure is a multiple n > 0 of the standard Gaussian
law in R

The effect of this additional randomization is a further independence property, namely,
the number of points in two disjoint regions are independent random variables. Under
this randomization, Barany and Vu [9] were able to apply Stein’s method for weakly de-
pendent random variables. In particular, they deduced a central limit theorem for the
volume of the Gaussian polytopes in the Poissonized model. Then, a so-called coupling
can be constructed to push the central limit theorem for the Poissonized model back

to the deterministic setup.

Now, we state two important properties of Poisson point processes. We start with the
Mecke equation [87, Theorem 4.1].

Theorem 2.6.1 (Mecke equation) Let n be a Poisson point process on R with intens-

ity measure v, and let & be a non-negative measurable function acting on pairs (z,n),
x € R, Then, it holds that

E

Zﬂw)] = /E[é(x,nu{xm dv.

xEN R

Moreover, let T : R? — R? be a measurable mapping. For a measure v on R?, we

denote the push-forward of v under T" to be the measure T'(v), defined by
T(w)(C) :=v(THC)), CeXB.
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If 7 is a point process on R?, then, for any w € Q, T'(n(w)) is a measure on %, given
by

T(w)(C) =nw,T7H(C)), Ce

Finally, we state the Mapping theorem [87, Theorem 5.1] of (Poisson) point processes.

Theorem 2.6.2 (Mapping theorem) Let n be a Poisson point process on R with
intensity measure v, and let T : R — RY be a measurable function. Then, T(n) is also

a Poisson point process on R? whose intensity measure is given by T(v).

2.7 Mod-¢ convergence

Consider a sequence of random variables (X,,)n,eny with existing moment generating

functions ¢, (t) on some strip
S(a,b) :={t € C:a < Re(t) < b},

where a < 0 < b are extended real numbers. We assume that there exists an infinitely

divisible distribution ¢ with moment generating function

e}

/ e p(dz) = ",

—00

well-defined on S(a, b), and an analytic function 1 (t) that does not vanish on the real
part of S(a,b), such that locally uniformly in t € S(a,b), it holds that

lim E[e!"] emwnm®) = y(t),

n—oo

where (wy, )nen is some sequence of real numbers converging to infinity. Then, (X,,)nen
is said to converge mod-¢ on S(a,b) with parameter w,, and limiting function .

The idea behind the concept of mod-¢ convergence is to look for a renormalization
of the moment generating function of random variables instead of looking at one of
the random variables themselves, as it is done in the central limit theorem. After this
renormalization, the sequence of moment generating functions converges to some non-

trivial limit.
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Intuitively, a sequence of random variables (X,,),en converges mod-¢, if

e it has approximately the same distribution as the w,-th convolution power of ¢

and the ‘difference’ between these distributions is measured by ), or

e it can be seen as a large renormalization of ¢ plus residue, asymptotically encoded
by .

Mod-¢ convergence is a powerful notion, introduced and studied in the context of
models from number theory, random matrix theory and probability theory in [32, 44,
45, 75, 84, 85], to mention only a few references. In the case of ¢ being the stand-
ard Gaussian distribution, i.e., n(t) = %, t € R, one usually speaks of mod-Gaussian
convergence. Besides this, the most basic case is probably mod-Poisson convergence,
but there are also examples of mod-Cauchy and even mod-uniform convergence in the
aforementioned list of references.

Let us continue with a short example. Let (X, ),en be a sequence of centered, inde-
pendent and identically distributed random variables with distribution ¢. Put S, =
Xy + -4+ X, n € N. Then, it holds that

E [etSn] — enn(t)

?

and, therefore, (S,,),en converges mod-¢ with parameter w,, = n and limiting function
v =1.

While it is quite immediate to see that mod-¢ convergence for a sequence (X, )nen
implies a central limit theorem (see, for example, [42, Page 12]), there is in fact much
more information encoded in mod-¢ convergence. In particular, extended central limit
theorems and large deviation results can be derived. The following theorem can be
found in [44, Theorem 4.2.1 and Theorem 4.3.1].

Theorem 2.7.1 Let (X,,)nen be a sequence of random variables that converges mod-¢
on some strip S(a,b) with parameter w,, and limiting function 1b. We further assume
that ¢ is a non-lattice infinitely divisible distribution, which is absolutely continuous

with respect to the Lebesque measure. Then, the following assertions are true:

1
(i) For any sequence x, satisfying x, = o(wﬁz), as n — 00, it holds that

P =0 <z, | = ®(x,)(1 +0(1)).

2
w,, S5n(t)

t=0
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In the special case of mod-Gaussian convergence, the ‘normality zone’ is even

1
o(w?). In this regime, it holds that

P(ng;%>:¢@mu+oﬂm

Jn

as m — 0o, since we have that n(t) = % and, therefore, for all a € R,

d d?
—n(t = d  —n(t =1
dtn( ) t=a “ a dth( ) t=a
(ii) Forzx € <%n(t) , () b), it holds that
t=0 t=

P(X, > wy) = —SREUEE@) 4oy,

h \/27rwn %n(t)

)
t=0

P(X, > wor) = —SPEWE@) 004 oq1y),

bl /270, a0

t=h

,In(t)

t=a

and, for x € (%n(t)

t=h
as n — oco. Here, h is defined by the implicit equation

St

t=h

bl

and

F(x) == sup{tz —n(t)}

teR

1s the Legendre-Fenchel transformation of n.

In the special case of mod-Gaussian convergence, we have

h=x and  F(z)=—.
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Thus, in this case, for x € (0,b),

(% > ) = 2B ) 14 o),

and, for z € (a,0),

€xXp ( — U}n%z)

Bl 2 ) = = orm

() (14 0(1)),

as n — oQ.

A stable distribution with scale parameter ¢ > 0, stability parameter o € (0, 2] and
skewness parameter § € [—1, 1] is defined as the infinitely divisible distribution ¢. 4 g,

whose Fourier transform

oo

[ ¢ bmatda) = erenst0

—0o0

satisfies

M. (it) = [ct|™ (1 — isign(t) fh(a, 1)),
where sign(t) denotes the sign of ¢ and

tan(@) ra# 1
—=Zloglt] :a=1

In particular, if ¢ = \/Li’ a =2 and § = 0, one gets the Gaussian case, that is,

t2
7’]0706”3<it) = 5’ t e R.

Other prominent examples in this class are the Cauchy distribution (¢ =1,a =1, =
0), as well as the Lévy distribution (¢ =1,a = 1,8 =1).
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Now, if a sequence of random variables (X}, )nen converges in the mod-¢, , s sense with

parameter w,, then,

Xn_ ta#£ 1
Y, = ¢ w 7 (2.32)
X % logw, :a=1

Wn

converges in distribution to ¢ g (see [45, Proposition 3]).
To continue, let (X,,),en be a sequence of real-valued random variables, let ¢, 5 be a
stable distribution, and let (w,),en be some sequence of positive real numbers tending

to infinity. Consider the two following assertions:

(A) Fixv > 1and w,y > 0. There exists a zone of convergence [—Kw), Kw]], K > 0,
such that for all t € R in this zone,

[P (it) — 1] < Ky [t]” exp(Kalt]”),
where K7, Ky € (0,00) are constants independent of n and
Yn(2) := E[e**"] e UnTea,(2), z e C.

(B) Tt holds that

1

1 ca w—o
< < d 0< K< .
a < w, y an <2K2>

If the above conditions are satisfied, one says that (X,),eny has a zone of control
[—Kw), Kw)] and index of control (v, w). These conditions give rise to the following

Berry-Esseen bound, which can be found in [45, Theorem 11].

Theorem 2.7.2 Let (X, )nen be a sequence of random variables that converges mod-
Gea,p- Moreover, assume that conditions (A) and (B) are satisfied, together with the

mequality v < %1 If Y denotes a random variable with distribution ¢ g, then,

sup|[P(Y, < x) ~B(Y <a)| < — (QZF(i)K1+7F(§)> 1

— 1
z€R 2mac cv1 K 41’
Wn,

where Y, is the random variable defined in (2.32).
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The aim of the last theorem in this section is to add one more item to this list of
mod-¢ convergences, by proving a convergence modulo a tilted 1-stable totally skewed
distribution. To the best of the author’s knowledge, this type of mod-¢ convergence
has not been treated in the literature before.

Let X, be a random variable having a Gamma distribution with parameter (n,1),

n € N, that is, the probability density of X, is given by
— v lem®, x> 0.

Then, the distribution of log X, is called the exp-Gamma distribution and the prob-
ability density of log X, is given by

an) e e, relR
It follows that
E [log X, ] = 1 / re™e ¢ dr = 1 /(log )y e Vdy
tw J () J
Zﬁ/%(y”‘l ‘y)dy—ﬁ%/y” fetdy
0 0
= ¢(n),

where 9 (n) is the digamma function (see Section 2.3).

Theorem 2.7.3 The sequence of random variables n(log X,, — ¥ (n)) converges in the
mod-¢ sense with n(t) = (t + 1)log(t + 1) — t and parameter w, = n, namely,

E [etn(08 Xo—v(m)] ot

7}1_{20 en((tHD) log(t+1)—1) t+1

uniformly as long as t stays in any compact subset of C\(—o0, —1).

Proof. By the properties of the Gamma distribution (see [79, Page 168]), we have that

I'(tn +n)

tn(log Xn—1(n))] _ ,—tny(n) tn] __ —tny(n)
E [e |=e E[X'] =e ()
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Using (2.13) and (2.18), it follows that

/_2
eftnw(n) F(tn + TL) ~ eftn(lognfi) tn (

2 In
I'(n) [2n
i3
ez
= ——c¢
S

n+tn

tn+n

)
(2)"
n((t+1) log(t+1)—1)

as n — oo. This concludes the proof. O

3
f = —1. Then, it follows from [116, Proposition 1.2.12] that the cumulant generating

Now, let Z; be a random variable with stable distribution ¢, 4 3, where ¢ = %, o = 1 and

function of this random variable is given by
logE [¢'”'] = tlogt, Re(t) > 0.

Furthermore, E[e?!] = 1, and consider an exponential tilt of Z;, denoted by Z,. Observe
that

d
Ewﬂ:MJ%ﬂ:&EW@

=t

= t'(logt + 1) =1,
t=1 t=1

and consider the centered version Z := Zy —1. Then, the cumulant generating function

of Z is given by
logE [¢"7] = (t+1)log(t + 1) — ¢, Re(t) > —1,

(see [116, Proposition 1.2.12]). As an exponential tilt of an infinitely divisible dis-
tribution, Z is itself infinitely divisible. Thus, in Theorem 2.7.3, we have a mod-¢

convergence modulo a tilted totally skewed 1-stable distribution.
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Chapter 3
Generalized Gamma polytopes

Calka and Yukich [23] obtained precise expectation and variance asymptotics for the
intrinsic volumes and face numbers of the random convex hull of a Poisson point pro-
cess in R, whose intensity measure is a multiple of the standard Gaussian measure.
The existing gap, that the limiting variance of all lower-dimensional intrinsic volumes is
strictly positive, was closed by Barany and Thiéle [8]. Additionally, Barany and Théle
[8] and Bérany and Vu [9] proved central limit theorems for all intrinsic volumes and
face numbers.

In this chapter, we generalize these results to the situation where the underlying in-
tensity measure of the Poisson point process is a multiple of a huge class of isotropic
measures on R, including the Gaussian one as a special case.

The second purpose is to introduce a new viewpoint on the resulting generalized
Gamma polytopes, based on cumulant bounds and the general large deviation the-
ory of Saulis and Statulevicius [117]. This leads to new and powerful concentration
inequalities, moment bounds, Marcinkiewicz-Zygmund-type strong laws of large num-
bers and moderate deviation principles for the intrinsic volumes and face numbers.
To the best of our knowledge, none of these results have counterparts in the existing
literature, not even in the Gaussian case. Corresponding results are also derived for
the empirical measures induced by these key geometric functionals, thereby taking care
of their spatial profiles.

Thirdly, we show that the scaling limit of the boundary of the generalized Gamma
polytopes arises as a unique festoon of inverted parabolic surfaces, not depending on

the underlying Poisson point process, generalizing once more a result from [23].
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3.1 Preliminaries

Fix a space dimension d > 2, the parameter o« > —1 and 8 > 1, and let 4,3 be the

measure of an isotropic random variable in R? with density

d
8 ==t 8
buali) i= g ol exo (125 = Qf(—7> ol exo (<25 )

r € R?, with respect to the Lebesgue measure on R?. We denote by Py a Poisson point
process in R? with intensity measure Ay, where A > 0. Recall, if N is a Poisson
distributed random variable with mean A, P, is a point set consisting of N points in
R?, independently chosen according to the law 74, 5. In the next step, the generalized
Gamma polytope K, arises as the random convex hull of the point set Py. Actually,
both K, and P, depend on the parameter v and 3, but we suppress this dependence

to simplify the notation.

3.1.1 Critical radius

In the Gaussian case, i.e., « = 0 and = 2, it follows from the work of Geffroy [48]
that the Hausdorff distance between K, and B%(o,+/2log A;) converges to 0 almost
surely, as k — oo, along ‘suitable’ subsequences \; tending to infinity. The goal of this
section is to determine this critical ball in our generalized setting, following from the

next theorem (see also [41, Theorem 4.1] for a slightly different statement).

Theorem 3.1.1 Let o > —1, > 1 and X4, X, ... be independent random variables
i R, distributed according to the density

B foo—t 3
fap(z) = caplz|” exp (—|32 ) = 2? (;> |z|* exp (—%) , x e R.

B

Put M,, == max{Xy,..., X}, n € N. Then, for all x € R, it holds that

. 1 (B—a—1) log (cgﬂ_i_l S log n)
lim P | (Blogn) 7 |M, — | (Blogn)? —

B—1 <z

= exp(—e 7).
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Remark 3.1.2 Loosely speaking, the latter theorem yields that for all « > —1, 5 > 1
and sufficiently large n, the maximum M,, takes values that are ‘close’ to (flog n)%,
independent of the second parameter a. Moreover, the difference between M, and

(Blog n)% is random and of the magnitude

b
(Blogn) 7

In our Poissonized model, this indicates that (5 log )\)% should be chosen as the critical

radius, i.e., K can be expected to grow like B%(o, (3 log A)%), forall 5 > 1and a > —1,

as A — 00.

By using the method described in [48], it seems likely to show that also the Hausdorff
1

distance between Ky, and B%(o, (8log \y)?) converges to 0 almost surely, as k — oo,

along ‘suitable’ subsequences \;. We leave this issue to further research.

In order to prove Theorem 3.1.1, we recall some basic facts from extreme value the-
ory. Consider a sequence of independent and identically distributed random variables
(Xn)nen, and denote by M,, the maximum of X,..., X,,, n € N. Moreover, let F' be
the distribution function of X;.

If there exist a, > 0 and b, € R, n € N, and a non-degenerated distribution function
G such that

as n — 0o, one says that F' lies in the maximum domain of attraction of G. Such a G
is called an extreme value distribution.

Fisher and Tippett [46] proved that every extreme value distribution belongs to the
families of Frechet-, Weibull- or Gumbel-type distributions. For our purpose, it turns
out to be enough to focus on the latter one.

A random variable is said to be Gumbel distributed, if its distribution function is given
by

F(t) = exp(—e™), teR.

The following theorem, first proved by Gnedenko [51], yields a complete description of
all distribution functions lying in the maximum domain of attraction of the Gumbel

distribution.
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Theorem 3.1.3 A distribution function F lies in the maximum domain of attraction

of the Gumbel distribution, if and only if there exists a positive and measurable function
g(t), fulfilling

Fttag(t) _

lim =e 7, (3.2)

for all z € R. If (3.2) holds, then, it follows that

M, — b,
Ma=bu b,

G

as n — 0o, where G is Gumbel distributed, and (a,)nen and (by)nen are given by

lim n F(b,) =1 and  a, = g(by), (3.3)

n—o0

respectively.

Lemma 3.1.4 Let F be the tail distribution of a random variable with density fa 5.
Then, it holds that

lim F(t) = J = () (3.4)
Proof. By using the rule of L’Hospital in the case that ‘%’, we achieve that
< s
F(t) N tfs“e T s N o N 1 o1
f:é[i(lt) 77 10 6_% (=B +1)teF e_§ —t 6_% % +1 ’
as t — oco. This completes the proof. O]

Lemma 3.1.5 The distribution function F' of a random variable with density f, 5 lies

i the maximum domain of attraction of the Gumbel distribution.

Proof. In view of Theorem 3.1.3, it is enough to show that equation (3.2) holds for

some suitable function ¢(t). Choose
g(t) == — t >0,

which is positive and measurable and, therefore, fits into the setting of Theorem 3.1.3.
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Using Lemma 3.1.4, it follows that

_ ————i——tf t+ = ¢ e B
Pt oglt) gy 07

F(t) - 1 v

FTtve 7

- (t+tt;”1 )51 <t+tt;”_1>“ P <_% ((H tﬂily _tﬁ))
) ) e () )
) e () )

as t — 0o. Now, using the Taylor-Lagrange expansion up to second order yields that

there is an absolute constant C' € (—o00, 00) such that

$2

8
(t + w%) =17+ Ba + s A8 =D+ )P,

Since (t + C)%=2 ~ %72 as t — oo, we obtain

t+C)yP—2 2

~ ~ 1P
$2(8-1) $2(8-1)

Y

as t — oo. Thus,

exp (—% ((t + ;—_1)6 - tﬂ» = exp (—% (ﬁ:c + 2t+;_1)5(5 —1)(t+ 0)52>)

$2
=e 7 exp (——§;ZE:E$(6'_'1)(t4—(7)52>

as t — 0o. Combined with

a+1-p3
lim (1 + 3) _1,

t—o00

this yields that

Flttaglt) _ _,

lim =e 7

% F(p)

for all x € R, finishing the proof. O
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Proof of Theorem 3.1.1. It remains to find sequences a,, > 0 and b, € R, n € N, such
that
M, — b,
Mu—by o, ¢
Qn
as n — 00, where G is Gumbel distributed. The first condition of (3.3) and Lemma
3.1.4 imply that
by

-1 1 8—a—1 &
Corp U eps ~n,

S ™

w

as n — oo. As a first approach of the sequence b,, we choose w,, by e? =n, i.e.,

w, = (Blogn) 7.
Of course, this is not the right choice for b, since it holds that

wﬁ B—a—1
B :cglﬁ (Blogn) 5 omoen,

-1, B—a—1
n €

as n — oo. Thus, we need to modify w, and, therefore, start with the estimate
1
b, = (Blogn)? + 6,,

where (d,)nen is an unknown sequence. By using again the Taylor-Lagrange expansion
up to second order, we obtain that there exists an absolute constant C' € (—o0,0)
such that

exp (% ((ﬁ logn)? + 5n)6)

= exp (logn + (B logn)%&l + w (8 logn)% + C)’BQ>
=n exp ((ﬁlog n)%5n> exp (w ((Blog n)% + C’)BQ) :

Similarly, the Taylor-Lagrange expansion up to first order yields that there is an abso-

lute constant C’ € (—o0, 00), satisfying

B_l_a —1l-—a

+ 5n> = (Blog n)ﬁT +(f—1—a)d, ((alog n)

@l
=

((6 logn) + C’) e
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This leads to

-1 38—a—1 ﬁ
Co U er

B
B—1l—«

=y ((Blogn)? + 6n)5_a_1 exp (1 ((B108m)" + 34, B)
1 B-1—a 1 , B—2—«
=nc,; ((ﬁlogn) T+ (B—-1—a), ((ﬁlogn)ﬂ —i—C’) >
X exp ((610g n)%5n> exp (M ((Blog n)% + C’)B_Z) :

Now, we aim to determine J,, in a way that all expressions above, except for n, are

asymptotically equivalent to 1. To achieve this, we choose §,, such that

0533 (Blog n)ﬁ_g_1 exp ((5 log n)%én) =1
B-1 1
& exp ((Blogn) B 5n> = —
¢y (Blogn) 7
—1 1
o exp((Blogn) 7o) =
__ B8 B
(c(l’§_°‘_1 Blog n>
_ Ca—1 __8
& (Blog n)%dn = —B% log <c&7g_“_1 Slog n)
-
Boa—1 log (caﬂ Blogn)
= On, = — = .
P (Blogn) 7+
Evidently, 6,, converges to 0, as n — oco. Furthermore, since
((B10gn)* + € T p=2=
ogn) + C') Blogn) F* y )
B—1 p-1-a ~ (8log )25—2—a = (Blogn)~ 7 = (Blogn) 1’
(Blogn) # "7 (Blogn) 7

as n — 0o, we achieve that

(B—1—a)d, ((ﬁ log n)% + C”)ﬁ_Z_a
(Blogn)” 7"
1 B—2—a
1 1 B4+ C
RC : V) (Caygil Hlog n) (1ogm) )
(Blogn) 7
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~ _w log (CCM_,Z_[;_1 Blog ”) (Blogn)™",

as n — 0o. As a result, we get that

B—1l—a B—2—a —l—a

(Blogn) " + (8 =1~ a)d, ((Blogn)* +C') "~ ~ (Blogn) #",  (3.6)
as n — oo. By exploiting the definition of ¢,,, we have similarly that

0n(B—1)

—— ((Blogn)* + )"

converges to 0, as n — oo, and, therefore,

2(p—1
exp (% (B logn)% + C)B_2> ~ 1, (3.7)
as n — 0o. Summarizing (3.6) and (3.7) yields that our choice of d,, ensures that the
right hand side of (3.5) is indeed asymptotically equivalent to n. As a consequence,

the sequence (b,,)nen can be defined as

(B—a—1)log (c;f{a_l Slog n)
b = (Blogn)7 — = :
B(Blogn) 7

for all n € N. Moreover, we know from the second part of (3.3) that the sequence

an)nen fulfills a, = g(b,) = . Since
(an) 73

b, ~ (,Blogn)%,

as n — 0o, we lastly obtain that a, can be chosen like
1

PPN =

(Blogn) @

for all n € N. That proves the theorem. n

Gy i=
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3.1.2 Scaling transformation

Let us start this section by stating the general setup, needed to define the crucial
scaling transformation, taken in the Gaussian case from [23, Equation (1.5)]. If ug is
the north pole on the sphere S¢! and T, := T, (S?"!) the tangent space at this point,
we identify T, with the (d — 1)-dimensional Euclidean space R?~!. Besides, we define
exp~! as the inverse of the exponential map exp = exp,, : T, — St It maps a
vector v € Ty, to the point u € S~ in such a way that u lies at the end of the unique
geodesic ray with length ||v||, emanating at uo and having direction v. Note that the
exponential map is injective on By_1(o,7) := {v € T, : ||v|| < 7} and we have that
exp(By_1(0, 7)) = ST\ {—ug}. (Following [23], we prefer to write By_i(0,r) for a
centered ball of radius 7 > 0 in T, instead of B"!(0,r) to prevent confusions.) Since
the inverse of the exponential map is well-defined on the whole sphere S?!, except for
the point —ug, we put exp~(—ug) := (0, 7).

In the previous section, we saw that for sufficiently large A, the polytope K, can be
expected to grow like the d-dimensional Euclidean ball centered at the origin with

radius (S log )x)% In order to reflect this behavior in our scaling transformation, define

1
d+1)—2d—2 STV 5
Ry = [6 log A\ — (6< +1) 5 a) log (cavﬁ(d“)_m_mﬁlog )\)} : (3.8)

for all A > 0 such that Ry, > 1. In particular, R, is asymptotically equivalent to the
critical radius (flog )\)% itself. The reason for the explicit choice of R, will become
clear in the proof of the upcoming Lemma 3.1.7. We are now in the position to define

the scaling transformation, illustrated by Figure 3.1 in the planar setting.

Definition 3.1.6 The mapping 7y : R? — R x R, defined by

Ty(z) = (R§ exp™! <ﬁ) RS (1 . HRLD) . zeRIN\{o}, (3.9

maps R?\ {o} into the region

5 4 d
Wy == R} By_1(0,7) x (—o00, RY] CR* ! x R,

Putting Ty (o) := (o, Rf), the transformation T) is a bijection between R? and W,.
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T)\EJ?Q)

)__ - g _ X
Riexp 1(—)

uy e A [[2:1]]
R"’j 1 %2 /
y eX Em—
Y ]

2l
Ry

i (1 ]
5% R,

F1GURE 3.1: The scaling transformation 7).

Now, define the rescaled point process by
PV =T\(Py),

(see Figure 3.2). Due to the mapping property for Poisson point processes (see Theorem
2.6.2), the point process P is actually also a Poisson point process in Wy. Its

distributional properties will be analyzed in the following two lemmas.

Lemma 3.1.7 The intensity measure of PN has density

B(d+1)—2d—20a

_B
sin?(R, *[Jvll) (BlogA) >

(U, h) = B B(d+1)—2d—2a
Ry 2ol Ry, (3.10)
2 h d—14a ’
xexp|h— —B-1D1-C)VP2][1-—= 1((v, h) € Wy),
p( 2Rf(5 ) ) > ( R/j) ((v,h) )

with respect to the Lebesque measure on R x R, where C € (—o0,1) is an absolute

constant.

Remark 3.1.8 Later, it turns out to be crucial to bound the exponential term in (3.10)
uniformly by e”, for all h € R. Examples are provided by the estimates presuming
(3.46), (3.47), (3.53), (3.63) and (3.68). However, if § < 1, this is not achievable and,
therefore, we may and will restrict to the condition 8 > 1. This natural condition was
used also by Carnal [25, Page 171] and Eddy and Gale [41, Page 757].
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FIGURE 3.2: The rescaled Poisson point process P,

Due to the properties of the sine function and the definition of R, the first two fractions
in (3.10) converge to 1, as A\ — oo, on compact subsets of W,. Moreover, for fixed
h € R, the same holds true for the fourth expression, while the exponential term tends

to e, as A = co. Summarizing, this implies the following important corollary.

Corollary 3.1.9 As A — oo, PY converges in distribution, in the sense of total
variation convergence on compact sets, to a Poisson point process P on R¥™! x R,

whose intensity measure has density
(v, h) — e, (v,h) € R™ x R,

with respect to the Lebesque measure on R4 x R, for all parameter o and B in the

density ¢o 3.

Remark 3.1.10 The scaling transformation T carries P, into a Poisson point process
in the product space R?~! x R that is stationary in the spatial coordinate, as A — oo.
On the one hand, this was to be expected in view of [41, Theorem 4.1] (generalizing a
result obtained in [40]), where a transformation was constructed to carry the binomial
counterpart of our P, into a point process in R x R4~! whose height coordinate is
determined by a Poisson point process with intensity e *dh, h € R, while in the spatial
regime a standard Gaussian process arises. On the other hand, the result in [41] clearly

contrasts ours, in particular concerning the distribution in the spatial coordinate.
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Proof of Lemma 3.1.7. Let us write x € R? as x = ur with u € S~ ! and r > 0. Thus,

using polar coordinates, it follows that
Ao p(x)de = X g g(ur) ré=tdr Hg;_ll (du).
Following the proof of [23, Lemma 3.2], we achieve, by making the change of variables

h

g r
= R? exp ! d h=rR(1-— =Ry [1-—
v 2 exp (u) an X ( R,\> & ,\< Rf)’

that

_B
s (Ry ol [ gyas

”Hg;}l (du) = —3 (R/\ 2) dw. (3.11)
IR, 2 vf[#2

Indeed, for all v € R4"1\ {0}, the exponential map can be expressed as

exp(v) = cos({[v[|)(0, 1) + sin({|v[[) (HZ—H 0) :
(see [23, Equation (3.14)]). Thus,

H2 ' (du) = sin(||exp™

) )2 (|| exp™ (u) ) L (dﬁ)

(
_sin| exp~! (w2
expT(w)][+-2

d(exp~'(u)),

_B
and the claim follows from exp~!(u) = R, >v. Moreover, by the choice of r, we achieve

d—1
h (B
d-1 3,. _ v (B-1)
rtdr = | Ry (1 Rf) R, dh. (3.12)
Furthermore, we get
A Go p(ur)
B(d+1)—2d—2c h “ h? (3.13)
= (Blog\)~ 2 Ry |(1-——] exp|h——(B-1)(1-0C)2],
(9108 ) ( Rf) p( D0 -0) )

for some absolute constant C' € (—o0, 1).
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Indeed, using the Taylor-Lagrange expansion up to second order of the function (1—z)”

at the point 0 yields that there exists an absolute constant C' € (0, x) such that

2

(1-2)"=1— B+ SB(B -

D(1—C)2 (3.14)

The definitions of 7 and ¢, 3(z), as well as (3.14) applied to = h/Rj, imply that

there is an absolute constant C' € (—oo, 1), satisfying

Pa,p(ur)

e ()

B
h 1 h
=t Ry l1-— ex R 1- =
a8 4t Rf p 3 A Rf

" 1 h
:ciﬂRﬁ‘ (1—— exp ——Rf (1—5

n\" R? B2
R [1- =) ep|—24h—— (8-
a,B U\ p 2R’8 (6

B\ R’ h?
= Y11 —-— exp| ——2 | exp| h— —
T R’ P\7B P 2R

25 ﬁ(ﬁ D - C)”) )

D - C)”)

(6 -1)(1 - C)H)

2

1 h ¢ B(d+1) 2d 20 h
_ - po e _—— o _ o £—2
=5 RS <1 Rﬁ> (Blog \) exp <h N B-1)(1-0C) ) :

A

Note that we used the explicit choice of Ry in the last step to deduce

8

= exp (_% (510g/\— (5(d+1)2_2d_2a) log( ﬁ(d+1) 2d 2a Blo g/\))>

= exp(—log \) exp ((ﬁ(d—i_ ) —2d- 2a> log ( 7 -2 B log )\>)

26

B(d+1)—2d—2c
2

_ 28d
B(d+1)—2d—2a
(cm Blog A

ﬁ(d+1) 2d 20

= ,—d
(5 IOg )‘) Ca,ﬁ‘

yIH > =

79



3.1. PRELIMINARIES

Combining (3.11), (3.12) and (3.13) with

B(d—1) —Bd+B4+2d—2—28+2+2a —B(d+1)+2d+2a
2

RYR, * R{'RTV =R, ’ = R,
finishes the proof. O

Let i € {1,...,d}. Similarly to the notation used in [23, Page 41|, we denote by VOll(-A)

the image of

Bd+1)—2i 4
Ry * [l voly

under the scaling transformation T, where vol; is the usual d-dimensional Lebesgue-

measure on RY.

(A

Lemma 3.1.11 Leti € {1,...,d}. Then, the image measure vol; ) under the scaling

transformation T\ has density

8
L d-2(pT 2
R, ?

sin® (R, * [|v])

(TN

(v, h)

(1 h ) k) e W) (3.15)

Ry
with respect to the Lebesque measure on the product space R4~ x R.

Corollary 3.1.12 [t is readily seen that the density in (3.15) converges point wise
to 1, as A\ — oo, proving that the image measure VOlg)\), i € {l,...,d}, converges in

distribution to voly, again in the sense of total variation convergence on compact sets.

Proof of Lemma 8.1.11. Starting with ||z||""¢dz instead of A ¢, s(x)dz in the proof
(A

7

product of the terms on the right hand sides of (3.11) and (3.12), times

i—d
Bld+1)—2i h
R, * R (1--) :
Ry

with respect to the Lebesgue measure on R4! x R. Multiplication of these three

of Lemma 3.1.7 implies that the density of the image measure vol;”™ is given by the

expressions yields the density stated in (3.15). O
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3.1.3 Germ-grain processes

Let us start this section with two observations regarding K, explained in detail for

example in [23, Page 14]. A point 2’ € P, is a vertex of K, if and only if the ball

g (2 112
27 2

is not contained in the union of all balls corresponding to the other points of Py, i.e,

n
U Be (Y M
27 2 '
YyEP)
y#T
Let

A
0 = dsi (—, —)
NIl

be the geodesic distance on the sphere. Then, we can rewrite the ball as

/ /
B (l‘_ '] ||> — {2 €R?: [|z]] < ||2']| cos O}

27 2
/
{x < B < Rycosf ) — B R,

On the other hand, R¢\ K is the union of half-spaces that do not contain points of

(3.16)

Py. For 2/ € R?, consider the half-space

H('):={x cR¢: [|12'[] < |]z|| cos b}

/ (3.17)
I S A [ I W
{x < R ( Rycosf ) — R R ’

which is one of the main ingredients of the following lemma.

Lemma 3.1.13 Putting T(2) := (v, k') € R x R, the scaling transformation T

transforms the ball BY (%’, Hm—;”) and the half-space H(x') into the upward opening grain

I (o, YD = {@, h) € Wy : h > RI1 — cos(d(v/,v))) + I cos(d,\(v',v))} . (3.18)
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and the downward opening grain

[HJf(U/,h/)]()\) = {(U, h) eW,:h< Rf — %} , (319)

respectively, where
_8 _8
dx(v',v) := dga— (exp(R)\ 20'), exp(R, ? v))

is the geodesic distance between the images of the rescaled points v' and v under the

exponential map.

Proof. The second characterization of the ball in (3.16) implies that

8 ||| 5 |||
1l > 1——
R’\( Ry cos6 2 It R,

/
& RS cos — RSV |z|| > RS <1—||;:||)COSQ
A

/
& R} — RV > RY — R cosf + R} (1—”]";”)@%9
A
/
= Rf (1—“;—“) 2R§(1—0080)+R§ (1—@) cos 6.
A A
Therefore,

h > Rf(l — cos(dy(v',v))) + B cos(dy(v',v)),

where we used

/
h’:R§<1——”}§”), h:R§(1—|j|g—”), v' =R
A A

> vlw

ex -1 L/
PO\

and

B T
-1
v =M e <||a:||)’

in view of the scaling transformation 7).
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Similarly, we get from (3.17) that

Y

8 Il B _ ﬂ(l_w)
R§ 1— Il < R? BR R? iy — Iy R
cos 6 cos

and, thus,

This proves the claim. O]

Consequently, T transforms the sets

UBd(g,@) and  RY\ K,

TEPH

into the quasi-paraboloid germ-grain models

VO W@ (P) = 0w,

wePN)
(see Figure 3.3), and
oW =M mP) = U I,
weWy

P A (w)] (M) =0

(see Figure 3.4), respectively.

What is crucial about these germ-grain processes is that now, for sufficiently large A, a
point 2’ € Py is a vertex of K, if and only if the germ [ITT(Ty(2"))]™ is not covered by
TN (Ty(Py \ {2'})). This observation has been used extensively in the Gaussian case
in [23] and also our results exploit this fact. In this case, Ty(2) is called an extreme
point of P, whose collection we denote by ext(P™). Moreover, the boundary 9®®™)
of W is build from piecewise quasi-parabolic facets, glued together at the extreme
points of PX). Recall that Ty(Py) converges in distribution to a Poisson point process

P in R x R, whose intensity measure has density
(v, h) = e, (v,h) € R™ x R,
with respect to the Lebesgue measure on R4~! x R.
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FIGURE 3.3: The germ-grain model U\,

Thus, it seems natural that the boundaries of the quasi-paraboloid germ-grain models
TN and W converge to those of so-called limit paraboloid germ-grain models ¥ and

®, corresponding to P and defined as follows. Putting

2
= {(v,h) ER'XxR:h> HU2H },

and

b i1 o vl?
= § (0,h) R X Reh <~ 0

to be the unit up- and downward paraboloids, respectively, define

Ui=0(P):= [ JM'(w)™ and ©:=0P):= | [Tw)]>, (320

weP weRd—1 xR
PNint (T (w))=0

where, for w := (v, h) € R"! x R,
[T (w)]) = w e I and [T (w)] ) == w @ IT*.

All the points of P that belong to the boundary of ® are summarized in the set of
extreme points of P, denoted by ext(P).
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FIGURE 3.4: The germ-grain model &),

3.1.4 Functionals of interest

Recall that K is the generalized Gamma polytope, arising as the convex hull of the
Poisson point process Py. If x is an extreme point of Py, we denote by F;(z, Py),
j €{1,...,d—1}, the set of all j-dimensional faces of K, containing x, while |F;(z, P,)|
indicates its cardinality. Moreover, we define by cone(z,Py) := {ry : r > 0,y €
Fa—1(z,Py)} the cone corresponding to the facets Fy_q(z,Py). Furthermore, recall
the definition of the projection-avoidance functional 6; from (2.2). We are now in the

position to introduce the functionals of interest and start with those regarding to Pi.

Definition 3.1.14 (Intrinsic volume and face functionals) Fori € {1,...,d}, we define

the defect intrinsic volume functional with respect to the ball B%(o, Ry) by putting

B(d+21)72i (”,l_l)

&v,(z,Py) = R, U

1
~izt) 0;(y, K») — 0;(y, B (0, Ry))] ——— dy,
P [ 0K ~ 000 B0 )] T d

cone(z,Py)
if x is an extreme point of Py, and 0 for all other points of P,. In particular, for : = d,
we arrive at

1 Bd+n-—2d
Ev,(z,Py) = pi R, 2 [voly(cone(x, Py) N B0, Ry)) — volg(cone(z, Py) N Ky)],

i.e., the rescaled defect volume with respect to the aforementioned ball.
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Moreover, for j € {0,...,d — 1}, we define the j-face functional of the generalized
Gamma polytope K by putting

jﬁLFj(x’PA” :x € ext(Py)

. x,P)\ =
6| ) 0 x & ext(Py).

We shall write

== {gvly-"7£Vd7€f07"'7€fd—1}

for the collection of the geometric functionals and use, for £ € =, the abbreviation

H{ =Y &(x,Py). (3.21)

TEPy

With these definitions, it follows that the total number of j-dimensional faces of K,

j €40,...,d— 1}, almost surely satisfies
3
fj(KA) = H,”,

while the total i-th defect intrinsic volume of K, i € {1,...,d}, with respect to the
ball B4(0, R)), almost surely fulfills

B(d+1)—2i
—Batl)-%

Vi(Bl(o, R) — Vi(Ky) = Ry * HY", (3.22)
conditioned on the event that o € K. We notice that this event occurs with probability
at least 1 — e~ for some constant ¢ € (0,00) only depending on d. To keep our
presentation short, in all computations concerning the functional £y, that are carried
out in this chapter, we implicitly condition on this event. In fact, this causes — up to
constants — no changes in our results since conditioning on the complementary event
only leads to terms that are negligible for sufficiently large A. Also, implicitly this

convention has already been used in [22, 23, 56].

If w € ext(PW), recall the definition in Section 3.1.3, let Cyl™(w) indicate the set
in R4, achieved by projecting the facets of ® that contain the point w onto

R4-1. Furthermore, define |F;(w, PW)| to be the number of j-dimensional faces of
I(Upepo [ITH(v)]W) that contain w.
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Definition 3.1.15 (Rescaled intrinsic volume and face functionals) Let & € = and A
be sufficiently large. The rescaled functional £™ under the scaling transformation Ty
is defined by

EV(w, PY) = (T M (w), T HPW)),  we W

In particular, for ¢ € {1,...,d}, define

3O (PO) ()
1
Pwr=g [ [ wlPaem,
Cyl<>‘)(w) 0

if w belongs to the extreme points of PW, and 0 otherwise. Additionally, for j €
{0,...,d — 1}, define

7 (w0, PO 2w € ext(PY)

&) (w, PY) :=
g 0 cw ¢ ext(PW).

Denote by

=0\ . A A A
N = {0, e, gD )
the family of rescaled geometric functionals.

Remark 3.1.16 Here and in the rest of this chapter, we adopt the following notational
convention. If w € W, does not belong to the rescaled point process P™), we under-
stand €M (w, PV as €M (w, PXN U {w}) and, similarly, also £(x, Py) as &(x, PyU{x}).

Now, if w € ext(P), let Cyl(w) denote the set in R~ obtained by projecting the
hyperfaces of 9(®(P)) that contain w onto R**. Moreover, |F;(w,P)|, j € {1,...,d—

1}, indicates the number of j-dimensional parabolic faces of 9(®(P)) containing w.

In order to define the scaling limit intrinsic volume and face functionals, we first in-
troduce some more necessary notation. For every w = (v,h) € R¥™! x R, we denote
by wt the set {v} x R and by z** the normalized Haar measure on the set A(w?, ) of

all i-dimensional affine spaces in R? containing w*. Moreover, for every affine space L
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containing w?, we define the corresponding orthogonal paraboloid IT+ [w; L] as the set
’ ’ogt d—1 / / HU_U/||2
w =@, eR" xR: (w—w')LLh Sh_T ,

where (w —w') L L indicates that the vector w —w' is orthogonal to L. In other words,
[T+ [w; L] is the set of points of w L+, positioned ‘under’ the paraboloid surface OIT+(w)
with apex at w.

Building on all this notation, we put

- 1 I w; LI NTh(Ky) =0
19(L )(w) = .
0 : otherwise.

In particular, when L = w?, we get that 191(1)0;) (w) = 1T [w; LN ® = 0).

Definition 3.1.17 (Scaling limit intrinsic volume and face functionals) Fori € {1,...,d},

the scaling limit defect intrinsic volume functional is given by

1)
T d Rd—i

/ {195“3) (') — 1({w' € R4 x R,})] dw,

Cyl(w)

if w belongs to the extreme points of P, and 0 otherwise. Here, for every w € R¢,

0w = [ 0wt (L)
A(w? i)

Moreover, for j € {0,...,d — 1},

j% | Fij(w,P)| :w € ext(P)

55‘?0) (wv P) =
0 cw ¢ ext(P)

is the scaling limit j-face functional. Similarly as before, let

indicate the family of scaling limit functionals.
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Based on the rescaled and scaling limit functionals, we introduce so-called second order
correlation functions, describing the limiting constants in the expectation and variance

asymptotics stated in Theorem 3.4.1.

Definition 3.1.18 (Second order correlation functions) Let (& € = and ¢() ¢
2(>°), For all hy € R, (v1,hy) € Wy and z,y € RY, define

CSO\) ((O, ho), (Ul, h1)7 P(A)>
= EKO\)((O7 hO)v P(/\) U {(Ula hl)}) é"@‘)((vl’ h1)7 ,P(A) U {(07 hO)})] (323>
—E[E™N((0,ho), P EEN (01, ), PPV,

and
(c0)
¢ @yP) (3.24)
=R (2, PU{y}) €y, P U {a})] - B[ (2, P)| E[£™) (y, P)].
Furthermore, put
(€)= [ B (0uho), PP dhy
o (3.25)

+ / / / & ((0, ho), (v1, hn), P) €™ dhg dhy do, .

—00 —o0 Rd—1

3.1.5 Empirical measures and their cumulants

It is crucial in the proofs of our main results to have very precise control on the growth
of the cumulants of the geometric characteristics H/'\é, given in (3.21). For that purpose,
it turns out to be more convenient to work with the measure-valued versions of Hi.

For this reason, for all A > 0 with Ry > 1, we define the empirical random measures

pii= Y @ PG = Y VW, P oy, €€E (3.26)

€PN weP )

where ¢, is the Dirac measure at x. The corresponding centered versions are given by

5 = 1 — Elus).
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The method of expanding the cumulant measures associated with ,ui in terms of cluster
measures has been developed and successfully applied in [12] in the context of proving a
central limit theorem. For a function f € B(RY) and r € R\ {0}, define f,(z) := f(x/r).
We use a refined version from [43, 56] to deduce sharp bounds for the cumulants of

(frys ui) = [ fr,(z) d,ui. To present the main formulas, let us write M¥, k € N, for
R4
the k-th order moment measure of 1§, defined by the relation

[e.9]

Eloxp((fr,, )] = 1+ D 20 (b, ME),

in which we write f* for the k-th tensor power of a function f € B(RY), given by
oy, .. x) == f(x1) - f(xg). (Here and in what follows, we think of £ € = being
fixed and, hence, suppress the dependence on ¢ in our notation.) To appropriately
handle the moment measures, for g € B(R?) and F € B((R%)*), we define the singular
differential d[g] by the relation

/ F(zy,...,2z1)d[g)(z1, ..., 2) = /F(y, 1) g(y)dy, (3.27)
(Rd)k Rd

and, for x := (z1,...,2;) € (R)* put

dlg)(x) .= > dlgl(xy) - dlg)(xs,), (3.28)

where xp, := (2¢)¢er,, for i € {1,...,p}. Now, from [43, Proposition 3.1], it follows
that the density of M¥ with respect to d[A¢, ] equals

k

II<™ (T,\(:vi), PYU U{T,\(:vi)}>] . (329

i=1

ma(x) = mx(zy,...,z) = E

Moreover, the k-th cumulant measure c§, associated with ,ui, is defined as

di= Y te-1MPle. e MM (3.30)
Ly Ly <[K]
where MJ\L” ®...Q® MLLP‘ denotes the product measure of M/‘\Ll‘, e ,MLL“. The cu-

mulant measures can alternatively be expressed as a sum of cluster measures.
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Indeed, for non-empty and disjoint sets S, T C N, the cluster measure U f T on (R9)151
(RHIT! is defined by

UV (A x B) = M (A x B) = M°/(A) M\(B),

for Borel sets A C (RISl and B C (R%)!7I. Loosely speaking, the cluster measures
will capture the spatial correlations of the rescaled functionals €M and their measure-
valued counterparts (see Lemma 3.2.15). To proceed, for x = (z1,...,7;) € (R)* and

their rescaled images (v;, h;) = Th(z;), i € {1,...,k}, define the quantity
d(x) =06 (v1,...,v,) :=max{d(vg,vr) : {S, T} 2 [k]}, (3.31)
where vg = (vs)ses, Vv = (Vt)ter, and
d(vg,vr) == SergitrelT lvs — ve|

is the separation for the partition {S,T} of {1,...,k}. Moreover, let
A= {(z,...,r) € R :2 c RY

be the diagonal in (R%)*. Similarly to what has been explained in [12, 43, 56], one can
decompose the space (R%)*\ A into a disjoint union of sets §({S, T'}) with non-trivial
partitions {S, T} < [k], such that x € 6({S,T'}) implies that d(vg, vy) = d(x). This

leads to the following cluster measure representation.

Lemma 3.1.19 Fir k € {2,3,...} and f € B(RY). Then, it holds that

R R D S B SR
A

STk 5451y) ST K K X[K] (3.32)

x fh AUy T @ M @@ M),

where in every summand, S, T, K1,..., K, is a partition of {1,...,k} with S C S,

.....

Z ‘aS’,T',Kl ..... K| < 2" k. (3.33)
Remark 3.1.20 The proof in [43] shows that the bound (3.33) cannot be improved.
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3.2 Properties of the functionals of interest and the

germ-grain processes

In the following, C,C4,Cy € (0,00) will always denote absolute constants that may
change from line to line. The same holds for ¢, ¢y, co,... € (0,00), which are, unless
specified differently, allowed to depend on the dimension d, the parameter o and f
in the underlying distribution, and the functional ¢ € =. Moreover, writing that a
statement holds for sufficiently large A means that there exists a Ay > 0, depending on
d, a, f and the geometric functional under consideration, such that the statement is
valid for all A > Aq.

3.2.1 Theory of localization

(A

In this section, we prove that the rescaled functionals £ € =M and the scaling limit

functionals £(>) € Z(*) defined on points w := (v,h) € Wy and w' := (V',}) €
R4! x R, respectively, ‘localize’ in their spatial coordinates v and v’, as well as their
height coordinates h and h’, respectively.

In order to do this for the height coordinates, we introduce the following characteristic
of the germ-grain processes. If w € ext(P™), let H(w) := H(w, PY) be the maximal
height of an apex of a downward paraboloid which contains a parabolic facet in the
boundary of ®™ that contains w, and 0 otherwise. Figure 3.5 illustrates the functional
in the planar setting. H'(w’) := H'(w',P) is defined analogously with respect to the
processes P and . On the other hand, to deal with the spatial coordinates, we need
the notion of the so-called radius of localization. It has been introduced and used

heavily in the context of random polytopes before (see, for example, [22, 23, 56, 120]).

Definition 3.2.1 (Radius of localization) Let ¢ € ZW and » > 0. Given a point
w := (v, h) € Wy, define

f[(j])(w,P(A)) =V (w, PV N Cyoa(v,7))

to be the restriction of the functional to the cylinder Cy_y(v,7) := B4 (v,r) x R.
Similarly, for £ € Z(*) r > 0 and w' := (v, ') € R x R, put

f[(oo)(w’, P) = §(°°)(w’, PNCyq(v,r)).

]
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If there exist random variables L(w) := L(éWM, w) and L'(w') := L'(£) w') that

almost surely fulfill
A A A
0w, PY) = €y (0, PY)and gl (w0, PY) = g7 (w, POY),
for all s > L(w), and
€W P) =€, P) and &) (' P) =57 (w!, P),

for all s > L'(w'), respectively, then, the functionals (™ and ¢(>) are said to localize.
The infima over all such random variables satisfying the above conditions are called
the radii of localization of the corresponding functional. To simplify the notation, let

us refer to them also as L(w) and L'(w’) in what follows.

Theorem 3.2.2 Let (N € 2V and ) € =) Then, for all w = (v,h) € Wy,
w' = (v, 1) € R x R and sufficiently large ),

(a) it holds that

t t

P(H(w) > t) < ¢1 exp (-C%) and P(H'(w) > t) < ¢35 exp (—%) . (3.34)

forallt > hVvO0 andt > h'VO0, respectively, and

(b) the radii of localization L(w) and L'(w') satisfy

as well as the weaker estimates

P(L(w) > t) < ¢5 exp <—i> and P(L'(w') >1t) < ¢ exp (—i) . (3.36)

Ce
for allt > |h| and t > |}'|, respectively.
As a direct consequence, we achieve an exponential decay for the probability that a

point belongs to the set of extreme points of P, respectively P, with respect to their

height coordinates.
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If w ¢ PN or w' ¢ P, we use the notation w € ext(P™) and w’ € ext(P) for
w e ext( U [HT(z)](A)) and W' e ext( U [HT(z)]>.
2ePMU{w} z€PU{w'}

Corollary 3.2.3 Let w := (v,h) € Wy and w' = (v',}/) € R¥! x R. Then, for
sufficiently large A, it holds that

6h\/O

h’'VO
Pl e ext(PV) < cvexp (-5 ) and B! € ext(P)) S ewp (-5 ).

C2 Cq

After having investigated the localization properties of the functionals ¢ and £,

we turn to the germ-grain processes W&, &N U and ®.

Theorem 3.2.4 For all M € (0,00) and sufficiently large X, it holds that

t
P09 (PY) N Caa (v, M)lloo > 1) < e MV exp (‘_) :
(&)
and
t
P(IOW(P) N Cart (0, M) oo 2 1) < e M2 exp (_C_) ,
4

for all t > 0. The two bounds also hold for the dual processes ®N and .

Let us briefly comment on the previous statements. First, we emphasize that the
tail estimates (3.35) and (3.36) are valid only for arguments ¢ > |h|. Next, also the
probability for a point w = (v, h) € W) to belong to the extreme points of P separates
into two cases. Namely, if the height h exceeds 0, then, P(w € ext(P™)) decays super-
exponentially fast, while, if A < 0, one only has an estimate independently of A (which
is in some sense trivial). Similarly, also the probability for the event that H(w) >t
can only be estimated in a meaningful way if £ or h are not too small. This underlines
the effect already discussed in Section 1.2, that the spatial localization property of the
rescaled geometric functionals £ € =™ we consider can only be handled effectively
in the upper half-space R¥~! x [0, 00), while in the lower half-space no such spatial
localization is available. This phenomenon is new compared to the theory of random
polytopes in the unit ball developed in [22, 56, 120] and is in fact the leading cause for

the technical complications that arise in the context of our class of random polytopes.
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FIGURE 3.5: The event {H (w) > t} and the unit volume cube S.

Remark 3.2.5 As aforementioned and proven in Corollary 3.1.9, the limiting Poisson
point process P, as well as the corresponding germ-grain models ¥ and ®, do not
depend on the parameter o and S in the underlying distribution. Hence, the proofs of
the assertions for these three limit processes stated in Theorem 3.2.2, Corollary 3.2.3
and Theorem 3.2.4 stay absolutely the same compared with the ones derived in the
Gaussian case in [23] and can be omitted. Thus, it remains to derive the above stated

assertions connected with PN, ¥ and &M, which of course depend on « and f.

Due to the rotational invariance of the underlying Poisson point process Pj, it is enough
to prove all these results for points w = (0,h) € Wy with h € (—oo, R}]. Let X be
sufficiently large. Similarly to what has been done in [23, Page 25], let us investigate
the event {H(w) > t}, which can be rewritten in the form

(H(w) >t} = {Fw; == (01, 1) € (@)D : by > ¢, [TH(w1)]® 0PV = g},

(see Figure 3.5). Now, consider such a w; := (v, h;) € O[II"(w)]™ and define the

inverse of the scaling transformation of w by pug := Ty '(w), p > 0, where we recall

that v indicates the north pole on the sphere S~!. The parameter p is positive since
8

otherwise, the spatial coordinate of w would be 7R} instead of o, by definition of T}.
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Lemma 3.2.6 Denote by S the unit volume cube centered in (vi, =% —1), illustrated

(B+1)
i Figure 3.5. For sufficiently large X\, it fulfills

(3.37)

8
ITR; )

§ € M)V N Caa (0.7

Proof. For sufficiently large )\, the cube S is included in [IT*(w;)]™. Indeed, due to
the upcoming estimate in (3.76), the boundaries of [IT+(w;)]™ and [IT*(w;)](*) are not
‘far’ from each other, and the latter downward germ contains the cube S by definition.
Furthermore, the ball BY(2%, 2), that is mapped into the germ [II"(w)]®) by the scaling
transformation Ty (see Lemma 3.1.13), is a subspace of R4 x (0, 00), since p > 0.

Additionally, T transforms this upper half space into the cylinder

).

no ‘;;S\m

Cy_q <o, T

This leads to the relation

o) =1 (3¢ (1. € o (0725

8 s
mR2 T~R2
which implies |[|v;]| < ];A and, therefore, S C Cy_; (O, 3 f* ) O

The cube S is the main ingredient when proving the next assertion.

Lemma 3.2.7 For sufficiently large X, it holds that
P([TH (wy)]Y N PY = 0) < exp(—cq ™).

Proof. Let (v,h) € S. From the definition of the cube S, we get that

he { i3 Mm 1}
(B+1)8 27 (B+1)F 2|’
and, thus,
h h 3 h 1 31
B S : B onb’ : 5 o58| & ["’_} , (3.38)
RS~ | (B+ 1R} 2R} (B+1)PR] 2RS 272

since hy /R € [0,1] and 8 > 1.
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Hence, in view of (3.10), the density of the intensity measure of P in each point
(v, h) € S looks like

B(d+1)—2d—2a

_B
sin' (R, ? o)) (Blog X) 5

_B B(d+1)—2d—2a
18y 2 vl4=2 ’

B (3.39)

h2 L d—1+a
« s (B2 _n
X exp (h 235(6 D1 -0) ) (1 R§> )

for some C' € [—%,

%} Besides, the preparation (3.37) implies that

B
_B _B8 31R?2 3
Ry Z|v| < Ry? oA = 28

4 4

Therefore, for sufficiently large A, the first fraction is bounded from below by a positive

constant. Moreover, if the exponent Md“é# is positive, the definition of R, yields
that
(d+1)—2d—2a
(ﬂ log )\) B d+12ﬁ2d 2
B(d+1)—2d—2a
2
A
ﬁ(d+1)2;2d—2a
Blog A
= >1
d+1)—2d—2 — gl ’
<B].Og A . </8( + ) 2 O{) log (Ca7ﬁ(d+l)—2d—2a/610g )\)
=0

since the term in the bracket is larger than 1. On the other hand, if the same exponent

is negative, we also achieve

B(d+1)—2d—2c

(BlogA) =7
B(d+1)—2d—2a
2
A
ﬁ(d+1)2;2d—2a
Blog A
= > 1.
d+1)—2d—2 ;7 -
<B].Og A . </8( + ) 2 O{) log (Ca7ﬁ(d+l)—2d—2a/610g )\)
NG 26 >

Here, the inner fraction is smaller than 1, but since we have a negative exponent, we
nevertheless achieve the statement. Summarizing, the second fraction in (3.39) is larger
than 1.
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Now, let us switch to the height coordinate h. First, notice that d — 1 + « > 0, since
a > —1. If h <0, the fourth term in (3.39) is larger than 1. In the other case, the
estimate derived in (3.38) yields that

L d-lta 1\ 4o
)

Moreover, the third expression in (3.39) is bounded from below by ¢; exp(cohy). Indeed,

we have

h, 3 hl 1 C hl 3 hl
© {ml)ﬂ 2 (B+1)P _5} - [(mw _5’<ﬁ+1>ﬂ]'

On these grounds, since h;/ Rf € [0,1],

h? 9
exp <h — W(ﬁ —1)(1-C) >

> o (1) e ( S jfmﬁ (6-1)(1-C) )
> ox < ;) exp (( Ea ; 20 Tl)% (8- 1);;— C)B—2)

= exp E zg exp E’H? jf )éﬁl)l?)ﬁ(l - )

> ex B h -

BWE -

where in the last inequality we have used that
206+1)° = (B-1)(1-C)? > (B+ 1),

since C' € [—5, 5] This proves the claim.
Summarizing the last calculations, we obtain that the density of the intensity measure

of PWM, evaluated in an arbitrary point (v,h) € S, can be bounded from below by
¢y exp(cahy).

98



CHAPTER 3. GENERALIZED GAMMA POLYTOPES

Since the cube S has by construction unit volume, we obtain, writing v, for the intensity

measure of the rescaled Poisson point process P™)| that
v (S) > c1exp(cahy).
Therefore,
P([I(w1)]N N PY = 0) = exp(—wa([IH(wn)]V)) < exp(=14(S)) < exp(—c; ™).
This completes the proof. n

The last two lemmas assumed a fixed w; := (vy, hy) € O[IIT(w)]W) with hy > t. In the

next step, we generalize this to all possible wy, i.e., the region
O[T (w)]W N R x [t, 00).

In order to do this, it is crucial to derive the following observation concerning the

spatial coordinates. Recall that we have w = (0, h) with h € (—o0, R}).

Lemma 3.2.8 For all (vy,hy) € O[ITT(w)]™, it holds that

>

Rivhi —h

RY —h

o]l <C

Proof. From (3.18), we get that
hy = RY(1 — cos(dx(0,v1))) + h cos(dr(0,v1)),

and the inequality 1 — cos@ > C#?, valid for all 6 € [0, 7], together with the definition
of dy(0,vy), implies that

_8 3
1 — cos(dx(0,v1)) > Cdx(0,01)* = C (R, *||v]])* = C Ry [Jun ][>

Thus,

RS (hy — h)

Cl|n|> < RS (1 — cos(dx(0,v1))) = hy — hcos(dx(o,v1)) = S
5 _
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Indeed, in last step we used that

Ri(hi —h
hy — hcos(dy(o,v1)) = %
& (R —h)(h1 — hcos(dx(0,11))) = R}(h1 — h)
& RPhy — RYhcos(dy(0,v1)) — hhy 4+ h?cos(dx(o,v1)) = Ryhy — RYR
& R{h(1 - cos(dr(o,v1))) = h(hy — hcos(dr(o,v1)))
& RY(1 — cos(dx(0,11))) = hy — hcos(dx(0,v1))
& RS (1 = cos(dr(0,11))) + hcos(dx(0,v1)) = hy,
which again holds in view of (3.18). Extracting the roots implies the claim. O]

Proof of Theorem 3.2.2 (a). Recall that w = (0, h) with h € (—oo, R}] and that the

event {H(w) >t} can be rewritten in the form
{H(w) >t} = {Gwy = (v1, h1) € O (w)]V : hy > ¢, [T (wy)]Y N PY = 0}

The possible range for the height coordinate h is determined by [tV h, Rf] Moreover,
the previous lemma gives a condition on the spatial coordinate v;. Using the bound

derived in Lemma 3.2.7, this leads to

R}
P(H(w) > 1) — / / ([T (wy)]D 1 P = 0) doy diy
tVh BA—2(0,v);

(v,hy)€d[IIT (w)](A)

d—2

exp(—cp €M) dhy.

8
R}x

B
/ R:v/hy —h
<o 2

tVh \/ Rf —h

In order to finish the proof, we consider two different cases. If h € (—oo —*}, we

achieve that

8
L<\/§‘

RS —h
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Indeed,

B
R? R}
\/ R —h

holds by assumption. As a result, we get that
P(H(w) > t) < ¢; exp(—cy e®h).

Truly, it holds that

B
Ry
d—2

P(H(w) >t) < ¢ / (hy —h) 7 exp(—cye™m) dhy

tvh
00

< / exp(calog(hy — h) — c3e®M) dhy

tVh
00

<c / exp(cs log hy —03ec4h1)dh1

tvh
00

<c / exp(—CQeC?’hl) dh,
t
< ¢ e exp(—csze®t)

< ¢ exp(—cye®?)

)

since for all h; > 0 we have that

R
<V2 & RI<2R-h) < ?ng—h & h§7A

exp(ci log hy — cpe®™) < exp(—cye®™).
If else-wise h € (%f, Rf], we have that
hi —h ch cec™ ceﬁ
Rf—hgl and exp(—ce®™) <exp | — SR
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The first inequality holds since h; < Rf and the second follows because

CRB
( ch1> < cefM  ce 2
exp(—ce ex — —
P =P 2 2
cRﬁ
- cet™m < ce 2
2 - 2
RB
s M >

is true due to the range of h and the fact that h; > h in the integral under investigation.

In this case, we obtain that

Rf ( h csR
B(d—2) c3hi
P(H(w) >t) < ¢ / R, > exp e 62 . 62 - dhy
tVh
c3 Rg e}

B(d=2) Cye 2 cy e h1
< 2 - —
<c R, exp 5 / exp ( 5 ) dh, (3.41)

t

it c3 hi

< / exp (— @ 62 ) dh

t

< c1 exp(—cz ),

where in the third step we used that for sufficiently large A,

B(d=2) 8
R, * exp <—cl eCQR*>

can be bounded by an absolute constant. Combining (3.40) and (3.41) yields the
result. O

Part (a) of the theorem concerning H (w) is heavily used to derive a proof for part (b),
dealing with the localization in the spatial regime. In order to develop the proof, let
€N € 2™ w = (0,h) € Wy and t > |h|. In contrast to the estimates presented before,
we analyze the event {H(w) < t}. The motivation for this choice will be provided

later.
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g\

V= U I ()]

wi €[ ((0,h))]N MR x (—o0,t]

FIGURE 3.6: The set V.

Similarly to the considerations in [23, Page 26], we start with the observation that in
the case that H(w) < t, the functional &M (w, P™) only depends on the points of the

Poisson point process P contained in the set

V= U [T+ (wy)] ™. (3.42)

w1 €[ (w)] M) NRE=1 x (—o00,t]

Indeed, by definition of the rescaled functionals, at least all the points from P™ sharing
a quasi-parabolic facet of U™ with w, and the paraboloids that determine W, are

contained in V. Figure 3.6 illustrates this phenomenon in the planar setting.

Lemma 3.2.9 Fizw' := (v',}') €V and w; := (vy, hy) € [ITT(w)]V, hy < ¢, in a way
that both w' and w lie on the boundary of the downward grain [IT*(w,)]Y) corresponding
to wy. In Figure 3.7, we provide an example of this setup. Then, there exists a constant
C € (0,00) such that W' € [—C1t?, 00) implies that ||| < t.
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/ \ |

FI1GURE 3.7: The situation in Lemma 3.2.9.

Proof. In order to prove the assertion, we recall the definition of the upward quasi-

paraboloid grain [IIT(w)]W, i.e.,
I ()] = {(vl, hy) € Wit hy > RY(1 — cos(da(0,v1))) + h cos(d,\(o,vl))}.

We have that ¢ > hy and ¢ > |h| by definition of the point w; and the assumption

made above, respectively. Thus, we obtain
RS (1 = cos(dr(0,11))) < hy — h cos(dy(0,v1)) <t — h cos(dy(0,v1)) < 2t,

since cos(dy(0,v1)) € [~1,1]. Again, using the inequality 1 — cosf > C6?, it follows
that

dx(0,v1) < C(1 — cos(dr(0,v1))) < 2C R, t,
and, thus,

B
dy(0,v) < CV2tR, 2. (3.43)
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On the other hand, w’ belongs to the boundary of

RV —h
Y™ = 4 (o W <Ry - —2A
[IT* (w1 - {(Uah)EWA‘h < Iy cos(d,\(v',m»}'

Based on 1 — cos > C6?, the equivalence

h/ — Rﬁ _ Rf — hl
A cos(da(v,v1))
< W eos(dy(v,v1)) = RS cos(dy(v',v1)) — RS + Iy
& R} — RS cos(dy(v',v1)) + B cos(dx(v', 1)) — b = hy — I
& (B = 1)1 = cos(dy(v', 1)) =M =N
, hy — I
& 1 — cos(dy (v, v1)) =

R —n

8
the fact that h’,h; < t by construction, ¢t < 27 R} (since the radius of localization

never exceeds the spatial diameter of W)), and
s 1
RY —27R? > 5 RS,

which is true for sufficiently large A\, we obtain that

hi —h
(dr(v',01))? < C (1 = cos(dr(v',v1))) = C R; —
A
t—n' t—n t—n
<C_—<cC ;<O —p.
R’y —t R} —27R;} Ry
Therefore, it holds that
Vit —n
dy(v',v) < C R (3.44)
Ry

8
Finally, putting together (3.43) and (3.44) with ||[v'|| = R d\(V', 0) yields that

V]| = REdy (), 0) < R2(dy(0,v1) + da(vr,0)) < C (VE+VE—T).  (3.45)
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Beyond that, if A’ € [-Ct?, 00), we even get ||v'|| < t since it holds that

C(WVt+Vt—n)<t
& CVt=N <t-CWVt
& C*t—1h) < t* = 2CVt + C*

2 2/t

t—n < - -4t

& < o2 c +
2 2/t t2 )
= h Z—E—FTZ—E:—Clt
by the assumption of the lemma with C := é This proves the result. [

Proof of Theorem 3.2.2 (b). Let €N € EN w = (0,h) € W) and t > |h|. Using the

result from part (a) of the theorem implies that

P(L(w) >t) =P(L(w) > t, Hw) > t) + P(L(w) > t, H(w) < t)
P(H(w) >t)+P(L(w) > t, Hw) <t
< ¢y exp(—cye®) + P(L(w) > t, H(w) < t).

VAN

Thus, it remains to bound P(L(w) > ¢, H(w) < t) in an appropriate way. Recall, if
H(w) < t, the functional €™ (w, P™M) only depends on the region given by V), defined
in (3.42). Moreover, the previous lemma states that the spatial coordinate of all points
w' = (v/, ') € Vis bounded by ¢, as long as its height coordinate fulfills b’ € [—Ct?, 00).

As a consequence, it is enough to consider the region
VAR x (=00, —Ct?).

If it is devoid of points from P™| then, the analyzed functional only depends on points
whose spatial coordinates are bounded by t, i.e., the radius of localization is smaller
than t. Thus,

P(L(w) >t, Hw) <t) <P(PYMNYNRS! x (—o0, —Ct?) # ().
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Writing again vy for the intensity measure of the rescaled Poisson point process P,
by using (3.10), we obtain that

B(d+1)—2d—2a

_ / / sin2(Ry *[o']) (Blog \) ™"

5 B 2424
A S 7N R, * (3.46)
(v,h1)eEV

( ! h/2 B2 3 o / /
xexp [ h — B-1(1—-Ch)" 1-— dv' dh’,
2R R

for some C € (—o0,1). Now, we have that, for sufficiently large A, the sine expression,
the second fraction and the exponential term are bounded from above by 1, a positive
constant and e”’, respectively. Moreover, we use (3.45) to bound the spatial region.
This implies that

—Ct? d—14«a
H(VNRT! x (—o0, —Ct?)) < ¢ / (Vt+Vt =) tel (1 — —5> dn’

0 d—1+a
/ n
= / (VE+VE+ )T e™ <1 - F) dn’

Ct? A

(e 9]

< e / (Vt+Vt+ R4t e dp/

Ct?
9]

<a / exp(ca log(Vt 4+ Vi 4+ 1) — c3h') AW
cr2

< ¢ exp(—cyt?),

since we have for all A’ > 0 that
h/ d—1+«o
e*hl 1 + _B S e*Ch/’
Ry

exp(cy log(Vt 4+ Vi + ') — csh) < exp(—csh’).

and, similarly,
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As a conclusion, the inequality 1 — e™* < z, valid for all z € R, leads to

P(PY MY AR x (=00, —ct?) # 0) = 1 =P(PY NV NR" x (=00, —ct?) = 0)
=1 — exp(—n(VNRT! x (o0, —ct?)))
< (VNR7! x (—o00, —ct?))

< ¢; exp(—cyt?).
Finally, this implies that
P(L(w) > t) < ¢1 exp(—coe®) + ¢4 exp(—cst?) < cg exp(—cit?) < cg exp(—cot),
and the theorem is proved. O

Proof of Corollary 3.2.3. Let w = (o, h) € W,. In the case that h € (0, Rf], we apply
(3.34) for t = h, which yields

P(w € ext(PMN)) = P(H(w) > h) < ¢; exp (—i—h) :

Indeed, if H(w) is supposed to be bigger than 0, then, by definition, w has to belong
to the extreme points of PWM. In the second case, i.e., h € (—o0, 0], one can bound
the probability in a trivial way by C exp(—%) with a sufficiently large constant C'.

Combining the two cases yields the result. O]

In order to prove the assertion stated in Theorem 3.2.4, let M € (0,00), t > 0, A be

sufficiently large and define the events

T = {0UN(PY) N {(v. h) « [Jo]| < M, h >t} # 0},
and

Ty = {0UNPI N {(v,h) : ||| < M, h < —t} # 0}
Lemma 3.2.10 For sufficiently large A, it holds that

P(T}) < ¢1 M%7 exp(—cyet).
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FIGURE 3.8: The event T7 and the unit volume cube S.

Proof. Similarly to the considerations concerning the event {H(w) > t}, we have that
Ty = {3w; = (vy, hy) € FFN PV by > ¢, |Jog|| < M, [ITHwy)]D N PY = g},

(see Figure 3.8). The only difference is that there is now also a condition on the spatial
coordinate v;. Fix wy := (vy, hy) € OUN(PW). Analogously as in the proof of Lemma

3.2.6, we construct a unit volume cube S centered in

(U _ vd—lvl hl _1)
P ERCERE ’

(see again Figure 3.8), to obtain that

B
3R
4 Y

S Q [Hi(wl)](’\) N Od,1 O,M A

for all sufficiently large A. The shift in the spatial coordinate of the center of S is

necessary to ensure that S C Cy_1(0, M). Now, by using this cube S, we achieve as in
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the proof of Lemma 3.2.7 that
P([Hi(wl)](/\) APW — 0) < exp(—c ec2h1),

for sufficiently large A. Since the Euclidean norm of the spatial coordinate of w; is
bounded by M and the height coordinate is larger than ¢, we get, for sufficiently large
A,

P(T)) < ¢ / M P([IH (w,)| Y N PN = ) dhy

o0

< MO! /exp(—@ ecsht)

t
< ¢y M1 exp(—cye®).

This completes the proof. n

Lemma 3.2.11 For sufficiently large A, it holds that
P(Ty) < ¢; M*4=D g2t
Proof. If Ty occurs, then, there must be an explicit point z € PW with
Ty = {3wy := (v1, hy) € OUN(2) : by € (=00, —t], ||| < M},
and

reU = U [T+ (w)] ™.

weBe—1(o,M)x{h1}

Figure 3.9 illustrates the set U in the plane. By using (3.10) and the fact that the
spatial region is bounded by M, we get similarly as before that

hi h d—1+«
vU) <c / Mt eh (1 - ﬁ) dh = ¢; M4t e, (3.47)
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]
I
I
I
|
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I
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I
|
|
|
|
|
|
|
|
1
I
I
I
I
I
|
N

K- ———————— =

weB ! (0,M)x{hi}

FIGURE 3.9: The set U and the event T5.

This implies that

PUNPY £0) =1 -PUNPY =0) =1 —exp(—nUd)) < va(Uh) < ¢ Mt e,

Finally, this yields that

P(Ty) < & / M PUNPY £ 0)dhy < e MY / M dhy = ¢q M1 emest,
completing the proof. O

Proof of Theorem 3.2.4. Recalling the definition of the events T} and 75 in combination
with the results from Lemma 3.2.10 and Lemma 3.2.11 gives that

P(|0¥™N(PY) N Cyy (v, M) || = 1) = P(T}) + P(T3)
< ¢ M1 exp(—cget) + cg M1 pmeat

< ¢y MY exp(—cyt).
This finishes the proof. O
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3.2.2 Moment estimates

This section contains the first step of the proof of the cumulant estimate presented in
Theorem 3.3.1 and shows another crucial property of the functionals ¢ € =, namely, a
moment estimate, that considerably refines the existing one from [23, Page 26] in the
Gaussian setting. As already discussed above, deriving such bounds in the context of
our class of generalized Gamma polytopes is a much more delicate task compared to
random polytopes in the unit ball studied in [56], although at the beginning we could
follow the principal idea from [23, Page 27 and 28] in the Gaussian case. To present

our results in a unified way, let us define for £ € = the weights

) & =&y 1 &£=¢&y
ule] = Z' § =< o = §=¢y,
2.] :ngfj7 J :ngfj7
and
2 E=¢&y
wig = {2 4T
J 1 €&=¢&y,

where ¢ € {1,...,d} and j € {0,...,d — 1}.

Theorem 3.2.12 Let £ € =, p € N, 1 = (v1,),..., 2, = (vp, hy,) € W, and put

(i) For sufficiently large \, it holds that

hVO

B[N (21, PD)[" < er & (p)"™ (pdv[€])! (1 + [R[)PDEH exp <—6C—) ,
3

and
]E‘é“m(xl PXN A Cd—1<331 §>)|p
Y ? 2
ohVO
< ca ch (p)" (pdv[E)! (1 + [R|)" D exp (——) :
Ce

112



CHAPTER 3. GENERALIZED GAMMA POLYTOPES

(ii) Moreover, for sufficiently large X, it holds that

E <ﬁ 3% (3%‘, PYU O{%}))

< a0 (bl T 4 e e (‘k” |

and

E <ﬁ f(/\) (aﬁi, ('P(A) U U{[L’l}> N Cd—l (IZ’, g)))

p hiVO
< C4C§(p!)2u[£] ((pdvl¢] 2 H { + |hil) de exp( ok )] .

=1

Remark 3.2.13 It is enough to prove the bound for
E}f 33'1, )) ‘p7
since the one for

J
E[EW (21, PY N Cyy (3?1, 5))‘1;
is completely similar. The same holds true in part (i) of the theorem.

Proof of Theorem 3.2.12 (i) for & = &,. We start with the first assertion and choose
& =¢y,i€{l,...,d}. Because of rotational invariance of the underlying point process,
we may assume that the point  := z; has representation (o, h) with h € (—oco, R}].
Now, for all M € (0, 00) and sufficiently large A, put

D(’\)(M) = ||8\I/(’\)(P(A)) NCy_1(0, M)||co,
and let

L:= LY (o,h))

be the radius of localization of the functional ¢V, evaluated at (o, h).
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Then, for sufficiently large A, in view of (3.15), [¢V((0, ), PV)| is bounded by the

Lebesgue measure of the set
By-1(0, L) x [-DW(L), DV (L)],

times

-1

DXN(], . : ‘ .

¢ (1 + ng )> <e (14 DML < 27 DY) = ¢, DV (L)
A

Hence, by the Cauchy-Schwarz inequality,

El§V((0,h), P < e GE[LTDV(LY|"

1 o1 (3.48)
<ed (E [sz(d—l)] ) 2 (E [D(’\)(L)sz] ) 2
Using (3.36) and the definition of the Gamma function implies that
E[L"] = r/]ID(L > )t dt
0
00 , A
< Tcl/exp (—C—> 1 dt+r/t7"_1dt
0 ? 0
<cdyrl+|hl",
for all » € N. Hence, in view of (2.6),
E[L7Y] < e1¢5 (2p(d — 1>>'+|h|2” Y < s (2pd)!+ [PV
< er g ((pd))* + [PP7Y < ey ((pd)!)? (1+ [R[7Y)
< dy((pd)!)* (1+ |h|)2p .
Thus,
E[122@-D1)2 < (o1 (pd))2 (1 4 |B])2P@D) 2

< er ¢ (pd)! (1 + [R[)"Y
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On the other hand, we have that

E[DW(L)] =

M

s
Il
=)

E[DM(L)"1(i < L <i+1)]

E[DW(i +1)" 1(L > i)] (3.50)

s

I
o

M\»—‘

(E[DV( +1)2])? P(L > i)},

s

I
o

for all r € N, by using the Cauchy-Schwarz inequality in the last step. Using Theorem
3.2.4 and (2.6) leads to

e e}

E[DWV(i+1)*] = QT/IP(DW@' +1) > )t 1dt

0

t
< 2r¢ (i + 1)@ /eX (——) U [
Co
0

= ¢1 6 (i 4 1)@= (27)!
< ey dy (i + 1)@ ()2,

Combining this with (3.36) and the fact that va +b < /a + v/b, for all a,b > 0, it
follows from (3.50) that

A) L)y] < ch (i 4+ 1)y <03 exp (—C%) +1( < |h|)>
i=0
T : d— . - d 1
<cier! (Z(z + 1% exp (—C—3> + Z (i+1 11 < |h|)>

i=0
< eyl (14 |h)Y,

since the first sum is bounded by a constant only depending on d, and for the second

one we have that

D+ < b)) < (L [B)TT ) D13 < |h]) < (1+ ][R
1=0 =0
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Again, by (2.6), this shows that

D=

(E[DV@)*])? < (er & (2p0)! (14 [h)D)* < eadh (pi)! (1 + [B])". (3.51)

Summarizing, we conclude from (3.48), (3.49) and (3.51) the bound
B[¢™((0,), PO)’ < er & (01 (pd)! (1 + A=+

In the next step, we improve this by an exponential term. Namely, if the point (o, h)
does not belong to the extreme points of P™W, the functional €M, evaluated at this
point, is automatically equal to 0. This means that we can condition on this event
without changing the value of the expression. By Corollary 3.2.3 and the Cauchy-

Schwarz inequality, this leads to

E|¢Y (0, k), PV)|” = E[¢V (0, k), PPV) 1((0, h) € ext(PM))]?
S (Cl Cg (2pd)' ((2]7)')1 (1 + ’hl)Qp(dfl)er)% (eXP <_€C: ))2
h\/O
<1 cy (pd)! (p!) (1 + |R])P eXp( c3 )7

where we used (2.6) in the last step. This completes the proof of (i) for the intrinsic
volume functionals &y, since u[y;] = ¢ and v[{y,] = 1, where we recall their definitions

at the beginning of this section. O]

Proof of Proposition 3.2.12 (i) for § = &;,. Next, we turn to the j-face functional { =
&, with j € {0,...,d — 1}. Because of rotational invariance, it is again enough to
prove the assertion for the point (o0, h) with h € (—oco, RS]. Let N® be the number of
extreme points of P contained in the cylinder Cy_ (0, L), where L is the radius of
localization of €™ evaluated at (o, h). If j = 0, then, &, < 1 and, hence,

E|eX (z, PV < 1, (3.52)

for all p € N. Therefore, it remains to consider the case that j € {1,...,d — 1}.
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We have that

and, hence, it follows that
ElE™((0,h), PV < E[(NW)H)].

Thus, it is enough to find a bound for E[(N™)P/]. Writing once more vy for the
intensity measure of the rescaled Poisson point process P, we observe that in view
of (3.10), we have for sufficiently large A, 7 € [0,7R?] and £ € (—oo, R}] that

UA(Cy_1(0,7) N (=00, £)) < crtt (ef v 1), (3.53)

slightly different from [23, Equation (4.18)]. Indeed, to verify this inequality, we notice
first that for all such r, ¢ and sufficiently large A, we get by using the density function
in (3.10) that there is an absolute constant C' € (—o0, 1) such that

V)\(Cd71<o7 T) N (—OO, 6))
B(d+1)—2d—2c

_8
sin® (R, ®lv])) (BlogA) =
Ca—1(0,r)N(—00,f) HR)\ UH R)\

d—1+«a
h? _ h

A

h d—1+«
<e¢c / el (1 — —2) dvdh
Ry

Cy—1(0,r)N(—00,f)
J4

h d—1+a
:c/eh (1——ﬁ> dh / dv
Ry

—00 Bd—1(o,r)

L b d—14+a
=crd! /eh (1 — _ﬂ) dh,
Ry

—0o0

where we used for the inequality that the fractions involving the sine term and the

critical radius Ry are bounded from above by 1 and a constant C' € (0, c0), respectively.
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Applying the fact that

(1—%) <(=(h—=1)V1),

for all h € (—o0, Rf], whenever Ry > 1, yields that

L

h d—14+a
/ el <1 — —ﬁ> dh <
RA

—00

l
/€h \/ 1)d 1+ dh
/Q

l
h d1+adh—|—/ dh
0

[eS) l
/eh(l + p)d-tte dh+/eh dh
0 0

<cT(d—1+a)+e¢
<c(efv).

Combining the last two calculations shows the bound claimed in (3.53).

Thus, writing Po(a) for a Poisson distributed random variable with mean o > 0 and
recalling the definition of the random variable H from the paragraph at the beginning

of Section 3.2.1, we get that, for sufficiently large A,

E[(N(/\))pj] < E"P()\) N (Cd—l(ou L) M (_007 H))’pj

E[Po(vA(Cy_1(0,i + 1) N (—oco,m + 1)))"

M
WE

1=0 m=h

x1(<L<i+1,m<H<m+1)]
<Y Y E[Po(c(i+ 1) (€™ V)P AL =i, H > m)).
=0 m=h

(Here and below, h has to be interpreted as the integer |h|, but we refrain from such

. . . . . . 0
a notation for simplicity. Moreover, from now on we interpret sums like ) ., a; as 0,

if h>0.)
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The moments of Po(a) are given by the so-called Touchard polynomials. More precisely,

E[Po(a)] = 3 o {k}

i=1 ¢

k
where { } denotes the Stirling number of second kind (see [129]). Since
i

> {k} = ) 1<k, (3.54)

we have that

E[Po(a)] <a* > {k} Ha>1)+) {k} 1(a<1) <okl + k. (3.55)

In the last step we used that the number of unordered partitions of {1, ..., k} is known
as the k-th Bell number, which can be optimally bounded of order k! (see [34]).

Now, Holder’s inequality, (3.55), (3.53), (2.6) and the fact that (a+b)5 < a3 + b3, for
a,b > 0, imply that

E[(N®)¥]
<3N (E[Po(e (i + 1) (e v 1)) P(L > 0)3 P(H > m)s
=0 m=h
e D0 D ((BpI)! i+ 1P (V1) 4 (3pj)1)
=0 m=h
x P(L > i)s P(H > m)3
<ard DO (ph)! (i + 1P (e )P P(L > 0)s P(H > m)s
=0 m=h
ted DD (B > i)s B(H > m)s
=0 m=h
=T+ T

We bound both terms 7T} and T, separately.
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For Ty, we get by splitting the summation over 7 into ¢ < |h| and i > |h|, and by using
(3.35), that it equals

a )Ny PL>i)3 Y P(H>m)s
T (p)! Y P(L )5 Y P(H = m)s
i=|h| m=h
|h| o0 o0
<c1dh(pg)! ZZ H>m3+03 (pg)! Zexp — 512 ZIP’ m)%
=0 m=h i=|h| m=h

< c1 ¢ (pg)! 1] (1B + cs) + e1 & (p)! (Ih] + o)
< e (pg)! (1 + H])?,

since, by (3.34),

00 0 00
STPH >m)s =Y P(H >m)s + > P(H >m)s
m=h

m=h m=0
0 0o
1+ o exp(—ce™
m=h m=0
S VL‘ +

Now, we turn to 77, where we first notice that

Al |h|

>+ )P P(L > % <) (1 + [h]yrani

=0 =0
< [h] (1 + [R))P
(1—|—|h|) p(d— 1)]+1

I/\
,_.

(3.56)

Using (2.5) with n = pj + 1 in conjunction with (3.34) and the observation that, for
all m >0,

(em—i-l vV 1)pj — 6(Trl-l—l)pj7
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implies that

m=0 m=0
0o ‘ om
< F mpj R
S G QmXZ:Oe eXp( 03>
< d(pj+1) i o—m(pj+1)
m=0
<clc§(pj~|—1)‘Ze m
m=0
< e i+l
and
-1 |h|
1
Y (" VP P(H >m)s <Y 1= |h[ < (1+]h)).
m=h ;’1 gl m=1
Together with (2.7), this leads to
S (e VT P(H > m)s
m=h
-1 o0
:Z eV P P(H > m)s + Y (e V )P P(H > m)s (3.57)
m= m=0
<

(1+|h\)+01 b (pj +1)!
c1 ¢ (pg)! (1 + |hl).

IA

Moreover, with (3.35), (2.7), (2.5) applied at n = p(d — 1)j + 2 and the fact that
i? > i+ 1, for all i > 2, we get

o0

> i+ 1PV P(L > )

i=|h|

o=

< ¢16 (pdj)!. (3.58)
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Indeed, it holds that

Z(z FDPEDIP(L > i)s < ¢ Z(l + 1)P1I exp (—Z—)

i=|h| i=|hl| Co
= iy i+1
<a ;(z + 1)P1I exp (— . )
<oy (p(d—1)j+2)1) (i 4 1peDipdni=
=0
<ad(pd=1)+2)) (i+1)7
=0

=a ¢ (pld—1)j +2)!
< a1 ¢ (pdj)!.

Combining (3.56), (3.57) and (3.58), we see that T} is bounded as follows:

=

Ti=ad Y 3 () (i + 1P (@ P R(L = )5 P(H 2 m)
=0 m=h

12| 1 > 1

=1 (pi)! Y (i + DPVIP(L > i) Y (et Y DPTP(H > m)s

=0 m=h
oo

tesdh (i) (i + DPEVIP(L > 0)3 Y (e Vv W P(H > m)s
i=|h| m=h

c1ch (pi)! (1 + [P (pi) (1 + |h]) + s & (p5)! (pdj)! (pg)! (1 + |h])
c1 & (pdj)! ((pg)!)? (1 + | h|)PE=17+2,

C1
Combining the estimates for T} and T yields that

E[(NVW] < ex ey (pdi)! (7)) (L4 [A)PO D752 4 ey (p)! (L + |A])?

(3.59)
< 1 5 (pdj)! (PP (1 + |n[ =07+,

In view of (3.52), this bound clearly holds for the functional &y, too. Finally, the
additional exponential term appears in the same way as for the defect intrinsic volume
functionals by conditioning on the event that the point x = (o,h) belongs to the
extreme points of P . This completes the proof of the first part of the theorem. [
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Proof of Proposition 3.2.12 (ii). Next, we turn to the second assertion and consider the
defect intrinsic volume functional &y, ¢ € {1,...,d}, first. With Holder’s inequality
and (2.6), we get that the expectation is bounded from above by

< e1 g ((pd))* (p1)* H _(1 + [hy )20+ exp <_€ jvo)]

< e o0 I o+ i oo (<7

C3p

The trivial estimate 2(d — 1) + d < 4d implies the last inequality. Finally, we consider
the functional &y, with j € {0,...,d —1}. Instead of using the bound (3.59), it is more

convenient to work with

E[(NV)7] < 1.5 (pdj)! ((p)1)* (1 + [R)P"T52 4 e (p)! (1 + |h])?

. (3.60)
< 1 6 (pdj)! ((ps)1)? (1 + [R])PY,

which holds because of p(d — 1)j + 1 < pdj. Then, a similar computation as for the

intrinsic volume functional completes the proof. O

Remark 3.2.14 In the proof of the previous theorem, one could also use the better
estimate 2(d — 1) 4+ d < 3d. However, since later we need an exponent from the natural

numbers after taking the square-root, we directly work with the upper bound 4d.

The next clustering lemma is the analogue of [56, Lemma 5.4]. The main difference and
what makes it more complicated is that in view of (3.36), we do not have a localization
property on the whole space for our class of generalized Gamma polytopes. This leads
to an additional indicator function in the bound for the correlation function, which

also makes the analysis later more involved.
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Lemma 3.2.15 Let {S,T} be a non-trivial partition of {1,...,k} and & € Z. Then,
for all x1 = (v, hq), ..., xx = (v, hi) € W and sufficiently large A, it holds that

Ima(xsur) — ma(xs)ma(xr)|

< erdh () k€D (expl-ca) + 106 < 2 s (1)) )

resSuT

d hT\/O
L [is oo (<220

resSuT

with k =|SUT|, 0 :=d(vs, vy) := mingeger ||vs — ve|,

Hw«%ﬂmmﬂm”,

seS seSs

my(xs) :=E

and my(xr) and my(Xxsur) defined similarly.

Corollary 3.2.16 Let €M € 2V, hy € (—o0, RS] and (vy,hy) € Wy. For all suffi-
ciently large X, it holds that

1™ (0, ho), (01, 71), P < €1 (1 + [ho)™E) (1 + | ) ™8 exp (—C
2

l(ehovo +eh1\/0))
x (exp(—cs |v1|) + 1(|v1| < 2max{|hol, |h1]}))

where ¢ ((0, ho), (v1, h1), PN) is the second order correlation function from (3.23).

Proof of Lemma 3.2.15. Let us define the random variables

X = [e® (%77;@) U U{xj})’ Y= ]]¢W (:L’t,P(A) U U{fcj}),

s€S jes teT JjeT
wi= T V(2P0 | f2}).
resSuT jesur

and

X5 = Hg(’\) (xs, (77()‘) U U{:@}) N Cd_1<:r8, g)),

s T10 o (P2 0 U t) i)
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Ws = H W (xr, (P(A) U U {ag}) N Cd,1<a:r, g))

reSuT jESUT

For s € Sand t € T, the cylinder C;_ (xs, g) and Cy_4 (xt, g) have empty intersection

by definition of 4. As a consequence of the independence of X5 and Yy, we get

m(Xsur) — ma(Xs)ma(xr)
_ E[W] — E[X]E[Y]
= E[Ws] — E[Xs]E[Ys] + E[W — Wi (3.61)
— E[XG]EY — Y] — E[Y]E[X — X]
=E[W — Ws] - E[XGE[Y — V5] — E[Y]E[X — Xj].

Now, observe that Theorem 3.2.12 implies the estimates

E|X5| < exch (1SN (|Sldvle))! T {(1 + (7)™ exp (_6 - >] 7

c3 k
sES 3

and

ehtVO
EIY| < er 5 (7)) (T)dolé))! T k1+—vuwdwm @q)(_ )],

cs k
teT 3

where we also used that |S|, |T'| < k. Next, let Ng be the event that at least one zy,

s € S, has a radius of localization bigger than or equal to g. On the complement

of Ng, we have that X5 = X. Thus, the Cauchy-Schwarz inequality, the fact that
Va+b</a+ b, for all a,b > 0, Theorem 3.2.12 and (3.36) imply that

=

E|X — Xs| = E|X; 1(Ng)| < (E[X])? (B(N))

1

< <C1 Cg (‘S“)Zu[&] ((]S]dv[f])!)Q H {(1 + |hs’)2dw[5] exp <_ : SVS’)}>

C
seS 3

X <c4 |S] (exp (—c50) +1(6 < QIgleaSX{|hs|})))

< ey (1SN (1S |dv[€])! K (exp (—c30) +1(6 < 2 max {\hr\}))

resSJT
duwe] et
1 hs v - )
xIIkH ) mp( Qk)}

seS
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since

1(0 < 21?6%X{‘h8’}> <106 < 2Tr€nStiT{|hr|}) and |S] < k.

Moreover, from (2.8), we have that
(1SJdvle)! (TIdefe])! < (kdofe)!  and  |T][S] < KL
which leads to

E|Y|E|X — X5 < ¢ & (k)" (kdv[€))! k (exp(—03 ) +1(0<2 IQS%XT{MTI}))

p )0 et
1 wW
XH[ +| | exp( c4k‘)}’

reSuT

for sufficiently large . Similar estimates hold for E|Xs|E|Y — Ys| and E|[W — Wj.
This completes the proof in view of (3.61). O

3.3 Proof of the cumulant bound

This section contains the most technical part of the proof of our main results, that
is, the proof of the cumulant bound, content of Theorem 3.3.1. Before going into the
details, let us briefly describe the main steps. The starting point is the cluster measure
representation of the cumulant measures presented in Lemma 3.1.19. In a first step,
we deal with the diagonal term (see Lemma 3.3.2). By using (3.30), we get that for
this we just need to control the moments of £&. We have prepared such a bound in the
first part of Theorem 3.2.12.

In a second and considerably more involved step of the proof, we deal with the off-
diagonal term. The cluster measure representation of the cumulant measures presented
in Lemma 3.1.19, the description of spatial correlations from the clustering Lemma
3.2.15, as well as the second part of our moment estimates in Theorem 3.2.12, allow
us to derive a first integral representation for the individual terms (see Lemma 3.3.3).
These integrals are then estimated further, starting with the inner integral (see Lemma
3.3.4). The fact that the geometric functionals £ € = are not globally localizing, implies
that this estimate has two terms that need to be investigated next (see Lemma 3.3.5 and
Lemma 3.3.6). Combining all bounds, finally, results in a bound for the off-diagonal

term (see Lemma 3.3.7).
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Recall the definition of the weights u[¢], v[¢] and w[] from the beginning of the fore-

going section.

Theorem 3.3.1 (Cumulant bound) Let k € {3,4,...}, £ € Z and f € B(RY). Then,
for sufficiently large A, it holds that

k k @ 1\2d+i+5 :
cres || flls By k!) E=¢&y,ie{l,...,d}
B(d—1)
cach IfI% Ry = (R LE=¢,

)
S
cs ¢ [l Bx * (K

1

(d—1)

]{7' 2d+7 . 52 €f1
k pld—1)

Cr C’§ HfHoo R, * k!)4d+7 &=y,
(d—1)

B
cocly 1% Ry = (RS =gy
B(d—1) . )
Lenchy [IfIIE Ry 7 (R)P@HD e=¢, jed{d,. .. ,d—1},

[{fhz A <

(
(
(
(

where c1, .. .,c12 € (0,00) are constants only depending on d, &, o and (. In a unified

form, this means that

B(d=1)

k u v z
(R < erds (IFIIS By = (kl)yuleir2avii=t,

for all £ € =, where

(445 1§ =&y
5 el &vnént
2[€] =<3 1E=¢p (3.62)
1 1§ =&y
0 1 €&, St

As anticipated above, we start by dealing with the diagonal term. From now on, we
fix k € {3,4,...}.

Lemma 3.3.2 Let £ € = and f € B(R?). Then, it holds that

/ 75 dek
A

for sufficiently large \.

B(d—1)

<o FIL Ry T (k)M (kdvlE]))?,

127



3.3. PROOF OF THE CUMULANT BOUND

Proof. From the definition (3.30) of the cumulant measure, we obtain

[hoad= S ur e[ dan o,
A L A

with my(xy,) as before. Since we integrate over the diagonal A, the vector x is of the
form (z,..., ), for some z € R%. Now, because there is just one way to partition such
a vector, namely, into one complete block, we can only have p = 1 in the above sum.
Therefore, we get with the definition of the singular differentials in (3.27) that

/ 7 k| < / 5 (O 1ma (k)| Al 5] ()
A A
<A1t [ o) A6 3)
A
111 / a2, 2)] A fap(a) da
Rd
<11 / E|¢(, Py)|" A g p() e
Rd

By rotational invariance of the Poisson point process Py, we have that

k

Y

E|¢(z, Py)|" = E[¢V((0, ), PV)

where h is defined by ||z]] = Rx(1 — h/RY) in view of the scaling transformation T).

Writing u = z/||z||, we can rewrite dz as

h
Ry(1-—
( Rf)

For the latter step, we also refer to (3.12).

d—1

dz = RyV dh HE (du).
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Since

d+1)—2d -2 2d +2a — 2 d —2d—2 d—1
d+&_5+5<+)2 @ _2d+2 B+§ +5 a:B<2 ),

the above integral is bounded by

d—1+a
k h
ey / E ¢V ((0,h), PV) " da(u. 1) (1 - ﬁ> dh M, (du),
§d—1 —o0 A
with
ﬁ(d+1) 2d 2a
log A h?
oa(u, h) := 6 gﬂ(d?&-l) sz XD (h YT (B-1)(1 - 0)5_2) 7 (3.63)
2 A
A

where C' € (—o00,1), see also the proof of formula (3.10) for further details. For
sufficiently large A, ¢,(u,h) is bounded from above by a constant times e”, for all
h € R and u € S*!. Furthermore, from Theorem 3.2.12 (4), we deduce that

EJ€X (0, ), POY[F < ¢y ¢ (K1) (Kdul€])] (1 + 1) exp (——) .

C3

Thus, the integral we started with is bounded by

B(d—1)
e SIIFIE Ry T (k)M (hdofe / / T [R])He-bei exp(

Sdl —00

L d—1+4a
h (1 — ﬁ) dh HE (du).

)

A

We decompose the inner integral into

0 o P\ e
/(1 + |h|)RA=DVEE oy <—€ ) e [1- — dh
€1 Ry

—00

RB

d—1+4+«a
+ /(1 + [p|)kA-Dvll+d o e (1oL dh =: Ty + T
X - - — =:
p Co R’B 3 45

0

which will be treated separately.
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By using that Rf > 1, for sufficiently large A\, and the inequality
k(d— 1] +d+ (d— 1+ a) < kdv[€] + 2d + a,

we obtain that

0 d—1+a
T3 = 1+ |h v — _
s= [ (1) p (-5 -
N e’

—0o0

<1

0 L d—1+a
< /<1+ |h|)kd=Dvlel+d h (1 — —> dh
R
o A
o] d—14+a
= /(1 + h)k(d—l)v[éHd e h (1 + i) dh
R?
9 A

< (1 + h)kdv[E]JerJra e*h dh
/

< ¢ (kdv[€] 4+ 2d + [a])!
<cich (kdv[€])!,

where we used (2.7) in the last step.
To bound the term T}, we apply (2.5) with n = 2 and (2.7) to achieve that

B
Ry

T. /(1 + |R|)HA 1 g < e [1— I o dh
= X
4 p c Ef

0 (. ”
~~

<1

Rf ,
< /(1 + h)kdv[{]-ﬁ-d 2% eh dh
e
0

S 1 /(1 + h)kdv[£]+d efh dh
0

< ¢ (kdv[¢] + d)!
< ¢ 5 (kdv[€))\.
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Putting together the bounds for T3 and T}, and using (2.3), implies that

B(d=1)
[ had| < eI B @ rdole))! (ol [ H ()
A sd—1
k M{l 2
<o ||fll% (K& ((kdole])h)?,
and, thus, proves the claim. O

An upper bound for the off-diagonal term in (3.32) is derived along the following four

lemmas.

Lemma 3.3.3 Let £ € Z and f € B(RY). Then, we have that for sufficiently large X,

> e

ST2F o((9,13)

<o |fIS R, T kI <k'>“[ﬂ (kdvl€))!

s // / [ (exo-castonm) + 10000, < 2 ma (1)

Ly Lp 2[k] gi-1 oo —00 (Rd—1)p—1
- dwl] YO\ m "
XH (14 |hi])™ exp <— 04145)61 l—R—f dvdhy ... dh, Hi (duw),
where v := (Va, ..., Vp).

Proof. The definition of the cluster measures and the description of the densities of the
moment measures, explained in Section 3.1.5, imply that for a fixed and non-trivial
partition {S,T} of {1,...,k} and for fixed S", 7", K;,..., K, as in Lemma 3.1.19, it
holds that

/ fiy AU T @M @ M)
s({s1})

- / fll% (X) (m/\(XS'uT’) — m)\<XS/)m>\(XT,)) (364)

X m,\(xKl) Ce m,\(xKS) a[)\gbaﬂ](x).
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In what follows, we use the parametrization Ty(z;) = (v, h;), for all i € {1,... k}.

Using this notation, Lemma 3.2.15 shows that

Ima(Xg o) — ma(Xg )ma(xg)|

<eacgk(SUT])E (S UT |dule])!

X(MM—@dwwa»+1uwng><znmxﬂhuo

s'ur’
d[g ohrV0
X H { + |hv]) exp( C4/<I):|'

res’ uT’

Furthermore, for all ¢ € {1,..., s}, Theorem 3.2.12 (i7) delivers the bound

hiVO
Ima(xx,)| < e (1K) S (| K| dol€])! H [(1 + [l exp <_ csk )] ’

1€K;

since |K;| < k. Now, we notice that d(vs,vy) > d(vg,vy). Together with the

observation that

max Alh]} < max {|h '},
res’'ur’ 0 =l

this yields that

exp(—cd(vy,vy)) + Ld(vy, vp) <2 max, {|7:[})
re T’

< exp(—cd(vs,vr)) + L(d(vs, vr) < 2 nax {’h 1}),

.....

which in turn implies that

| (ma(Xgrug) — ma(xg )ma(Xy)) ma(Xre) - - - ma(Xk, )

s@ékNﬁufmwmw~wmﬂ“Wmufwmwwmmmw~WQMMM

.....

- dule] et
1+ |hi])™ — .
LT[ e (-]

=1
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Now, we use the estimate (2.8) to achieve that
(IS T ldvfe])! (| |dolé))! - (K| dvle)! < (kdvle))L
and
(IS UT DR (FL! < (k)L

Thus, it follows that

| (ma(Xgrugr) — ma(xg )ma(Xp)) ma(Xre,) - - - ma(xk,)

.....

- dule] et
XH {(1+|hi|) exp (— c;;k)} :

i=1
Recalling Lemma 3.1.19 and (3.33), summing (3.64) over all S, 7", K1,..., K; < [k]
and observing that d(vg,vy) = d(x), whenever we are integrating over §({S,T'}), we
get that

Fry dek| < cr &g [IFII% kK () (kdul€))!

s({s,1%)

<[ (e 800 + 1660 < 2 w11

6({5,T})

h;VO

>< H ey (S ) | dnonsloo

Finally, this leads to

> fhoad

ST g(¢s.r)

< cves || f5 K kY (KD (kdug])!

[ (ewt-eadt) + 1660) < 2 o

.....

(Rd)k
k ehivON T
X ];11: |:(1 + |hi|)dw[€] exp (— ook ):| d[A¢a75](X).
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3.3. PROOF OF THE CUMULANT BOUND

In the next step, a bound for the integral over (R%)* is derived. We can assume without
loss of generality that, after a suitable rotation of the underlying point process, the
point x; is mapped to (o,h;) € W) under the scaling transformation 7). Here, the
height coordinate h; is determined by ||z:1]| = Rx(1—hy/RY), as in the previous lemma.
Together with the definition of the singular differential d[Adq g](x), we conclude that

.....

(RE)*

h;VO

o H [(1 + a8 exp (— . )] A\ Gap] (%)

.....

Lay Lp ZIFT gk
X ﬁ [(1 + |h]) ™ exp (—ehi\/o)} A[Apa.s)(x1,) - - - A[Aba.5](x1,)
i=1 l cok " 1 o
- Z AP / (exp(—01 d(0,vq,...,0,)) + 1(0(0,v2,...,v,) < QZIr%axp{|hZ|}))
LivoLp XM (gayp
x f[ {(1 Ry exp (—ehivoﬂ bas(@1) ... bas(z,) dos . .. da,.
i=1 2k ’ ’

Now, we re-parameterize as in the proof of Lemma 3.3.2 and notice that the differential

elements transform into

B(d=1)

d—1+4«a
f-1) h
A@ap(zr)drr =Ry * da(u, hy) <1 - R—;) dhy Hg;_ll (du),
A

and, fori € {2,...,p},

_B B(d+1)—2d—2c
. d_2 P} g an A
sin” “(R), * ||ui||) (BlogA) =7
A ¢a,5 (xz) dz; = B 2 : B(d+1)—2d—2a
Ry 2 vil|*2 ?

A

d—1l—«a
hi 52 hi

A A

- d—2/p=B/2), h; e
_ sin (52)\ v ll) dr(u, hy) [ 1— _; dv;dh;,
| Ry 2042 H

where C; € (—o0, 1) and ¢y (u, h;) is defined at (3.63).
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The fractions involving the sine term are bounded from above by 1. Moreover, we have
that ¢y (u, h;) < cet, for alli € {1,...,p} and sufficiently large ), as in the proof of
Lemma 3.3.2. This implies that

N o (1) ... Pap(zy)de ... .dz,

d—1+a
-1 P ,
<R, * ] |e" (1 - —Z> dhy ... dhydvs ... dv, HE (du),

and, therefore,

.....

(R4)P
chiVo

<TL | ™ exp (=20 ) Gusten) - s e,

o [ [ ] [ i

Sd—1 —oo —00 T)\ Sd 1 Sd 1
 (exp(-c20(0,v0c 0. 1) + 1000 1) 2 e [0 )
p e ehi\/o . I d—1+a
X 14 |hy|) ™S ex (— ) i1 - —=
[T |0+ o (= 7
x duy . .. dvpdhl .dh ”HSd ! (du)
B(d )
<d / / / / <exp —c6(0,v)) +1(6(0,v) < 2 1 max {|h |}))
Sd—1 —oo —00 Rd)p ST
p dwle ehi\/(] N h. d—1+a .
1+ |h;|)*™ - if1- = dvdh; ...dh d
LT |0 e (<) o (1 vdhy . dhy, Hi (du),
with v := (va,...,v,). This yields the desired result. H

B(d—1)
The previous lemma shows that we already have separated the crucial factor R, *

In the next steps, we appropriately bound the remaining integrals. We start with the

inner integral concerning the integration with respect to the vector v.
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3.3. PROOF OF THE CUMULANT BOUND

Lemma 3.3.4 In the situation of Lemma 3.3.3, it holds that

.....

.....

Proof. We divide the proof into two parts. First, we consider the integral regarding to

the exponential function. By using that

o0

1
/ exp(—ct)dt = - exp(—cd(o,Vv)),
d(o,v)

together with Fubini‘s theorem, we obtain

/ exp(—cd(o,v))d / /exp —ct)dtdv

(Re)p—1 (R)P=1 §(o,v)

= / / dvexp(—ct)dt.

0 {6(o,v)<t}

Now, suppose that 6(o,v) < t. Then, there is no partition {S, T} of {0, v} such that
the corresponding separation d(vg, vr) is bigger than ¢. This implies that there exists
a tree 7 on {1,...,p} such that all adjacent vertices v;,v; in T satisty ||v; — v;|| < .
We indicate this property by writing (o, v) < (¢, 7). Thus, we have that

/ dvgz / dv

T (om)<t,T)
= ZVOl(p—l)(d—l) ({V € (Rd_l)p_l} : (O, V) < (t, T)) )
T

where the sum ranges over all trees 7 on the edges {1,...,p}. By the geometry of

these trees, it follows that
volp—iya—n) ({v € R} 1 (0,v) < (£, 7)) < (1" kam)" = @000t

Moreover, with Caley’s theorem [4, Page 201] there are exactly p?~2 trees on {1, ..., p}.
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Thus,
dv < pP 2 e, (3.65)
{6(o,v)<t}
This leads to
/ exp(—c; 6(0,v))dv < ¢y pP 2 /igj /t(d_l)(p_l) exp(—cst)dt
(R)p—1 0

< iR P77 (dp)!.
For the second part of the integral, again by (3.65), we have

/ 1(0(0,v) < 2An%ax {|hi|}) dv = / dv
i=1,..., D
()1 {8lov)<2 max {Ihil}}

ceey

.....

(d-1)(p—1)
<yt (o ) .
i=1,...,p
Combining both estimates gives the result. O]

The two last lemmas show that we are left with the bound

> [ fhad|<ne (3.66)
ST 5051
where the terms 75 and Ty are given by
O
(d—1)
Tymerdh IS R RR@R RS i S [ [ ]
LiysLp X[kl git1 oo oo
- dwlg] "V hi o d—1
y 11 (1 + [ha) ™ exp (_ - k) e [1— 7 dhy ... dh, HI (du),
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3.3. PROOF OF THE CUMULANT BOUND

and

Bld=1)
To :=c1 ¢y || flI5 Ry 2 k/ﬂ'(k')“[ﬂ (kdv[¢]) k"2

> // /(m%%f{'h'})dw

7777 L <[[k]] Sd—1 —oco —00

respectively. Here, we used in several places that p < k.

Lemma 3.3.5 For Ty, we have that

(d—1)

5l < ex s IFI1 Ry 7 (dh)! (k)2 (k1)) (kdve])! k.

Proof. We start with the integral concerning the coordinate hy. Similarly to the com-
putations performed in the proof of Lemma 3.3.2, and by using (2.5) with n = 2, we
see that

8
R)\

d—1+a
h1VO0
/(1 + Ry )™ exp (—6 > e 11— L0y dhy
c k Rf

0 hyVO 3 d—14+a
= [ (14 |hy]) 2l _E mofp - DL dh
/( + [ha] )" exp ) 7 1
—_—

—0o0

<1
R

2 d—1+a
dule] N In
14 |y ]) ™ —~ - = dh

o f s e (<) o (122 1

0

0 3 d—1+«
</ + | by |) ] gh (1——2) dhy

R}\

—00

hi1
+ /(1 + hy) ™) exp (_e_) e dhy
C1 k
0

o0

é/(1+h1)dw[ﬂ+d_1+a€_hldh1+/ 1+h dwl[¢] 2Clh
0 0

k2
eMdh,
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o0

(1 + hy)wleFd=tra o=hqp, o4 ¢ k2 / (1 + hy) ™l e=P1dp,
0

< e (dwlé] +d + [a])! + o K (dwl€] +1)!

=1+ e k? < ekt

I
oy

Now, we have p — 1 further height coordinates ho, ..., h,. The last computation shows
that, up to constants, we get an additional factor k2 for each of these integrals. Thus,
the integration with respect to all height coordinates is bounded by a constant times
k*. In view of the definition of T5 and by (3.54), this leads to

B(d—1)

ITs| < cerch[|FI1% Ry 2 k! (dE)! (B)“E) (kdv]€]) KR 2 k2P Z 1

d—1)

<adg|lfls Ry

(d=1)

<ad|flk Ry

(dk)! (K)? (kD" (kdu[€])! KF—1 k2
(dk)! (kN2 (kD" (kdv[€])! k3*.

This completes the proof. n

Lemma 3.3.6 For Ty, we have that

d—1)

Tol < co b IFIA Ry = (dk)L (k)P (k)] (kdole])! £

Proof. As in the proof of Lemma 3.3.5, we start with the integral with respect to the
variable h;. Putting a := max{|hs/|,...,|hy|}, we can rewrite this integral as

B

Ry d—14«a
€h1\/0 h]_ i1 1
/(1+ A )4 exp (——> e 11— (max{|h], ..., |[hy| NP dhy

c k R_f
/ e "N m\T (d=1)(p-1)
_ /(1+ B )18 excp (_ — ) e (1 _ R_f) (maxc{ || , a}) dhy
k. —
R} V0 d—1+a
- / (1 + |ha|)™¥ exp (_6 : )ehl (1 - h—;> (max{|hy|,a}) V"V dn,
) cok Ry
<1
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3.3. PROOF OF THE CUMULANT BOUND

0

d—1+a
h
< / (1+ [hy[)2elel e (1_3_16) (max{|A],a}) " D®V dp,

—0o0

8
Rk

hy
+ / (14 hy)®E exp (-f k) M (max{|hy|,a}) VPV dh,
1

:/ 1+h dw([€]+d— 1+o¢ (maxﬂhll’a})(dfl)(pfl) dhy
0

o0

h1
/ (14 hy)®l exp< ¢ k)ehl (max{|h1],a}) VP ap,
&1
0

== T7 + Tg.
Both T7 and Ty will be treated separately. Since
dwlé] + (d—1) +a+(d—1)(p—1) = dwl[¢] + (d — D)p + o < dw[¢] + dk + a,

we obtain, together with (2.7), that

e (1+ hl)dw[§]+d—1+a e (max{|h1| 7a}>(d*1)(p*1) dh,

(1 + hl)dw[£]+d—1+a oM o (d=1)(p-1) dhy

S S —y

_I_ /(1 + hl)dw[§]+d—1+a e_hlh:([d_l)(p_l) dhl

a
a

< a(dfl)(pfl) /(1 4+ hl)dw[ﬂerflJra efhldhl

0
o)

n / (1 4 hy)wlel=Tha =i (] | )@=D6-D qp,

a
o0 o0

< qld=D-1) /(1 + hl)dw[£}+d71+a e~Mdh, + /(1 + hl)dw[£]+dk+a e Mdh,

0 0
< e (dwlg] + d + [a])! a0 1 ¢ (dw[€] + dk + [a])!
< ey a VP ey k(g
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Moreover, applying (2.5) with n = 2 in the second, the estimate
dule] + (d - 1)(p — 1) < dul€] + dk
in the fourth and (2.7) in the last step, we conclude that

h1

Tea =
s Clk

(14 ha)™ exp (— )e’” (max{|hy|,a}) D@V dp,

0\8

<erk? [ (14 h)™E e (max{|hi|,a}) VP dh,

=1 B [ (14 h) ™8 e MDD qhy 4 ey k2 [ (14 hy) ™8 e p{D0D ap

S — . S— g

< ¢ k2 gD / (14 hy) 6 e=Mdny + ¢y k2
0

< ¢ k? (dw[€)! a VP ey k2 (dw(€] + dk)!

< ¢ k2 a VO gy B2 (dE)!.

(1 + hl)dw[£]+dk e*hldhl

0\8 9\8

Combining the two bounds for 77 and Ty, we arrive at

B
Ry

d—1+a
1 h, awlél _ehlvo hi 1= ﬂ h h (d-1)(p—1) dh
e (<Y e (1) il ) 1

< ¢ aVCY ) K (dR) + g kK2 a@TVED ey b B2 (dE)!
< ey k? (max{|hal, ..., |h| DO ey B B2 (d)).

For the term Tg, this implies that

Tl < IS RS KR! RS (ol B e Y f / /

Ly,..., Lp -<|Ikﬂ Sd—1 —oo —00

P ehi\/o h d—1+a
H dwlé h; i d—1
X (1 + |hl|) [ ]exp (— o 2 ) e (1 — ﬁ) dhg dh HSd 1(du)

i=2 A

Feact IS By T KL (kD) (kdofg]) K k2
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3.3. PROOF OF THE CUMULANT BOUND

T S )

----- L <[['Ic]]Sd 1 —o0 —00

d—1+a
)i _N [ dhy...dh
xH 1+ |hi])*™ exp )€ _R_f p Haal (du).

The first summand is almost the same as in Lemma 3.3.5. The only difference is that
there are p — 1 further integrals concerning the height coordinates ho, ..., h, left. Car-
rying out the integrations as above, this yields another factor £2P~1) up to constants.

Furthermore, by computations similarly to those performed above, we have that

RP

A hoVO L d—14+a
e"? 1) (p—
[ s nal ey (<) e (1 - ﬁ) (masc{lhal -, [y )27 an,
< e K (max{|hs|, ..., |hp|DVEY 4oy B K2 (dk)),

giving that |Ts| can be upper bounded by

e S IFI By T (dk)! (k)2 (1)) (kdul€])! k%

s IFIE By T KR (R (ko) RS / / /

Lq,..., LP <|Ikﬂ Sd—1 —o0 —00

P ehiV0 I, d-1+a
dw hi 7
X le (14 |hi]) €] exp (— ok ) e (1 — R_f> dhs...dh Hsd 1(du)

B(d—l)
+egc||fI¥ R, T K (k;!)u[fl (kdv[€))! kF—1 E*

< % // J (o)

..... Lp2*lgic1 "o —oo

P e ehivoy h; =it
XH (1+ [hi]) exp(—csk>ez 1—R—f dhs...dh, HE " (du).
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Repeating this procedure p — 2 further times yields that |Ts| is bounded by

e NI By T (dk)! (k1) (K1) (kadol€])! K

b IR K@D () (el e Y f /

Ly,..., Lp'<[[k]]§d 1 —oc0

d—1+a
dwl¢] ehp\/o hyp hp
X (14 |hy|)* S exp | — ) 1_ﬁ dhy, HE ' (du)

A

5
RA

B(d—1)
+ ook [ fI5 Ry = K (RS (Rdo[E) A R2ETD Y / |y HE

d—1+«a
dwlg] V0N hy
X (1+ |hyl) exp [ — " e — F dh, ’Hsd 1(du)

The integral concerning h, in the second summand is bounded by a constant times £?,

as we have already seen in Lemma 3.3.5. For the third summand, it follows by similar

reasoning as above that

5
R>\

d—14+a
[ e (S e (1B ) a,
ok Rf

—0o0

0

ethO L d—1+«
(1 4 |hy|) 2wl et [1- 22 hy| V@D ap
= [ e (<) (1= 28] :
N’

—00 >
2
7 dule] eVON B\ (d-D)(p-1)
+/(1+\hp|)w exp(— )ep 1—— |hy| P dh,
J CQIC R R)\

-~

<1

/ (14 )™=t (1 1 p)150 (1 4 Jp @Dy
0

o0

hp
+ / (14 hy) ™€ exp (—e—k> e (1 + hy) " Ve-Ddp,
c
0
< ci ch E? (dk)).
This completes the proof. O
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We can now combine the two previous lemmas into a bound for the off-diagonal term,

complementing the diagonal bound in Lemma 3.3.2.

Lemma 3.3.7 Let £ € = and f € B(R?). Then, for sufficiently large \, it holds that

> [ shad

ST 2k 6 ((s,1y)

d—1)

<ere [Ifll5 By ™ (dR)! (kD (KD (kdv[E])! K.

Proof. Recalling (3.66), we have that

> [ shad

ST o((s:1y)

< |Ts| + |T6).

Applying now Lemma 3.3.5 to T5 and Lemma 3.3.6 to Ty yields the desired upper
bound. 0

What is left is to combine the two estimates for the on- and the off-diagonal term to

complete the proof of the cumulant bound.

Proof of Theorem 3.3.1. From Lemma 3.3.2 and Lemma 3.3.7, we deduce the bound

/ rhoad|+| 3O / £ dek
A

ST 2R 5((5,7)
k g2 Nl 12
<cao|[flleRy® (B)" ((kdv[€]))

ST () (D)2 ()M (o] R

+eacy | fII5% Ry ?
Kipik pis o ulelr2duie] N ek e py\ule]+d5tdufe]
<adg|flls Ry ® (k) +eseqIfllse By * (K

£(d-1)
<erc|IfIE R, T (k)uleHdvie+2le

[{fra )] < +

for all sufficiently large A, where we recall the definition of z[¢] in (3.62). This completes
the proof of the cumulant bound. O
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3.4 Main results

3.4.1 Intrinsic volumes and face numbers

Let us start with the expectation and variance asymptotics for the intrinsic volumes and
face numbers of the generalized Gamma polytope K, given by Vi(K)), i € {1,...,d},
and f;(K)), j € {0,...,d — 1}, respectively.

To streamline our presentation, following (3.62), we define the individual weights
z[fol ;= d+5, z[f1] :=5, z[fo] :=3, z[fs] =1 and z[f;] :=0,if j € {4,...,d - 1}.

Theorem 3.4.1 (Ezpectation and variance asymptotics)
(i) Leti e {1,...,d}. Then, it holds that

; 4i—B(d+3)

E[W(KA)]N(C»Z) "L (Blog\)F and  var[Vi(Ky) ~ e (Blog )T %

1) Rd—i

as A — oo, where ¢; € (0,00) is a constant only depending on d, i, a and 3.

(ii) Let j € {0,...,d —1}. Then, it holds that
E[f;(K))] ~ ¢z (Blog NTE and  var[f;(Ky)] ~ ¢z (8log AT

as A — 0o, where ¢y, c3 € (0,00) are constants only depending on d, j, o and 5.

Remark 3.4.2 (a) Let us draw attention to an interesting phenomenon, appearing
in the case that i = d, § = 4 and arbitrary a > —1. Then, the order of
magnitude of the variance of the volume of K is independent of the dimension
d. More formally, it holds that var[Vy(Ky)] ~ ¢; (4logA)"2, as A — oc.

(b) Similarly to what has been done in the Gaussian model in [23], one can shift
the results in Theorem 3.4.1 via a ‘coupling’ from our Poissonized model to the
one where the number of underlying random points is deterministic. The same
holds true for the results presented in Theorem 3.4.19 concerning the scaling limit
properties. On the other hand, this is not possible in all other results stated in
Section 3.4.1, since their proofs rely on the cumulant bound established above,
which, unfortunately, cannot be shifted to the deterministic setting by using any
kind of coupling. Therefore, we have decided to refrain from stating these results

separately and to focus on the Poissonized model in this chapter.
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Next, we state a central limit theorem with corresponding Berry-Esseen bound for the

intrinsic volumes and face numbers of K.

Theorem 3.4.3 (Central limit theorems with Berry-FEsseen bound)
(i) Letie {1,...,d}. Then, we have that for sufficiently large A,

. (m(&) ~ E[Vi(R)] _ y> o)

d—1
< ¢ (log ) 3@dr2itoy
ar [V, ()] < e (logY)

sup
yeR

where ¢; € (0,00) is a constant only depending on d, i, o and 3.

(ii) Let j € {0,...,d —1}. Then, we have that for sufficiently large X,

. (fjm) ~EL()] y) _ o)

I B
< ¢ (log \)~ M@ DFEGD

sup
yeR

var[f;(Ky)]

where ¢y € (0,00) is a constant only depending on d, j, o and (3.

Our technique also delivers an estimate for the relative error in the central limit theorem

that was not available before.

Theorem 3.4.4 (Bounds on the relative error in the central limit theorems)

(i) Letie {1,...,d}. Then, we have that for sufficiently large A,

P(Vi(Ky) — E[Vi(Ky)] > y \/var[Vi(K))])

1= a(y)

d—1
log <1 (14 33) (log \) ™ T@d2i9)

and

P(vol;(Ky) — E[vol;(K))] < —y /var[vol;(K))])

d—1
< ez (14 y3) (log \) ™ T@a+2i79)
®(-y) )

log

for all
0 < y < cg (log A) T2,

where ¢y, ca,c3 € (0,00) are constants only depending on d, i, o and 3.
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(i) Let j € {0,...,d —1}. Then, we have that for sufficiently large X,

log P(f;(Kx) — E[f;(K)\)] >y /var[f;(K)\)])

< 4 (149 (log ) T

1—2(y)
and
log P(f;(Kx) — E[fj(ffc;()]_;—y var[f; (K))]) < s (1+y?) (log A) T ITEGID |
for all

0<y< 66(10g)\)W1§zuH7
where ¢y, cs,c6 € (0,00) are constants only depending on d, j, o and 3.

The next result contains new and powerful concentration inequalities.

Theorem 3.4.5 (Concentration inequalities)

(i) Lety >0 andi € {1,...,d}. Then, we have that for sufficiently large \,

P(|Vi(Ey) = E[Vi(E)]| = y v/ var[Vi(K))])

2

L Y _d=1 1
<2 exp ( — Z_l min {W’ Ccy (log )\) 4Q@d+i+5) 9 2d+i+5 }) ,

where ¢; € (0,00) is a constant only depending on d, i, o and 3.
(ii) Lety >0 and j € {0,...,d —1}. Then, we have that for sufficiently large X,
P(If;(Kx) = E[f;(KN)]| = y o/ var[f;(K))] )

2

1 . Y TG ED T o @]
§26xp(—1mln{m,62(logA) 3 (d+1)+=[f; Yy + J}>7

where ¢ € (0,00) 1s a constant only depending on d, j, o and 3.

Remark 3.4.6 For small arguments y, the Gaussian exponent —v?

is already op-
timal. To improve the (presumably non-optimal) exponent for larger values of y by
our method, which is based on sharp bounds for cumulants, one would need to improve
the cumulant bound in Theorem 3.3.1. This point will further be discussed in Remark

3.4.18 below.

147



3.4. MAIN RESULTS

Consider once more the Gaussian setup. A strong law of large numbers dealing with
the intrinsic volumes of Gaussian polytopes, arising from a deterministic number of
Gaussian points, has been derived by Hug and Reitzner [73] by using the Chebychev
inequality together with an upper bound on the variance obtained in the same paper.
By using our concentration inequality from Theorem 3.4.5 (i), we prove a stronger
result for our Poisson point process based model, which has the form of a so-called
Marcinkiewicz-Zygmund-type strong law. While, in the Gaussian case, the classical

strong law of large numbers for the random variables V;(K,), ¢ € {1,...,d}, says that

Vily,) ~ BV,
(log A\i)2

— 0,

with probability one, along subsequences \; of the form A\, := a¥, a > 1, as k — oo,
our Marcinkiewicz-Zygmund-type strong law makes a statement about the almost sure
convergence to 0, as k — oo, of the random variables

] )

(log Ay)P2

2i—(d+3)
2i

While for p > 1 such a result is a consequence of a classical strong law, the situation for

k

for all p > , again along all subsequences of the form A\, = a”, a > 1.

p < 1 is not covered by such a result. We notice that for p = %?3), the denominator
in the above expression equals (log )\k)mf(fg), which is precisely the rescaling that

is necessary in the central limit theorem for the intrinsic volumes. Indeed, it holds
that var[V;(K),)] ~ c(log )\k)zi_(2d+3), as k — oo, where ¢ € (0,00) is a constant only
depending on d and ¢ (see Theorem 3.4.1 in the case that § = 2). This implies that
our condition on p is in fact optimal and covers the whole possible range of parameter
p.

In contrast to the intrinsic volume functionals and even in the case of an underlying

binomial point process, a strong law of large numbers for the face numbers of Gaussian
polytopes does not exist so far. In part (i) of the next theorem, we present the first
such result. Again, our condition on the parameter p is the best possible.

Moreover, we are able to state the Marcinkiewicz-Zygmund-type strong law of large
numbers for all underlying densities presented in (3.1), not just the Gaussian case. For
all choices of parameter o and (3, the result stays optimal in the sense that it covers the
whole possible range of scalings (see Theorem 3.4.3 and Theorem 3.4.1 for a comparison

with the respective variances in the corresponding central limit theorems).
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Theorem 3.4.7 (Marcinkiewicz-Zygmund-type strong laws of large numbers)

(i) Leti € {1,...,d}, p > W, and let (A\r)ren be a sequence of real numbers

defined by Ny :=a*, a > 1. Then, as k — oo, it holds that

Vi(Ky,) — E[Vi(K),)] 0
(log Ay )¥?

with probability one.

(ii) Letj e {0,...,d—1},p> %, and let (Ay)ren be a sequence of real numbers defined

by A\, :=a*, a > 1. Then, as k — oo, it holds that

fi(Ky,) — E[f;(Ky,)]
(log A)P 2"

— 0,

with probability one.

Remark 3.4.8 In [73], the strong law of large numbers for the intrinsic volumes was
proved for the deterministic counterpart of the Gaussian random polytopes K, along
the subsequence )\, = 2* and, then, extended by monotonicity arguments to A\, = k (see
[73, Corollary 1.4]). In our setup, such an extension is not possible, since the random
variables V;(Ky,) — E[Vi(K),)], and also f;(K),) — E[f;(K),)], are not monotone in k.

As a consequence of the cumulant bound presented in Theorem 3.3.1, we obtain upper
and lower bounds for the k-th moment of the intrinsic volumes and the face numbers.

Theorem 3.4.9 (Moment bounds)
(i) Letie {1,...,d} and k € N. Then, for sufficiently large A, it holds that

e ¢k (log N5 < E[Vi(K»)*] < e3¢t k! (log \)*

where the upper bound holds for all 5 > d%:l, and ¢y, ¢y, c3,¢4 € (0,00) are con-

stants only depending on d, i,  and (3.

(i) Let j €{0,...,d —1} and k € N. Then, for sufficiently large X, it holds that
-1

cs clg (log )\)kT < E[fj(K,\)k] < ¢y clg k! (log )\)k%,

where cs, cg, c7,c8 € (0,00) are constants only depending on d, j, o and f3.
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Remark 3.4.10 Let us emphasize that the upper bound for the k-th moment of the
intrinsic volumes of K, is the only main result where we need a restriction to the
parameter . The reason for this phenomenon lies in the proof of Theorem 3.4.9 (see
Section 3.5.3). On the other hand, if we put & = 0 and § = 2 to obtain the most
popular example, that is, the Gaussian case, the condition on  and, therefore, the

upper bound, holds for all dimensions d.

After having investigated expectation and variance asymptotics, (the relative error in)
the central limit theorems, concentration inequalities and strong laws of large numbers,
we turn now to moderate deviation principles for the intrinsic volumes and face numbers
of K (recall the definition in Section 2.5). Although moderate (or large) deviations
belong to the class of classical limit theorems in probability theory, to the best of our
knowledge, they have not been investigated in the context of our class of generalized

Gamma polytopes so far.

Theorem 3.4.11 (Moderate deviation principles)

(i) Leti e {1,...,d}, and let (a))rso0 be a sequence of real numbers, satisfying

_d-1
lim ay = oo and lim ay (log \) ™ @29 = ().
A—00 A—00

Then, the family

(iw([ﬁ) - IE[V%(KA)]>
ay var[V;(K))] A>0

satisfies a moderate deviation principle on R with speed a3 and rate function
2

I(x) = %.

2

(ii) Let j € {0,...,d — 1}, and let (ax)r=0 be a sequence of real numbers, satisfying

B =
lim a) = o0 and lim ay (log\) *@W@rDF=5G=D = ),
A—00 A—00

Then, the family

1 fi(Ky) — E[f;(K))]
o Nalh k),
satisfies a moderate deviation principle on R with speed a3 and rate function

I(x) =%

2
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Remark 3.4.12 The results that we have presented in this section have immediate
consequences for the model of randomly rotated and projected simplices, briefly dis-
cussed on page 10 in Chapter 1, if we randomize the model further. Namely, we let
the space dimension n = N(A) be an independent random integer that is Poisson dis-
tributed with parameter A and think of prév(A)(Q(A N())) as already being embedded
in R? in the case that N()\) < d (the probability of this event tends to 0, as A — 00).
Then, we conclude for the face numbers fj(prilv(A)(g(AN(A)))) of prélv(’\)(g(AN(,\))), for
all j € {0,...,d — 1}, from Theorem 3.4.5 a concentration inequality, from Theorem
3.4.7 a Marcinkiewicz-Zygmund-type strong law of large numbers, from Theorem 3.4.9
bounds for the moments of all orders, from Theorem 3.4.4 a bound on the relative error
in the central limit theorem that we have from Theorem 3.4.3, as well as a moderate
deviation principle from Theorem 3.4.11. Moreover, Theorem 3.3.1 delivers a bound on
the cumulants of these random variables. We refrain from presenting all these results
formally since their statements are literally the same as in the theorems mentioned
above in the case that « = 0 and § = 2, with the random polytope K replaced by the
randomly rotated and projected simplex prfiv(’\)(g(A NY))-

3.4.2 Empirical measures

In this section, we present a series of results for the empirical measures introduced in
(3.26). The advantage of working with empirical measures instead of just their total
masses is that they allow to capture also the spatial profile of the geometric functionals.
Let us briefly recall the setup. We denote by Py a Poisson point process in R?, whose
intensity measure is a multiple A > 0 of the measure 4, 3. The generalized Gamma
polytope K is the random convex hull generated by Py, while the class of key geometric
functionals associated with K is abbreviated by the symbol =. Moreover, for £ € =,
we let 5 be the corresponding empirical measure (see (3.26)). To present our results
in a unified way, recall the weights u[(], v[¢] and w[{] from the beginning of Section
3.2.2 and z[¢] from (3.62). Furthermore, define

Uf\(fR/\> = (VarKwa Miﬂ)%,

and recall the definition of ¢(£(°)) from (3.25).
We start with the following theorem, summarizing the expectation and variance asymp-
totics for the empirical measures. Recall that in the Gaussian setup, i.e., « = 0 and

[ = 2, this has been obtained in [23, Theorem 2.1] for the volume and the face numbers.
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Theorem 3.4.13 Let £ € = and f € C(R% S 1Y), Then, it holds that

o0

i (310g )~ 7 E[(f, . )] = /Ewwwwmp %Mo/f W) H (du),

—00

and, if (f*, Hi ") >0,

lim (8 log \)- JWWMMM—Uéw‘/f 234 (du) € (0, 0).

A—00

All the upcoming results are again new and have no counterparts in the literature,
not even in the Gaussian case. Our next result is a concentration inequality for the

empirical measures, related to the intrinsic volumes and face numbers of K.

Theorem 3.4.14 (Concentration inequality) Let £ € = and f € C(R% S 1) with
(f?, ’Hgd 1Y > 0. Then, for ally > 0 and sufficiently large X, it holds that

1 2
=€ 3 - Yy
]P)(|<me:u)\>| > yUA(fRA)) < 2exp ( o Zmln{m7

c (1og ,\) 4<u[s]+gd_ul[s]+z[s]> yu[£]+2di[£]+z[£] }) ,
where ¢ € (0,00) is a constant only depending on d, «, B, £ and f.

The next result is a generalization of Theorem 3.4.4 and assesses the relative error in
the central limit theorem on a logarithmic scale, in a version taken from [43, Corollary
3.2].

Theorem 3.4.15 (Bounds on the relative error in the central limit theorem) Let{ € =
and f € C(R%:SY) with (f2, Hi ) > 0. Then, for all y with

d—1
0 <y < ¢ (log \) iCEETROEFED-D |

and sufficiently large \, we have that

P((fr,, 15) = yoi(fr,))
1—9(y)

log <y (1 +4%) (log \) ™ 70 EFRREFEENT)
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and

< ¢ (1 +4%) (log \) ™ 10 FrR eI D

with constants ¢y, co € (0,00) only depending on d, o, 5, £ and f.

We also get the following central limit theorem that is available from our technique.
However, we point out that in the Gaussian case, the rate of convergence we obtain
is weaker than the one derived in [9]. On the other hand, our result is more general
since we consider integrals with respect to the empirical measures of general functions
f € C(R% S 1), while even in the Gaussian case in [9] only constant functions were

investigated.

Theorem 3.4.16 (Central limit theorem with Berry-Esseen bound) Let € € = and
f € C(R%STY) with (f?, Hgd L) > 0. Then, we have that for sufficiently large ),

€
(G e) v

where ¢ € (0,00) is a constant only depending on d, «, 5, & and f. In particular, as

( <fR>\7 la§> >
O-f\(fR)\) A>0

converges in distribution to a standard Gaussian random variable.

sup <c(log)\) 12(uE +z§5{§]+z[§1>—1>, (3.67)

yER

A — 00, the sequence

Now, we turn to moderate deviation principles for integrals with respect to the empir-

ical measures.

Theorem 3.4.17 (Moderate deviation principle) Let £ € =, f € C(R% S 1) with
(f?, Hsd 1) >0, and let (ay)xso be a sequence of real numbers that satisfies the growth

condition

d—1
lim a) = oo and lim a) (log /\) 1R r2dE 26D -1 = ().
A—00 A—00
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Then, the family

2

( 1 <wau§>>
ax O-i(fRA) A>0

fulfills a moderate deviation principle on R with speed a3 and rate function I(x) = =

Remark 3.4.18 Except for Theorem 3.4.7, we do not claim that our findings are
optimal. However, in order to improve them by our methods, one would have to
decrease the exponent at k! in the cumulant bound in Theorem 3.3.1 from wu[{] +
2dv[¢] + z[¢] to (optimally) 1. This would imply that v = 0 in the application of
Theorem 2.4.3, which is optimal. It is unclear to us and seems unlikely that such an
improvement is possible in the framework of our class of generalized Gamma polytopes.

We even doubt that the exponent can be chosen independently of d.

3.4.3 Germ-grain processes

The following theorem shows the connection between the generalized Gamma polytope
K, and the four introduced germ-grain processes ®™(PXN), ¥ (PN d(P) and
U(P), respectively.

Theorem 3.4.19 Fiz L € (0,00). As A — oo, the following assertions are true:

(a) Under the scaling transformation Ty, the rescaled vertices of K, converge in dis-

tribution to the set of extreme points of P.

(b) Under the scaling transformation T, the rescaled boundaries Ty(0Ky) = 0®N (PW)
and VYN (PN converge in probability to O(®(P)) and O(¥(P)), respectively, on
the space C(By_1(0, L)).

In particular and as already anticipated in Chapter 1, the latter theorem states that
the scaling limit of the rescaled boundary of our generalized Gamma polytopes arises
as a unique festoon of parabolic surfaces, not depending on the parameter v and 3 in

the underlying distribution of the Poisson point process Pj.
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3.5 Proof of the main results

3.5.1 Empirical measures: expectation and variance asymp-

totics

We start with the proof of Theorem 3.4.13. First, we need the following lemma,
stating that the rescaled functionals ¢€® € ZW | as well as the corresponding second
order correlation functions ¢™((0, ho), (v1, hy), PM), recall the definition in (3.23),

converge to their respective scaling limit counterparts.

Lemma 3.5.1 Let &€ € 2. Then, for all hy € (—oco, RY] and (vy, hy) € Wy, it holds
that

lim E[¢™((0, ho), PV)] = E[€™)((0, hy), P)],

A—00

and

lim & ((0, ho), (v1, hy), PV) = cg<w>((0, ho), (v1, hi), P).

A—00

Proof. The proof of the first assertion follows step by step the proof of [23, Lemma 4.5
and 4.6] in the Gaussian setting. First, it is shown that the desired convergence holds
restricted to the cylinder Cy_i(0,7) = B4 1(0,r) x R, r > 0, i.e.,

lim E[£W((0, ho), PN N Cy_1(0,7))] = B[ ((0, h), P N Cy_yi(0,7))].

A—00

Then, the result is extended to hold also without this restriction. We remark that both
related proofs just use the results obtained in Section 3.2, regarding to the properties of
the functionals of interest and the germ-grain processes and, therefore, are completely
independent of the parameter o and 5 in the underlying distribution of the Poisson
point process P,. Thus, we have decided to omit stating a word by word repetition of
the proofs given in [23]. The same holds true for the second assertion in Lemma 3.5.1,

which can be proven in the same spirit as [23, Lemma 4.7]. O]

Proof of Theorem 3.4.13, the expectation. To analyze the expectation, we first use the
Mecke equation (see Theorem 2.6.1). Secondly, putting ||z|| = Rx(1 — h/R}) in view

of the scaling transformation T), the rotational invariance of the underlying Poisson
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point process Py leads to

Then, writing

h
u=— o v=ullz|| =uR\ (1= — ],
[2]] Ry

h
R, <1 _ _>
R;

see once more also (3.12) for further details. Moreover, we use (3.13) to get

o)

B(d+1)—2d—2a h “ h?
— - 23 e I - _ _ 5_2
- (6 log )‘) K R/\ (1 R/j) exp <h QR'B (ﬁ 1)(1 C) > )

A A

implies that

d—1

dz = RV dh HE (du),

where C' € (—o0, 1). Lastly, combining all these explanations with

B(d+1)—2d—2a
or(u, h) = (Blogr) = exp (h - h—2 (B—1)(1 - 0)5_2> : (3.68)

B(d+1)—2d—2a
Blariz e 2R}
A

and the calculation

Bld+1)—2d—2a 2d+2a—28+pd+5—2d—2a [(d—1)
2 N 2 N 2

d+aoa— 5+

yields that

E[(fr,, 13)]

= [ 1 () Blele. P us(a) d

Rd

- [ (R—) E[eX (0, h), PY)] g (2) d

R4
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o [0 ()

wa”«ath“m¢mﬁ<u(1—é%>>thWI< )

A

d—1+4«o
Ny (+(1- 20 ) e e (1= 1)
Ry

Sd—1 —oco

d—1

R;(B—l)

X exp (h — h—l(ﬁ —1)(1 - O)ﬂ—2> E[¢™((o, k), P dh HI, (du)

R b " o o)
_ R // ((1 ))@(M[&«,WPH

Sdl —00

—14«
X (1 — ﬁ) dh HE (du).

A

Thus,
R;ﬂ(d; pr/L)\ = / / ( ( — _B)> oOa(u, h)
gi-1 o0 = (3.69)
h d—1+a
X ]E[g(k)((o, h),P(A))] (1 — R_f) Hgd—}l (du).

Now, for fixed h € (—o0, Rf], we have by the continuity of f, the definition of ¢, (u, h)
and Lemma 3.5.1 that

d—14a
. h h . h
Jim (1 - ﬁ> =1, lim f ( (1 - R_f>> = f(u),  lim ¢x(u, h) = e,

lim E[¢DV((o0,h), PM)] = E[™)((o, k), P)],

A—00

respectively. Moreover, since C' € (—o0,1), we have that ¢,(u,h) < Ciel, for all
u € S¥1 and all h € R, where C; € (0,00) is an absolute constant. This, combined
with the moment bound derived in Theorem 3.2.12 (i), shows that for sufficiently large
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A, the integrand in (3.69) is bounded from above by

d—1)vl¢]+2d+a—1 _h ehvo
e 1 580 ey ()

Since this expression is integrable, the dominated convergence theorem implies the
result. O

In order to deal with the variance, we first use again the Mecke equation to achieve
that

fR)J/"L,\

= [ () £ (%) Bleto Py 0 D) € PrU )] 8us(0) sl

Re R

+ A/f (}%)2 E[¢(x, Pr)?] Pa,p(x) da

Rd

and

2

(B fay, )]
/ / (R) < )E[ﬂx,mm[s(y,m]asa,ﬁ(xm,ﬁ(y)dxdy,
This yields that

_B(d=1) ¢
Ry * var({fr, 13)]

Bd—=1)

— R, { (s 157 = (Bl Fry 1) )}

—m e [ 1 ( ) 1) [Elee Pru ) Py )

Rd R4

— B¢, Pa) ELEY, PA)]] Gop () das(y) du dy
LR / f (R%) E[&(x, P2)?] Gas(z) da

Rd

= I+1I.

In the following, we analyze both terms separately.
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Lemma 3.5.2 As A — oo, part 11 of the above sum converges to

oo

[ B 0., PPl et an / ) i (dw)

Proof of Lemma 3.5.2. As in the proof of the expectation asymptotic, we achieve

d—1 2
=15 [ () Ble P (o) da

R4

/ / ( (1——)) o2 (W) EEV (0, 1), PV

Sd—1 —oo
L d—14+a
d—1
X (1 - R_f> dh Mg (du).

Similarly as above, for fixed h € (—o0, Rf], we find that

d—1+a 2
) h B h B 9 ) o
>\11—>r§o<1_R_§> =1, )\11_{20]6( (I_R_f>> = fw)?, lim or(u, h) =",

and

lim E[E™ ((0,h), PV)’] = E[€™((0, h), P)’].

A—00

Here, in view of the moment bounds in Theorem 3.2.12 (i), for sufficiently large A, the

integrand is bounded by

2 2(d—1)v[€]+2d+a—1 _h e
er |11 (1 + [h]) et (<)

The limit result follows again by the dominated convergence theorem. O]

Lemma 3.5.3 As A — oo, part I of the above sum converges to

/ / / 5(00) /U17h1) 7)) htha dh dhl dUl / f Hgd 1(dU)7

Rd—1 —00 —00 Sd—1

where &7 (0, h), (v1, hy), P) is the second order correlation function, given in (3.24).
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Proof of Lemma 3.5.3. Due to the rotational invariance of the underlying Poisson point
process Py, we assume without loss of generality that z = (0,h,) € R¥ x R and
y = (vy,h,) € R¥™! x R. Then, by putting Th\(z) := (0, h) and Ty(y) := (v1,h) in

view of the scaling transformation, where h, h; and v, are defined in terms of

h h1 (%]
lzll=Rx|1=— |, Iyll=R|1-—5] and v =R} eXp< )
R’ R} o [Jor]]

respectively, we obtain

E[¢(x, PrxU{y}) ¢ (?J77D>\U{x})] El¢(z, PA)]E[£(y, Py)]
=E[£V((0, 1), PV U {(v1,h1)}) €V ((v1, h), PN U {(0,h)})]
—E[f“)((o,h),P NEEN (01, hy), PY)]
=Y ((0,h), (v1, h1), PV).

Moreover, we get similarly as in the proof for the expectation that there is a constant
C € (—00,1) such that

_Bd=1)

R, ? A¢ap(x)de
,8(d+1)—2d—2a d—14+a
(5 log )\) ﬁ(d+l) 2d 2a Rf

h2
X exXp (h_ﬁ(ﬁ_l)(l_C) > thgd 1( )

L d—1+a
= ¢r(u, h) (1 - R_f> dh HE ' (dw),

where we recall the definition of ¢, (u, h) in (3.68). Furthermore, as in (3.10), there is
a C) € (—oo,1) with

A 9ap(y) dy

_B (d+1)—2d—2a
s (R ) (Blog ) B
- -8 Bld+D)—2d—2a

Ry ? ve[|]92 R, 7
9 d—14+«a
X exXp hl — A(ﬁ — 1)(1 — 01)6_2 1-— h—llg dUl dhl
2R} R}
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sin®2(Ry * o)) )
= oa(u, h1) 3 2 l——3 dvy dhy.
IRy 2oy 42 R,

Note that the double integral over (z,y) € R? x R? transforms to a quadruple integral

over the set
(u, h,v1, hy) € ST1 x (=00, RY] x Th(S™™) x (—o0, R}].

Combining these statements yields that

[o gy / / (R) ( )[E[f(:r,ﬂU{y})é“(y,PAU{x})]

[5(% PA)] [S(y, PA)H gbaﬂ(x) gbaﬁ(y) drdy

/ / // ((1——>> FRIT (o1, 1)) 7 (0, 1), (v1, by ), POY)

SleSdl—oooo

QS,\(U, h) ¢A(u’ hl)

L d—1+a L d—14«o
1 d—1
X (1 — R_§> (1 — R_fi) dh dhl d'Ul Hgd—l(du)'

Now, using

—1 hl *g
Ty (v, ) =uRy [1— ﬁ exp(R, *v1),
A

and the continuity of f, leads to

Ah_{{)lof< (1—%>> R T (o, ) = fu).

A

Analogously as above, it holds that

b d—1+« L d—1+a
lim oy (u, h) ga(u, hy) = "™ and  lim (1 — —5> <1 — —1> =1.
A—00 R}\

A—00
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Furthermore, Lemma 3.5.1 implies that

lim ¢ ((0, h), (01, h1), PP) = & ((0, ho), (v1, 1), P).

A—00

In order to use also the dominated convergence at this point, we have to bound the com-
plete integrand from above. Corollary 3.2.16 and the fact that ¢y (u, h) and ¢y (u, hq)
are smaller than constants times e and e, respectively, imply that for sufficiently

large A, the integrand is indeed bounded by

1
c1 || f11% (1 + [ho )™ (1 + |y )™ exp <——(th0 + eMVO) 4 b+ hl)

x (exp(—cs |v1]) + L(|v1| < 2max{[hl, [11]})) .

In particular, this bound is exponentially decaying in all arguments. Thus, the result
follows from the dominated convergence in combination with the four limits stated
above, as A — oo. O

Proof of Theorem 3.4.13, the variance. Combining the investigations of Lemma 3.5.2

and Lemma 3.5.3 implies that

Bld=1) ¢
lim R, * var[(fr,, 13)]

A—00
oo

_ /E[g< (0, h), P)?| e dh + / // €% ((0, h), (v, h), P) e dhdhy duy

Rd—1 —00 —00

/ fu)® HE (du)

/f 29401, (du),

where we recall the definition of o2(£(>) in (3.25). The strict positivity of the limit
follows from [8, 9] since 02(£(>)) does not depend on a and 3, and, therefore, stays
exactly the same constant as in the Gaussian case. This completes the proof of the

variance asymptotic. O

162



CHAPTER 3. GENERALIZED GAMMA POLYTOPES

3.5.2 Empirical measures: cumulant bound

Fix ¢ € Zand f € C(R?,S*!) with (2, HI ) > 0. If f € C(R?;S?!), we recall from
Theorem 3.4.13 that

1
o5(fry) = (var[(f,, #5)])?
fulfills, for sufficiently large A, that
101 d-1
o5 (fry) e (f HED) 2 (log \) T (3.70)

The cumulant bound in Theorem 3.3.1 and the variance estimate (3.70) imply that,
for all k € {3,4,...} and sufficiently large A,

|<fk ’Ck>| A1) u v[€]+2 —1,\4 a1\ 7k
(05?} ;)k < e |FIE Ry T (k)i el <C3 <f27Hgd}l>2(1ogA)d4l> ,
A\J Ry

By the definition of Ry, we see that Ry < C (f log )\)% and, hence,

|<fllftp C§>| k k d—1 u[€]+2dv[€]+2[€] 9 d—1 L a—1\ —k
o < ac | flls (logA) = (K!) (7 Hgam) 2 (log A)
(05 (fry))" < ’ )
< Ci2€ ((log )\)T)_(k_g) (k!>u[§]+2dv[§]+2[ﬂ ‘
Proof of Theorem 3.4.14, 3.4.15, 3.4.16, and 3.4.17. Put
v = ulé] + 2dv[€] + z[¢] — 1 and A, := (log )\)%. (3.71)

Then, our computations performed above imply that the random variables

X, = <fR)\7 ﬂ§>

Ui(f RA)
fulfill the conditions of Theorem 2.4.3 with the constants v and A, given by (3.71).
This completes the proof of the four theorems. n
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3.5.3 Intrinsic volumes and face numbers

Proof of Theorem 3.4.1, 3.4.3, 3.4.4, 3.4.5, and 3.4.11. We start with the face num-
bers of the random polytope K. In this case, all five theorems follow directly from

the corresponding results in Section 3.4.2 by putting fr, = 1 since

£fj Z §f] z, 7))\

TEPy

E > &, (x,Py) ] = [i(Kx) = E[f;(K))],

TEPH

for all j € {0,...,d—1}.
Now, we turn to the intrinsic volumes V;(K)), ¢ € {1,...,d}, and start with the proof
of Theorem 3.4.1. Likewise, setting fr, = 1 in Theorem 3.4.13 and by using

Ry ~ (Blog \)7,

as A — 00, as well as (2.1), we get that

E[(Blog\) " 27 (Vi(B'(0, Ry)) — Vi(K)))] ~c(log\)T
& (Blog\) s (f) dei R — (Blog \) "7 E[Vi(Ky)] ~ ¢ (log A) ™
o (Blog\) P E[Vi(Ky)] ~ (Blog A) 5 (6;) F:Zd_ ‘
o (Blog\) P E[Vi(KY)] N (65) de_

™ (Blog \)?,

Rd—i

d
& ENK) ~ (%)
proving the expectation asymptotics for the intrinsic volumes of K.

In order to deal with the variance of the intrinsic volumes, we notice that part two of
Theorem 3.4.13 yields that, as A\ — oo,

var[(Blog ) " (Vi(B(0, Ry)) — Vi(K\))] ~ ¢ (Blog \) T
s var[Vi(BY(o, Ry)) — Vi(K))] ~ e (BlogN) T E
& var[Vi(K))] ~c(Blog\) TE

This finishes the proof of the variance asymptotics for the intrinsic volumes of K.
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Regarding to the proof of the other four theorems, we first deduce from Theorem 3.3.1
and (3.22) that, for sufficiently large A,

B(d+1)—24 B(d—1)

Ry (Vi(BY (0, Ry)) = Vi(EQ))]| < ercg Ry 7 (K™

In view of the properties of cumulants, summarized in Lemma 2.4.1, we have that

f B(d+1)—2i J X PREICESSET X p
PRy, * (Vi(B%(o, Ry)) = Vi(K\))]| = [(=1)"R,  *  [Vi(K)) = Vi(B%(o, R)))]|
kﬁ(d+21)*2i

= I, [F V(K]

Therefore, for sufficiently large A and k € {3,4,...},

B(d—kd—k—1)+2ki

(VKD <cich(logh) 25 (k)25 (3.72)

i—B(d+3)
In combination with the lower variance bound var[V;(K))] > ¢ (log \) e , following

from Theorem 3.4.1, we get, similarly as above,

’Ck [%(K)\)” B(d—kd—k—1)+2ki 4i—B(d+3)

k
< ¢ ek (log A 26 kN5 (5 (log )~ 28 ) 2
e S 1k g (K555 (e (1og X) 5
<o cg (l()g /\) 2,@(d7kd7k71)+44;31ci74ki+k,8(d+3) (k!)2d+i+5
<ed(logh) o (kLR
k a1\ ~(k=2) 2d+i+5
<6 ((log)\) T > (k!) .
Thus, the random variables
v VilE) — EVA()]
A=
var[V;(K)]
fulfill the conditions of Theorem 2.4.3 with
v:=2d+i+4 and Ay ::c(log)\)%.
This completes the proof for the intrinsic volume functionals. m
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Proof of Theorem 3.4.7 (i). Leti € {1,...,d}. Define the sequence (Ay)ren by putting
A\, :=a", a > 1, for all k € N. The concentration inequality stated in Theorem 3.4.5 (1)

“25 from Theorem 3.4.1 (i)
imply, together with the elementary inequality exp(— min{a,b}) < exp(—a)+exp(—b),
a,b > 0, for sufficiently large k, p € R and € > 0, that

and the lower variance bound var[V;(K, )] > ¢ (log )\k)

P(|Vi(Ky,) — E[Vi(K>,)]| > e (log Ay)"3

<2exp | — (

+2exp [ —c2 (log M) )

e (log A\ )7 ) S
)]

log \)P?
<2exp | —a1 ( 2 ( o8 kl(d+3))
(log A\x)
L log Ap)P7 2
+2exp | —c2 (10g )\k:) 4(23“%) - ( o8 4ili?3(d+3)— )
(log Ag) ™ 2

i(4p—4)+B(d+3)

< 2exp (—cl % (log A1) 26

)
|
2(
|
< _

+ 2exp <—02 g 31T (log \,)  TCa+i+5)

Next, we notice that

i(4p—4)+B(2d+2)  i(4p—4)+B(2d+2)

i(4p—4)+B8(2d+2)
§ exp( log)\k) 1B(2d+i15) ) § exp 1Oga) 4B(2d+i+5) o 4B(2d+i+5) )<OO,

i(4p—4)+B(2d+2)
4B(2d+i+5)

tion is equivalent to p >

> 0 and, thus, that the series converges. Indeed, the latter condi-

2i—B(d+1)
2i

since

and we observe that

— B(d+3) S 2i — B(d+1)
41 - 21

holds true for all d > 2. Therefore, the exponent at k is indeed larger than 0 for all p

in the corresponding range. Similarly, one has that

i(4p— 4)+,8(d+3) i(4p—4)+B8(d+3)  i(4p—4)+B(d+3)
E exp (— (log Ax) 25 E exp (— (loga) 26 k 26 )

is finite, as long as i(4p — 4) + B(d + 3) > 0, which is equivalent to p > ¥=23),
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Thus, the series

ZP Vi(K,) — EVi(Ky)]| > e (log Ay)*H)

i—B(d+3)

" and the Borel-Cantelli lemma implies that

converges for all p > 2

Vi(Ky,) — E[Vi(K),)]
(log \y,)"7

— 0, (3.73)

with probability 1, as k — oo, for all p > M. O

Proof of Theorem 3.4.7 (i1). Let 5 € {0,...,d — 1}, and let (A\x)ren be a sequence
defined by )\, := a, for all k € N and some a > 1. Using the concentration inequality
for the number of j-dimensional faces in Theorem 3.4.5 (i7) in combination with the
lower variance bound var[f;(Ky,)] > ¢(log /\k)% (see Theorem 3.4.1 (7)) yields, for
sufficiently large k, p € R and ¢ > 0, similarly as in the foregoing proof, that

P(|f;(Ky,) — E[f;(Kx,)]| = € (log AP

%M b _ 41 1 __2p(d-1)
< 2exp (—01 e (log M) > +2exp | —co e ¥ (log Ay, ) HHFDFGD )

Now, the series

p(d—1) p(d—1)
5 exp( (log )\k)2<21(d+1>+z 3D ) § exp( (log @) 2G50 k2(23(d+1)+z[f7])>

converges, as long as the exponent is bigger than 0. This holds, since by assumption p

is bigger than 0. On the other hand, the series

Z exp ( — (log )\k)%> = Z exp ( — (log a) A=tz k(dﬂ)fp*l))
k=1 k=1

converges if w > (0, which is equivalent to p > % Thus, the series
- a—1
D P(1£(Kx) = BLf5(Kx)] > € (log )P )
k=1

converges for all p > % and the Borel-Cantelli lemma implies the desired almost sure

convergence for all such p. O]
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Proof of Theorem 3.4.9. The k-th moment of a random variable X equals the k-th
complete Bell polynomial evaluated in c*[X], ..., c*[X] (see [89]). Specifically,

E[X*] = By('[X],...,"[X]),
with

Bk<l’1, . 7ZL'k) = Z Bkﬂ'(l‘l, e axk—i—&-l)-

Here, the Bell polynomials By ; are given by

Bk,i(xb cee ﬂsz—iﬂ)
Yy ) () Y
a Jr—ipr! V1 N2 (k—i+ 1) ’
where the sum runs over all £ — ¢ + 1 tuples ji, ..., jr_ir1 € Np, satisfying
k—i+1 k—i+1

Zje:i and Zﬁjg:k.
=1 (=1

Thus, the k-th moment can be written as a polynomial of the cumulants up to order
k. In particular, for i = k in the above sum, it contains the term (c'[X])".

Let us first consider the intrinsic volumes of K, and let i € {1,...,d}. We know from
Theorem 3.4.1 (i) that, for sufficiently large A, ¢'[V;(K))] = E[V;(K))] < ¢ (log /\)%
and A[Vi(Ky)] = var[Vi(K))] < ¢ (log )\)4i_ﬁ(d+3)

The exponent appearing in the

expectation is bigger than the one in the variance, as long as

d+3
that
i _ 4i—pB(d+3) L ) 2i
—> = 2t >4i— B(d+3 d+3)>2 > )
52 25 & 2i>4i—0(d+3) & pBd+3)>2 & ﬁ_d—i—B

In view of the estimate provided in (3.72), for sufficiently large A, all higher-order

cumulants are bounded by a constant times

B(d—kd—k—1)+2ki B(d—1)—k(Bd+B8—2i)
28

(log \) 28 = (log A)

Now, we have that Sd + 8

d+1
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Thus, if 5 > %, for sufficiently large A, it holds that

3i—B(d+2)

=c i (log\)™ 7, (3.75)

B(d—1)—3(Bd+B—2i)
28

FVi(KN)] < e1 s (log A)

for all £ > 3. Similarly as above, we obtain that the exponent in the expectation is

bigger than those appearing in the bound (3.75) for all § > 2. Hence, (c![Vi(Ky)])*

is the dominating term in the above sum, as long as the condition 5 > diil is fulfilled.

Moreover, it is known that the total number of terms appearing in the k-th complete

Bell polynomial is the same as the total number of integer partitions of %k, which in
turn is bounded by exp(my/2k/3) (see [106]). Furthermore, (3.74) shows that each
coefficient in the sum is bounded from above by k!. Combining these facts, we get, for

sufficiently large A\, k € N and all g > diil, that

E[Vi(K))*] < &k (A [Vi(E)])F < o e k! (log A5

In a second step, we prove the upper moment bound for the number of j-dimensional
faces of K, j € {0,...,d — 1}. Each cumulant of f;(K) of order bigger than 2 is

d—1
2

bounded by a constant multiple of (log A) 2 in view of Theorem 3.3.1, for sufficiently
large A\. The expectation and variance growth is of the same order (see Theorem 3.4.1
(43)). Thus, again it follows that (c'[f;(K,)])" is the term of leading order, this time
for all values of the parameter 5. Hence, we achieve similarly as above, for sufficiently

large A and k € N, that
E[f;(K0)"] < e} k(S f(EN)* < each K (log )<=

Finally, Jensen’s inequality implies that the k-th moment of V;(K)), i € {1,...,d}, and
the k-th moment of f;(K)), j € {0,...,d— 1}, is bounded from below by (E[V;(K))])*
and (E[f;(K))])¥, respectively. Using the estimates for the respective expectations
completes the proof. O

3.5.4 Germ-grain processes

Proof of Theorem 3.4.19. We start with the following observation, a modification of
[23, Lemma 3.1]. It shows that for fixed w € W), the quasi-paraboloids [IT"(w)]®™) and
[IT4(w)]™ locally approximate the paraboloids [IIT(w)]®) and [IT*(w)]>), respectively.
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3.5. PROOF OF THE MAIN RESULTS

Let w := (v1,hy) € W), L € (0,00) and A be sufficiently large. Then, it holds that

O (w)]N N Cyi (01, L)) — (T (w)] ) 1 Cyi (01, L)) oo
<O R 1P+ Cohy R L2,

and

1O (w)] Y N Caa (v1, L)) = O([ITH(w)] ™) N Caa (v, )l

_15 (376)
<C3R, 2" L34 Cyhy R 12,

where Cy,Cy, C3,Cy € (0,00) are absolute constants. In particular, both right hand
sides tend to 0, as A — oc.

The rest of the proof is exactly the same as the proof of [23, Proposition 5.1] in the
Gaussian case. It just uses the two bounds stated above, in combination with Theorem
3.2.4 from Section 3.2.1. As in the proof of Lemma 3.5.1, we omit stating a word by
word repetition from [23, Page 34].

What is left is to prove the two assertions stated above. We start with the first one
and recall from (3.18) that we have

O([IT (w)] ™) = {(v, h) € Wit h = RY(1 — cos(dy(v1,0))) + hy cos(dy (v, v))} .
Let v € B¢ (v, L). The Taylor expansion of the cosine function, together with

_B _B _B _B 9
da(vi,v) = [|[Ry*v — Ry *ui|| + O(||R *v — Ry *v1][7)
_B
=R, 2 |Jv—v|| + OR," ||v — v |?) (3.77)
—§ —B 72
=R,?|jv—u|+O(R," L),

gives
1 — cos(dy(vy,v)) = M + O(dx(v1,v)?)
= Il o),
as A — oo. Thus,
R(1 — costaz(wr,0)) = 12 4 o0t 00),
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and
|hi(1 = cos(dy(vi,v)))| = O(hi Ry L?),

as A — oo. The two last equations prove that O([IIT(w)]™ N Cy_1(vy, L)) and the
boundary of ([II"(w)]®) N Cy_(v1, L)), which is given by the graph

a2
v hy + o = e ,

2
(see the discussion before (3.20)), differ by at most C’lR;§ﬁ L + ComyR;°L?. This
finishes the proof of the first assertion.

Moreover, we have from (3.19) that

([T (w)| ) = {(v, By eWy:h=RE— M} |

cos(dy(vy,v))

By using again the Taylor expansion up to second order, the fact that

1

=1l+az+a22+...,
1—a

and the preparation (3.77), we obtain for all (v, h) € O([IT*(w)]™N) N Cy_1(v1, L)) that

B
herl - thoh I
cos(dy(vy,v))
8
g Rih

dy(v1,v)?
(1=245)

=R} — (R} — h) (1 + M + O(dx(vy, 0)4))
=R} — (R} — hy) (1 +R;” M +O(R, " L3))
_ g gy ezl _;“HQ FOR Y 1)+ by 4+ oy 0=l _2”1”2 +O(mRy " 17
_p, ez ull _2“1”2 +O(R,*" L%) + O(n B’ I?),
as A — 0o0. Then, the result follows in the same way as in the first case. O]
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Chapter 4

Random simplices in high

dimensions

Let » = r(d) be a sequence of integers such that r < d, and let Xy,..., X1 be
independent random points, distributed according to the Gaussian, the Beta or the
spherical distribution on R, d > 2. In this chapter, limit theorems for the log-volume
and the volume of the random convex hull of Xj,..., X, are established in high
dimensions, that is, as » and d tend to infinity simultaneously.

This includes Berry-Esseen-type central limit theorems, log-normal limit theorems,
moderate and large deviations, as well as concentration inequalities. Moreover, different
types of mod-¢ convergence are derived.

The results heavily depend on the asymptotic growth of r, relative to d. For example,
we prove that the fluctuations of the volume of the simplex are normal (respectively,

log-normal) if r = o(d) (respectively, r ~ ad, for some «a € (0,1)), as d — 0.
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4.1. MODELS, VOLUMES AND PROBABILISTIC REPRESENTATIONS

4.1 Models, volumes and probabilistic representa-

tions

4.1.1 The four models

In this chapter, we consider convex hulls of random points X7, Xs,.... More in detail,
we consider the following four models which allow for explicit computations. These
models were identified by Miles [101] and Ruben and Miles [115], respectively.

(a) The Gaussian model: X1, X, ... are independent and identically distributed with

standard normal density

f(z) = ﬁ eHlel? e R

[SIISW

(b) The Beta model with parameter v > 0: X7, X5, ... are independent and identic-
ally distributed with density

v—2
(1=flzl*) =, zeR% |zl <1

(c) The Beta prime model with parameter v > 0: X;, X, ... are independent and
identically distributed with density

flz) = idr(7> (1+ |yx||2)‘%, z € RY.
T2

(d) The spherical model: X1, Xs,... are independent and uniformly distributed on
the sphere S

Remark 4.1.1 Observe that in the Beta prime model, the power is (d + v)/2 (which
depends on d) rather than just (v —2)/2.

4.1.2 Moments

Let 1 < r < d be an integer and X, ..., X,;; be independent random points in R,

distributed according to one of the distributions introduced in Section 4.1.1.
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Theorem 4.1.2 (Moments for simplices) Let Vg, be the volume of the r-dimensional

simplex with vertices Xy, ..., X 11.

(a) In the Gaussian model, for all k > 0, it holds that

r d—r+j
E[(rVe)*] = (r+ D ] IQk%

j=1
(b) In the Beta model with parameter v > 0, for all k > 0, it holds that

E [(T!Vdﬂ«)%}

ANCTEICY
QIErE

2

(g T(e o)
‘HTV =+ k) r (r(d+l/—22)+(d+1/) i rk:)

(c) In the Beta prime model with parameter v > 0, for all 0 < k < %, it holds that

E [(T!Vdﬂn)%]

_ﬁ[ dr+J+k)F( —k)]f‘(g_k) F(@_MO

d— 7"+]) F(%) F(%) F(@—(T—{—l)k‘)-

(d) In the spherical model, for all k > 0, it holds that

E [(T!Vd’r)%}

_ﬁ[ (558 T(3)

r(==) rE+k)

r( T (—"(d*;)*d +(r+ 1)k>
T(5+k) F(Wwﬂc)

NIy

Proof. Moments of integer orders can be computed by using the linear Blaschke-
Petkantschin formula [119, Theorem 7.2.1] from integral geometry, together with an
induction argument. Using this technique, as an example, [119, Theorem 8.2.3| provides
a detailed proof in the spherical model. In particular, formula (a) is [101, Equation
(70)], formula (b) is [101, Equation (74)] and formula (c) is [101, Equation (72)]. Fi-
nally, formula (d) is obtained from (b) by letting v — 0. Note that the formula in
[101] contains a typo, which is corrected, for example, in [28]. On the other hand,
Miles [101] considers only integer moments. Extensions to non-integer moments for all

four models can be found in [80]. O
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Remark 4.1.3 Observe that the moments in the spherical case can be obtained from
the ones in the Beta model by taking v = 0 there. Since the proofs of our limit theorems
are based on the formulas for the moments, we may and will consider the spherical and

the Beta model together, the former being the special case of the latter with v = 0.

4.1.3 Distributions

A random variable has a Gamma distribution with shape o > 0 and scale A\ > 0, if its
density is
AO&
t) = ——t*te M t>0.

Especially, if a = &, for some a € N, and \ = %, we speak about a 2 distribution with
a degrees of freedom. Moreover, a random variable has a Beta distribution or Beta
prime distribution with parameter oy, ay > 0, if its density is

F(Ozl + CYQ)

g(t) = mtwl (1—¢t)2t te(0,1),
g(t) = —11:((211);(222)) el (L) s,

/

1 a0 & Tandom variable with

respectively. We denote by xZ, respectively To.x, Bay a9,
x? distribution with a € N degrees of freedom and the Gamma, Beta or Beta prime
distribution with corresponding parameter, respectively. We use the notation X R
Beta(ay, ag) or X R Beta'(ay, as) to indicate that a random variable X has a Beta or
a Beta prime distribution with parameter a; and as, respectively. Furthermore, the

moments of order £ > 0 of these distributions are given by

r(s+#) b _ Dlor +ax)T(0 + k)
F(%) ’ El(Bar.ea)’] = I‘(al)jIL‘(oq + i k)’

and

I'(ag + k) — k)
[(a)l () 7

E[(B2y.00)"] =

(see [79, Page 168, [78, Page 40] and [78, Page 87]), respectively.
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The distribution of the volume of a random simplex generated by one of the four models

under consideration can be derived from Theorem 4.1.2.

Theorem 4.1.4 (Distributions for simplices) Let Vg, denote the volume of the r-
dimensional simplex with vertices Xi,...,X,11, chosen according to the one of the

above four models.

(a) In the Gaussian model, we have

D T
(T!Vd,r)2 ~(r+1) HXZ—H-]‘-

j=1

(b) In the Beta model, we have

5(1 _f) (T‘Vdr N Hﬁd 7"+J V+1" v+r—j,

d+y r(d+u 2) )

where £, M 2 Beta (¥ are independent random variables such that £ is

independent of Vg, whzle n 1s independent of Ba-r+j vir—j, ] =1,...,7
2 ’ 2

(¢) In the Beta prime model, we have

(L n) ((Var)? R € A+ T By .

k=1

where &, n L Beta’ (5, %) are independent random variables such that 1 is inde-

pendent of Vg, , while £ is independent of 'y .y, ,, 7=1,...,r
2

’2

(d) In the spherical model, we have

g(l _g) (T'Vdr N Hﬂd r+j 7‘2]7

where £,m ~ Beta(Z, T(d 2)

) are independent random variables such that £ is

independent of Vg, whzle n 1s independent of Ba—rtj r—j, ] =1,...,7.
2 72
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Proof. The assertion in (a) follows directly from Theorem 4.1.2 (a), combined with the

fact that the k-th moment of a x2_, ; random variable is given by

r(=2+5)

MBS

2 .
r)
To prove (b), we define a; := =¥ and ay W. Since &, n & Beta(ay, as),
| B 3
+7r
El(1 = rk / o — 1 o a2+rk71 dr = ay, g
( Ch B(ay, ag) s B(ai, az)
and
/ Blon + k k)
1 _ _ ay+k,as+r
E k 1— Tk _ / a1+k—1 1 — as+rk ld _ 1 )
[€°(1 = &)™ Bloron ) © (1) x Blonag)
0

where we recall from Section 2.3 that B(z,y) is the Beta function. This implies that

E[(1—-n"™"  Blo,ae+1k)  T(ar+as+ (r+1)k)T(ar)
E[¢k(1 — &)™ B(ag +k,ax +1k)  T(ag +E)T(aq + ay + 7k)

T el
- F(d+u +l€>F< r(d+v— 22) (d+v) +Tl€) ’

This is precisely the last factor in the formula for the moments (see Theorem 4.1.2 (b)).

Next, we consider (¢). Since £, 7 R Beta'(ay, ap) with a3 = £ and ay = £, we apply

2 2
(2.11) to obtain

7 o B(ay,ay — k)
E[(1 + rk /xa111+x —o1—(a2 rk)dl‘: ) :
[( 77) 041;a2 ) B(CYl,Oéz)
and
1 [o.¢]
Ele*1 o (r+1)k:| _ —/xalkl 14 g)-or—(a2=(r+1k) g,
£H1+¢) Blowan (1+2)
_ Blag —k,ay —rk)
B(ay, o) '
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It follows that

E[é’*k(l + f)(r+1)k} By — kyay — rk) Loy — k)Mo + ag — 1k)

E[(1 + n)* ~ Blaj,aa—71k)  T(g+as—(r+1DE)T (o))
P(g—k) (5 —rn)

r(g) r(“*T”” —(r+ 1)k>’

which is exactly the last factor in the formula for the moments given by Theorem 4.1.2

(¢). The assertion in (d) follows as a limit case from that in (b), as v | 0. O

Remark 4.1.5 The distributional equality in Theorem 4.1.4 (a) has already been
noted by Miles [101, Section 13]. The other probabilistic representations in (b)—(d)

seem to be new.

4.2 Cumulants

Here, we concentrate on the Gaussian, the Beta and the spherical model, for which the

random variables V,;, admit finite moments of all orders for any d € N and r < d.

4.2.1 Cumulant estimates

Let us define the random variables

La, =log(rWVa,),

and
~ Lar—E|Ly,
Ed,r = Sdr — W dr] [ d ]
var (L]
Theorem 4.2.1 Letr < d be an integer and X1, ..., X1 be chosen according to one

of the four models presented above, and let o € (0,1). Then, the following assertions

are true:
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(a) For the Gaussian model, we have

% z :r =o(d)
E[Lqg,] ~ g logd and  var[lq,]~{1log -  :r~ad
5log =4 d—r=o(d),

as d — oco. Moreover, for all k > 3,

Ak—rd=* r=o(d) orr~ad

[H[Las]| <
2(k—1)! : for arbitrary r(d),

where ¢; € (0,00) is a constant not depending on d and k. Thus, for all k > 3
and sufficiently large d,

k=2
c’f(k—l)!<1> :r=o(d) orr ~ad

é

TR Ly
cs (k-1 | ———— cd—1r=o(d),
-0 () “
where ¢y, ¢ € (0,00) are constants not depending on d and k.

(b) For the Beta model and the spherical model, we have

1 d r2 llog_Loé—oz i~ ad
var[Lq,| ~ §log T T 5y T > (log )
r (r+1) 5 log =4 cd—1=o(d),

as d — oo. Furthermore, for all k > 3 and d > 4,

AKlrd=* r=o(d) orr~ad

| [Lall <
2 4% k! . for arbitrary r(d),

where ¢; € (0,00) is a constant not depending on d and k. Thus, for all k > 3
and sufficiently large d,

b k! (Gll)k_2 cr~ad

|Ck[2d,r]| < b2
s k! (é) cd—r=o(d),

d
Y log 5=

where ¢1, ¢ € (0,00) are constants not depending on d and k.
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The proof of Theorem 4.2.1 is to some extent canonical and roughly follows the method
used in [38]. In particular, it is based on an asymptotic analysis of the digamma

function

and the polygamma functions

dk dk+1
W (z) = Ep () = g logl'(z), k€N,

whose properties have been analyzed in detail in Section 2.3.

Since the moments of V;, involve the same product of fractions of Gamma functions,

we prepare the proof of Theorem 4.2.1 with the following lemma. We define
< d—r+j+z2 d—r+j
st = 55 [ (1) g (1)
where z > 0.

Lemma 4.2.2 (a) If r = o(d), as d — 0o, we have

@)~

- %llogd k=1
@Sdm(z) o 3log 15 k=2
—1)k —(k—
P (= 1) (= 3)a D k>3

(c) If d —r =o(d), as d — oo, we have

dk
a0 )

N %logd k=1

= 1 d L —
0 ilogd—r—i—l k= 2.
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(d) Fork > 2, and if r = o(d) orr ~ ad, a € (0,1), there is a constant ¢ € (0,00)
which may depends on « (but does not depend on d and k) such that

< cF (k—1)! rd- k-1

‘ & Sar(2)

dk

2=0

(e) Finally, for k > 3 and without any conditions on r, we have

de"( )

dk
’ <2(k—1).

dk

z=0

Proof. Let us prove (a), (b) and (c) for k = 1. We have
d . d—r .
_ —r+j\ 1 AN J
e ()i () e ()
Jj=1 j=1
and all three statements follow from (2.21). Next, we prove (a), (b) and (c) for k > 2.

We have
(k—1) —r+y
z=0 2k Zw < ) '

We can conclude (a) by using (2.19). To prove (b) for k = 2, apply (2.22) to get

d

dz

ﬂsdr

d? 1 < d—7r+j 1 1
_ 1 (1) _ 2 _ 2 ) -
dQSdr( )‘7 4j51@/) ( 5 ) 2logd—ircl 2log(d r)—c1+o(1)
1 1 1
=21 1)~ =1
3108 g Foll) ~ 5 log —

as d — oo. To prove (b) for k > 3, note that for r ~ ad, using (2.19),

)4 2

ydr+1
d

1 —1)F2(k —2)1  (—1)F( L1 &Rl
R N [Zj— Zj—]

Jj=d—r+1 (%)k 1 Jj=1
(—1)% (k — 2)! 1 1
ST {“’“‘”‘m‘“’“‘”* e

()

as d — 0o, where we used (2.15) to deal with the (-function.
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Finally, to prove (c) for k = 2, use the formula

—Zw ( —7"“) = S logd +0(1),

as d — oo, following from (2.22), to get

d? 1 « d—r+j 1
all S o(—"J - _ - — —
7 Sar(2) 0T 1 ; (0 ( 5 ) 2 gd+ O(1) 5 log(d —r+1) —O(1)
1 d 1 d
=—log—— +0O(1) ~ ~log ——
P e gy PO M gles g
as d — oo, since 7—— +1 — 00. We added the term +1 to make the formula work in the
case r = d, too. Let us prove (d). Observe that the function
_ii@—nl

(see (2.17)), is decreasing. Thus, we can write

and the claim follows from the estimate

Sdr

Y

dk:
e

d—r-+1
k=) (2 ° "~
7 ()

‘ 2=0

[p*D ()] < 2(k — 1)1 2175, (4.1)

z > 1, which is a consequence of (2.20). Let us prove (e). If k¥ > 3 and r is arbitrary,
we see from (2.17) that the function ¥*~Y(z), z > 0, has the same sign as (—1)*.

Hence,
wmn(_liiﬂf9%ijﬁkn()'

Then, the result follows in view of inequality (2.23). Thus, the proof is complete. [

d* ’
—Sa. (2 =
dzk 2=0

Proof of Theorem 4.2.1. Denote the moment generating function of L4, = log(r!Vy,)
by
My, (2) := Elexp(zLa,)] = E[(r'Va,)?], z > 0.
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We start with the Gaussian model. Recalling the moment formula from Theorem 4.1.2

(a), we see that
2 2r
log My, (2) = Sar(2) + 5 log(r +1) + 5 log 2.

Hence,

k k

1 r
— log My, (2) = p —Sar(2 )—i—l(k:1)§log(r+1)—|—1(k:1)§10g2,

dz

for all £ € N. Taking z = 0, it follows that

a” 1
HMLay) = = 8ar(2) +1(k:1)§log(r+1)+1(k;:1)glog2.

dzF z=0

By using Lemma 4.2.2, we immediately get the required asymptotic formula for E[L,,| =
cLy,] and var[Ly,] = ¢?[L4,]. The estimates for the cumulants ¢*[Lg,], k > 3, follow
from Lemma 4.2.2 (d),(e).

Next, we consider the Beta model and prove part (b) of the theorem. Recalling the
moment formula from Theorem 4.1.2 (b) and denoting by M, (2) again the moment

generating function of L;,, we get that

log My, (2)
= Sar(2) +logT (r(d+u— 22) +d+v) + (r—;l)z) + (r+1)logT (d—;y>
—logF(T(d+V_22)+(d+V) —I—%) —(r+1)1ogF<d;V—i—g>.
It follows that, for £ € N,
;—;logMdm(z)
;;SM( )+ <T_;1)kw(k1) (r(d+u—22) + (d+v) N (r—l—zl)z) (4.9)
—(g)kib( <r(d+y—22)+(d+y)+%) T;1¢(k_1) (CH—TV+§>
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Taking z = 0, we obtain

Ck[ﬁd,r]—%sd,r(z) ) <7’v2Ll) = (T(d+y—22)+(d_|_,/))
- <g) B (T(d+V—22)+(d+u)> B r;1¢(k ) <d—{2—y> (4.3)

Let us compute the asymptotic of var[Ly,] = ¢*[Lq4,] in the case that r ~ ad. First of
all, by using (2.19) in the case that k = 1, we obtain

:_Zwu)( T+J>
T
:Z;d—r—kj—i_(}(@)

d2
dzz d T‘

as d — oo, where Hy is the d-th harmonic number. By using (2.16), we arrive at

d? 1 d 1/1 1 1
=21 il
RS 2Ogd—r+4(d d—r)+0(d2>+o<d2>

as d — co. On the other hand, using (2.19) for k£ = 1, it follows that

2 1
_d<r+1>+0(%>’

d+v 2 1
(1) — =
(5 =i (z).

as d — 00. Recalling (4.3) and combining the previous estimates, as d — oo,

and

1 d 2r+1 2 r+12 r
r] — 1 — — —
varllay] = 5log g+ — =iy T o 4 0(z) "
— 2% T 20+ 1) d2
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In the case that r ~ ad, we evidently have

1 1
dli)rgo var[Lq,] = 5 log -

(e}
2.

Let us now compute the asymptotic of var[L,,| = ¢*[L4.,] in the case that d —r = o(d).

By using once more (2.19) in the case that k = 1, we obtain

d2 —-T<+-j ]¥d<—-]¥d_r 1
gz a2 ) __Zw( 2 )_ 2 +O(3)’

as d — 0o. Applying the formulas H; = logd+ O(1) and H;_, = log(d—r+1)+ O(1),
following directly from (2.16) (where +1 is needed to make the expression well-defined

in the case that r = d, too), we arrive at

d2
dz2

1 d

\ — “log——
Sd() 2=0 QOgd—r—i-l

+0(1),

as d — 0o. By the formula ¢(V)(z) = O(1/2), as z — oo, implied by (2.19), we have

w(1)<r(d—|—u—22)+(d+l/)) :O<%),

(5)-o()
¢)1 ( 9 _‘() d )

as d — oo. Plugging everything into (4.3) yields

and

1 d 1 d
var[Lq,] = *[La,] = 5 log i1 O(1) ~ 7 log d—rs1

d
d—r+1

as d — oo, because — 00, proving the required asymptotic of the variance.

Next, we prove the bounds on the cumulants assuming that r = o(d) or r ~ ad. Recall
from Lemma 4.2.2 (d) the estimate

< (k—1Dlrd *1

‘dk Sur(2)

d k

2=0

Further, since v > 0, we have

r(d+v—2)+(d+v) >7’(d—2)
2 - 2
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Since the function |p*~1)(2)| is non-increasing, we have, by using (4.1), that

e )

<2 (k—1D)rF(d—2)tF

By the mean value theorem, we also have
(r+ 1% —rF <Ek(r+ 1)1

Hence,

(r+1)" - ‘W 1 (r(d+u—2)—|—(d—|—u))’ < ¥ <r+1)k1 (@2t

2k 2 T

< 4R Erd'F,

because d — 2 > d/2, for d > 4. Similarly, by the non-increasing property of |1 (z)]

and (4.1), we have

r+1‘wk1)<d+u>‘ r+1‘1/}k1(>‘<27“(k Dd*,

since r + 1 < 2r. Recalling (4.3) and combining the above estimates, we arrive at the

required bound
Ly, < FElrd*

To prove the bound |c*[L4,]| < 24% k!, without restrictions on 7(d), we argue as above,
except for using Lemma 4.2.2 (e) to bound the derivative of Sy, that is,

| [Las]l <2k — )+ 4R K@ 420 (b — 1)1d'F < 24F k!

Finally, we consider the spherical model. Since the results for the Beta model are
independent of the parameter v, they carry over to the spherical model, appearing as

a limiting case, as v | 0.

The cumulant bounds of the normalized random variables Edm follow by applying the

obtained cumulant bound in combination with the variance estimates. O
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4.2.2 Implications of the cumulant bound

By using the cumulant bounds stated above in conjunction with Theorem 2.4.3 from

Section 2.4, we are able to derive a list of companion results. Recall that

Y

t2
/ e 2 dt, y € R,

— 00

D=

®(y) := (2m)"

is the distribution function of a standard Gaussian random variable. We start with
the Gaussian model. The following theorem includes a central limit theorem with
corresponding Berry-Esseen bound (part (a)), an estimate on the relative error in the
central limit theorem (part (b)), a moderate deviation principle (part (c)), as well as a

concentration inequality (part (d)) for the log-volume of the Gaussian simplex, that is,

Ld,r - E{Ld,r]

Lo, =
& var[Laq,]

Theorem 4.2.3 Let r < d be an integer and Xy, ..., X, 1 be chosen according to the

Gaussian model. Define

\/%d :r=o(d) orr~ ad

1 :d—r=o(d),

d
\ log =41

where a € (0,1). Then, the following assertions are true:

Ed ‘=

(a) For sufficiently large d, we have the Berry-Esseen bound

sup |P (Ed,r < y) — q)(y)) < ¢ €q,
yeR

where ¢; € (0,00) is a constant not depending on d.

(b) For sufficiently large d, there exist constants ¢1,ca,c3 € (0,00) not depending on
d such that

I[:D(Eld,'r 2 Yy )

<c (1497
1—®(y) sall+y)es

log
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and

forall0 <y < 63651.

(c) Let (aq)aen be a sequence of real numbers such that

lim ag = o0 and lim ageq = 0.
d—oo d—oo

Then, the family

satisfies a moderate deviation principle on R with speed a? and rate function
2

I(x) = %.

2

(d) For sufficiently large d, it holds that

2

1 . _
P <‘£d,r —E[La,]| >y Var[ﬁd,r]) < 2exp ( ~1 min {%,cl 5d1 y}),

where ¢; € (0,00) is a constant not depending on d.

Proof. The proofs of the four statements follow directly by applying the cumulant
bounds for the normalized random variables /:'der from Theorem 4.2.1 there to Theorem
2.4.3 in Section 2.4. O

In the Beta and the spherical case, we get a similar result. The difference is in the
definition of the parameter ¢, in the regimes of r. Unfortunately, we do not get the
results in the case that r = o(d) (see also Remark 4.2.5).

Theorem 4.2.4 Let r < d be an integer and X1, ..., X, 11 be chosen according to the
Beta or the spherical model. Define

o~ ad

L cd—1=o(d),

d
VAC Sy

where a € (0,1). Then, the following assertions are true:

=
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(a) For sufficiently large d, we have the Berry-Esseen bound

pr(ﬂm§y>—¢@ﬂ§cwm
yeR

where ¢; € (0,00) is a constant not depending on d.

(b) For sufficiently large d, there exist constants ¢y, ca,c3 € (0,00) not depending on
d such that

I[:D(E/d,'r 2 Yy )

<c (1497
1—®(y) sall+y)es

log

and

forall0 <y < 03551.

(c) Let (aq)aen be a sequence of real numbers such that

lim ag = oo and lim ageq = 0.
d—o0 d—o0

Then, the family

satisfies a moderate deviation principle on R with speed a% and rate function
2

I(zx) = %.

2
(d) For sufficiently large d, it holds that
2

1 . _
P (\Edﬂn —E[La,]| >y Var[ﬁd’r]) < 2exp ( — me {%,cl 5d1y}),

where ¢; € (0,00) is a constant not depending on d.

Remark 4.2.5 Theorem 4.2.4 (a) does not yield a central limit theorem for Edm, if

r = o(d). However, also in this case we still get the estimate (4.4). Now, since r = o(d),

d
d—r

T
1 > -
Og — d’
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so that, for sufficiently large d,

d r? r r r
— > > .
—r  2d(r+1) —2d 2d(r+1) — 2d(r+1)

1lo
2%

Thus, we have

r 1 | d r?

p— — 10 —

2 ’\2% = 2atrt1))’
as d — oo, and we can conclude that

ar[Lq.,] 1lo a7 > !
VA S O G T 2d(r + 1) T 2d(r + 1)

as d — oo. This yields, for sufficiently large d,

k 1-k
~ ccklrd
|F[Lay]| < F——F <

r 2
(2d(r+1)

klrd 202

with constants ¢1, ¢, € (0,00) not depending on d. Thus, |*[L4,]| = 0, as d — oo,

for all £ > 4, and Theorem 2.4.4 implies asymptotic normality for Edm also in the case

that r = o(d).

While, in the three cases r = o(d), r ~ ad and d — r = o(d), we were able to derive

precise Berry-Esseen bounds by using cumulant bounds, we can state a ‘pure’ central

limit theorem for the log-volume in an even more general setup. The following result

can directly be concluded by extracting subsequences and, then, by applying the results

of Theorem 4.2.3, Theorem 4.2.4 and Remark 4.2.5, respectively.

Corollary 4.2.6 (Central limit theorem for the log-volume) Let r = r(d) be an ar-

bitrary sequence of integers such that r(d) < d, for any d € N. Further, let for each

deN, Xy,..., X1 be independent random points, chosen according to the Gaussian,

the Beta or the spherical model, and put L4, = log(r'Va,). Then,

Ed,r_E[['d,r] &Z

var [La,]

where Z X N(0,1) is a standard Gaussian random variable.
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4.2.3 Central and non-central limit theorem

After having investigated asymptotic normality for the log-volume of a random simplex,

we turn now to its actual volume, that is, the random variable Vg, itself.

Theorem 4.2.7 (Distributional limit theorem for the volume) Let Xi,..., X, 1 be
chosen according to the Gaussian model, the Beta model or the spherical model, and
let « € (0,1). Let Z R N(0,1) be a standard Gaussian random variable.

1. If r = o(d), then, for suitable normalizing sequences a4, and bg,, as d — oo,

Vd,r_ad,r D 7
bd,'r

2. If r ~ ad, for some o € (0,1), then, for a suitable normalizing sequence bg,,
V.o b eV slog 52 . in the Gaussian model
_ar =

b, eV28 =252 . in the Beta or spherical model.

Remark 4.2.8 In the third case, i.e., d—r = o(d), there is no non-trivial distributional
limit theorem for the random variable Vg, under affine rescaling. The reason is that

the variance of log V,;, tends to infinity in this case.

Proof of Theorem 4.2.7. From Corollary 4.2.6, we know that with the sequences ¢4, 1=

E [log Vs, and ¢, := y/var [log Vg,], it holds that

1 Vr_ r
0g Va, Cq, &Z,

Cayr
as d — oo. By the Skorokhod-Dudley lemma [81, Theorem 4.30], we can construct
random variables V; and Z* on a different probability space such that Vj, 2 Vi,
7* R Z and

. log V;ZT — Cdr

P — 7" almost surely,

/
Cd,r

as d — 0o0. So, we have

/ *
* c, Z*+ceq
— d,rd T
Vd,T e s

where Z; — Z* almost surely, as d — oo.
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Consider first the Gaussian model in the case that » ~ ad. Then, by Theorem 4.2.1

(CL), we have
Cl = 4q/var [10 V ] A / 1 10 1
d,r g d,r 2 g 1 )

as d — oo. With the aid of the Skorokhod-Dudley lemma, it follows that

*
Vd,r

eCd,r

/ * L L 7*
= ¢frZd _y eVzlos 152 almost surely,

as d — 0o. Passing back to the original probability space, we obtain the distributional

convergence

V, S p—
dr D e,/ilong.

eCd,r

The proof for the Beta or spherical model in the case that r ~ ad is similar, only the
expression for the asymptotic variance being different.

Consider now the Gaussian model in the case that » = o(d). Then, by Theorem 4.2.1

(a),
¢, = 1/ var [log Vy,] — 0,

as d — oo. Using the asymptotic lim, ,o(e* — 1)/ = 1 and the Skorokhod-Dudley

lemma, we obtain

v*

cl;’: - ]_ ecii/"Z; — 1

e =Ly — I almost surely,
Ca Cd,er

as d — oo. Passing back to the original probability space and taking by, = e“rcy,
and a4, = e“r, we obtain the required distributional convergence. Again, the proof

for the Beta and the spherical model is in the same spirit. O

4.3 Mod-¢ convergence

The aim of the present section is to establish mod-¢ convergence for the log-volumes of
the random simplices under consideration. Recall the definition of mod-¢ convergence

from Section 2.7.
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4.3.1 The Gaussian model

In this section, we prove mod-¢ convergence for the random variables L, = log(r!V,,)
in the Gaussian model. The following theorem focuses on four different regimes for the
parameter r. First, the case where r is fixed is treated. Then, we turn to the full-
dimensional setting, that is, » = d. Thirdly, we investigate the case in which the
co-dimension of the simplex, that is, d — r, stays fixed, as d — oo. Finally, we consider
the case when the co-dimension of the random simplex goes to infinity. To streamline
our presentation, recall that G denotes the Barnes G-function (see Section 2.3) and

put
1 1 3
ma =g (dlogd—d+§logd+10g227r). (4.5)
Theorem 4.3.1 (a) Fix somer € N. Then, as d — oo, the sequence
T 1
dYi, =d ([,dﬂ« ~ 5 logd — 3 log(r + 1)>

converges in the mod-¢ sense with n(t) = (t + 1)log(t + 1) — t and parameter

rd

wq = 5, namely,

_ r(r+1)

E [etd(ﬁd,r—g log d— 1 log(r-+1))
= (t —|— 1) 4 ,

lim —
d—00 e's ((t+1)log(t+1)—t)

uniformly as long as t stays in any compact subset of C\ (—oo,—1). Thus, we
have mod-¢ convergence modulo a tilted totally skewed 1-stable distribution (see
Theorem 2.7.3).

(b) Let r =d. Then, as d — oo, the sequence

Ed,d — My
converges in the mod-Gaussian sense, that is, n(t) = %tQ, and parameter wg =
%logg, namely,
E et(‘cd,d_md) G 1
B 6l
dmoo eattlogs G(3+3)G(1+3)

uniformly as long as t stays in any compact subset of C\{—1,—2,...}.
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(c) Let a € N be fived and take r = d — a. Then, as d — oo, the sequence

£d,r — my

2

converges in the mod-Gaussian sense, that is, n(t) = %t , and parameter wy =

1 log , namely,
E [ t([:dr_md)] G (u) G (a_2

ST T T FG () G )

uniformly as long as t stays in any compact subset of C\{—a —1,—a —2,...}.

(d) If r = r(d) is such that d —r = o(d), as d — oo, then, the sequence

. 1 r+1)(d—r
Vir = Lar — (mg — mg_,) — 3 log %al()

converges in the mod-Gaussian sense, that is, n(t) = %tz, and parameter wg =

1 d
3 log 7%, namely,

E [et(ﬁd,r—(md—md_”_% log %‘w)

lim > =1,
d—o0 €4t 10gd ™

uniformly for all t € C.

Remark 4.3.2 We notice that in the full dimensional case r = d, our random vari-
ables are equivalent to those considered in [17] and one can follow our result also from
their Theorem 5.1. Nevertheless, we decided to include our completely independent
and much shorter proof. The paper [17] deals with the determinant of certain random
matrix models and has a completely different focus. On the other hand, let us em-
phasize that even in this special case, the distributions appearing in [17] are in fact

different from (but very close to) those we obtain.

Proof. We start by proving (a). From the moment formula in Theorem 4.1.2 (a), we

obtain

(t+1)d— r—i—j)
E [etdﬁdvr} (r+1) 5 9% H ( )

d 7‘+J)

By using the asymptotic behavior of the Gamma function, stated in (2.13), we deduce
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that

- (t+1)d—r+j , td
F< 2 ]> _td d\ 2 (t+l)d+j7r71
[[———>~IIc% (5) e+

d—r+j
mor(sE) E (4.6)

as d — 00, since

Thus, as d — oo,

thr ((t+21)d7%>r7r(7‘4—1) '

E [¢'%4r] ~ (r+1)% e 2 d'7 (t+ 1)

Taking the logarithm and subtracting % logd and 3 log(r 4 1), we conclude that

IOg E [etd(ﬁd,r—% log d_% log(r+1))

e (4.7)

2

B r(r+1)

((t+1)log(t+1) —t) log(t + 1) + o(1),

and part (a) follows. Let us prove (b). In view of Theorem 4.1.2 (a) and (2.26), we can

express the moment generating function of £, 4 in terms of the Barnes G-function as

ot w G() G) G4 G (424 Y)
= S e eiry easp s Y
where G(1) = 1. For the function
G (3
U(t) = 2 —, 4.9
R NI (Y 49

we have

t td d—1 t
logE [ewd!d] =3 log(d+ 1) + 5 log 2 + log ¥ (t) + log G (T + 5 + 1)

d—1 d t d
—logG<T+1)+logG(§+§+1>—logG<§+1).
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Applying Lemma 2.3.5 two times and using
((d+0b)log(d+b) — (d+ b)) — (dlogd — d) = blogd + o(1),

as d — oo, where b € (0,00) is any constant, leads to

—

td
og(d+ 1)+ 5} log 2 + log ()

d—1, d—-1 d-1 2 d-1
log 5 T3 +10g\/27r)+§10g 5

2

t [d—1 d—1 d-1 d d d 4.10

2 2 2 2
2

d t d
dlog§ —d+log2m +log(d + 1) —i—dlogQ) + Zlog§+0(1)

2

1 d t d
= log¥(t) + = (——log§ +dlogd—d+logd+log27r) + —log = + o(1)

d.d d 2 d
<§log— —3 +10g\/27r) + §10g5+0(1)
)

) 2 4 2

2

t 1 t d
= log ¥ (t) + 3 (dlogd—d—l— §logd+log2§ﬂ) + ZIOgE +o(1),

as d — oo. This completes the argument and proves (b). We turn to part (c¢). First,

we observe that Theorem 4.1.4 (a) implies the distributional representation

1 1 1
Laa—log(d+1) R (Li-rar = 5log(d =1+ 1)) + (L5, = Sloglr+ 1)), (4.1)
where E’dm is a copy of Lg,, independent of L4_, 4—,. Since d —r = a, this implies that

t(Ld,a—ma)
E [et(ﬁd*_md)} = M o5 log(atl) L5 log 454

E [¢tCa]

Applying part (b) of this theorem to the numerator and (4.8) to the denominator, we

conclude that, as d — oo,

E [et(ﬁd,r_md)} ~
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4.3. MOD-¢ CONVERGENCE

Finally, we prove (d). From part (b), we know that

E [et(ﬁdfr,dfr_mdfr)} G (%)

E [et(ﬁd,d—md)}
lim = lim — =

d—0o0 eitQ log% d—0o0 eZtQ log =5 G (% + %) G (]. + E) .

Using the distributional identity (4.11) yields that

411 E [e!(Faa=ma)]

— —Mg—_p -1
E et(ﬁd,r (ma—mq_r)—3 log = E[et(cd*T’d*Fmd’T)]

1,2 d

ezt log &

1,92 d—r
Gzt log <5
1 d

= e4 d—r ,

t2 log

as d — oo. This implies the claim after observing that, as d — oo, log(d + 1) =
logd + o(1) and log(d — r + 1) = log(d — r) + o(1), respectively. Note also that if

d —r = o(d), then wy — 00, as d — oo, which is otherwise not the case. O

By using Theorem 4.3.1 and the results presented in Section 2.7, we deduce the fol-
lowing companion results. Recall also the definition of a stable distributed random

variable from Section 2.7.
Theorem 4.3.3 (a) Fixz some r € N. Then,

2 rd p
_yd,r + lOg - — ¢£,1,*1>
T 2 2

as d — oo, where ﬁb%,l,—l indicates a stable distributed random wvariable with

parameter c = %, a =1 and 8 = —1. Moreover, for all xg = o(dﬁ), 1t holds that

r

P (i < 0y 3;) = ¥(a) (141,

and, for all x > 0,

ry _ exp(—4 (" —x—1)) _rtrin,
P(Varza3) = R =L S O))

as d — 00.
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(b) Let a € Ny be fized and take r = d — a. Then, for all x4 = o(y/logd),

P (Ed,r —my < 4 %log g) = ®(24) (14 0(1)),

and, for all x > 0,

d
P <£d7r —mg > g log 5)
2?2 a a
_ exp(—%log %) G () G (2 (14 o(1))
x ﬂlogg 27G(%+%)Ga_22+§)

as d — oo.

(c) If r = r(d) is such that d —r = o(d), as d — oo, then, for all x4 = o(\/logd),

P (y;;,r <y o8 ) — () (1+o(1),

and, for all x > 0,

1+ 0(1)),

d exp(—% log %)

1 — 4 2
°8 d— 7‘) d (
d—r

(on.2

x4/ log

as d — 0.

Remark 4.3.4 Theorem 2.7.2 also yields rates of convergences in the central limit
theorems for the sequences Vg, L4, — mq and y;;’T, analyzed in Theorem 4.3.3. We
refrain from stating them separately since they show exactly the same rates as the ones
in the corresponding parts of Theorem 4.2.3. Indeed, by using mod-¢ convergence,
these rates have been calculated in [42, Theorem 6.13] (see also Remark 4.3.7).

Proof. We start by proving (a). The first statement follows from (2.32), since ¢ = 7,

a =1 and g = —1. The second and third one are direct consequences of Theorem

rd

2.7.1, since wy = 7,

_r(r+1) d 2

vt = (4 1) S =log(t +1), Tu(t) =

i and h=e"—1,

1
t+1

as well as F'(x) = sup{te —n(t)} =" —x — 1.
teR
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4.3. MOD-¢ CONVERGENCE

Indeed, since n(t) = (t + 1) log(t + 1) — ¢, we have that

% tz — ((t + 1) log(t + 1) — £)] = 2 — log(t + 1).

Thus, for all x € R, the supremum is attained at t = e*—1, which yields the claim. Now,
let us prove (b) and (¢). Again, the assertions follow from the respective conditions on
wg, ¥(t) and n(t) from Theorem 4.3.1 (), (¢), (d), applied to Theorem 2.7.1. O

4.3.2 The Beta and the spherical model

Now, we consider the Beta model with parameter v > 0 or the spherical model (in
which case v = 0). We establish mod-¢ convergence in the same four regimes as in the

Gaussian setting in the foregoing section. Similarly as above, put
- 1/1 3
Ma = 5 §logd—d+1—y+log227r . (4.12)
Theorem 4.3.5 (a) Fiz some r € N. Then, as d — oo, the sequence
dLy,

converges in the mod-¢ sense with

(r+1)(t+1)
(i

P DAL 1)+ 1)

n(t) = log((r + 1)t + 1)) —

log(t + 1),

and parameter wg = d, namely,

v(r+1)—2r—1
E [etdﬁd,r] 14 Lov(ril) _rr-1) ((r + 1)(t + 1)) -z

lim -
r(t+1)+1

d—o0 Gdn(t)

uniformly as long as t stays in any compact subset of C\ (—oo, —1).

(b) Let r =d. Then, as d — oo, the sequence

Laqg—mg

converges in the mod-Gaussian sense, that is, n(t) = %tQ,
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CHAPTER 4. RANDOM SIMPLICES IN HIGH DIMENSIONS

and parameter wg = %logg — %, namely,
Bl ) 6

lim =

dsoo eitlogs-1) G (L4 )G (1+1)

uniformly as long as t stays in any compact subset of C\{—1,—-2,...}.

(c) Let a € N be fixed and take r = d—a, as d — oo. Then, as d — o0, the sequence

a d
Ly, —mg— =log—
dr —Md T 51085
converges in the mod-Gaussian sense, that is, n(t) = %tz, and parameter wy =
1 d_ 1
3 log 5 — 5, namely,
E t(Ld*TimdiglOgg)] at+l a+2
P o G(F) G (%
e 28G5 +3) G (% +3)

uniformly as long as t stays in any compact subset of C\{—a —1,—a —2,...}.

(d) If r = r(d) is such that d —r = o(d), as d — oo, then, the sequence

r+1 (d—r)(1+7)
Lo, — (mg—mg—r — i (t—242v))—=lo T
converges in the mod-Gaussian sense, that is, n(t) = %t2, and parameter wg =

1 d
3 log 7%=, namely,

T d—r)(1+r
E et(ﬁd,r*(md*md—r* L (t—2+2v))— 3 log %)

lim =1
d—oo €it2 log d%dT

uniformly for all t € C.

Proof. We start by proving (a). From the moment formula in Theorem 4.1.2 (b),

E [etdﬁd’r}
_ " (d—;H +4) T (4y) D (d52) T <T(d+V722)+(d+u) n (T+21)td)
Lor(s) TEE+E) T (B4 p(w+%>
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4.3. MOD-¢ CONVERGENCE

First of all, by (2.13), it holds that

T M) 1 v (4t <d>_2 td
- & 7 2

- ~(1+t)272"
M (5 +5)

2
as d — oo. It follows from (4.6) that the first product in the moment formula asymp-

_I_l\')

totically behaves like

_rv_r(r=1)

~ ()T

+

"F05”+% I (%)

08 = ey

j=1 2
as d — 0o. Again, using (2.13), leads to, as d — oo,

r(d4+v=2)+(d+v) | (r+1)td
I ( 2 + = ) dlr)(t+1) | v(r41)—2r—1 d 3 —td

_dr@+D+1)  v(r+1)—2r—1

X (r(t+1)+1) P 2

Thus, as d — oo, we get

log E [etdﬁd”}

:(1—VU+4>_Tﬁ—lW_“+¢”)bg1+ﬂ
2 4 2
) ol 413
+<d( +12)(t+1)+ ( +1)2 2 1)1Og((7~+1)(t+1)) (413
_(ﬂﬂrgm+1y+WT+U;9T—1)bgmp+n+1»+dD,

and the result of part (a) follows. Let us prove part (b). For the purpose of this
proof, let Egd denote the Gaussian analogue of £, 4. In view of the connection between
the Gaussian and the Beta model (see Theorem 4.1.2 (a),(b)), the moment generating

function of L4 4 is given by

t td
log E [e"“44] = logE [ewgd] b log(d+ 1) — 5} log 2

D [ (=) tditity
r (—2 2
+(d+1)log | =4~ | +log
) T (d(d+l/—1)+nt+u>
2
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Using the asymptotic relation (2.14) implies that

(d+1)log (Fl(;(?;)> = (d+ 1)t log2 - z(15 —242v) 4 o(1),

2 d 4

and, similarly,

r <d(d+u—1)+dt+t+u

2 > t
p (e pray. | =184 g o2 ol

log

as d — 00. Denoting by v (t) the function defined in (4.9), and using (4.10), yields that

log E [e"~4]

t 1 . d
zlogw(t)+§(dlogd—d+§logd+log2g7r)+Zlog§—§log(d+1)
td d+ 1)t 2t t
—ElogQ—i—( ; ) loga—Z(t—2+21/)+tlogd—§log2+0(1)

t 1 :
zlogw(t)+§ (logd(d+§—1—d—1+2> —d+log237r—|—1—1/)
2

t t d
+§log2(d+1—d—1)+z<log§—1)+0(1)

1 3 t? d
—logd—d+log22m+1—v —i—Z(log——l) +o(1)

=10g¢(t)+z (2 5

2
2

- t d
= log ¥ (t) + tmq + Z(log§ - 1) +o(1),

as d — oo. Thus, the proof of (b) is complete and we progress with (¢). The com-
putations are similar to those in the proof of (b), but slightly more involved. Again,
we let £F, be the Gaussian analogue of Lg,. By Theorem 4.1.2 (a),(b), the moment

generating function of £;, is given by
log E [ew‘“]
=1logE [etcir] — —log(r+1)— 5 log 2

r (d_y > N r <r(d+uf22)+d+l/ X (rgl)t)
) T (r(d+u—22)+d+u + %t>

(4.14)
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Using again (2.14) and r = d — a implies that

(r+1)log (F(§(+ i)> = (d—gl)tlogg—%(t—Z—i—Zu)—i—%tlogg—i-o(l),

and

r(d4+v—2)+d+v (r+1)t
r ( 2 + 2

r(d+v—2)+d+v rt
()

) t
log :tlogd—ilogQ—i-o(l),

as d — oo. By using the behavior of EdT, stated in Theorem 4.3.1 (c¢), we obtain, as

d — oo,
logE[tLd’]
G(4) G (2 2 d ot
=lo - z z +tmg+ — log — — —log(r + 1
g(%@(%%m(%%) gy Talelr
tr (d+1)t, 2 t at . d
— —log?2 log— ——(t—2+2 log —
5 log2+ ———log 4( +u)—|—20g2

+tlogd — %log2+o(1)
G (25) 6 (=)

2

+t2<1 d 1>+at1 d
a+1 )G(%‘f‘%) 4 2 2 2

(dlogd —d+ = logd+log2%7r—logd—rlog2

—
o
o
l\')lw/ >

2
+(d+1)10ga+1—V+210gd—10g2)+0(1)

G (et N 2
:log<2 G(aJEl )2)é(%)+%))+tmd+tz<logg—l)

+ Elogg +o(1),

which yields the claim of part (¢) in view of the definition of m4. Finally, we arrive at
part (d). Observe that relation (4.14) still holds. Regarding to the first term in this
relation, we know from Theorem 4.3.1 (d) that, as d — oo,

(r+1)(d-r) 1

1
d tglios

d . + o(1).

t
IOgE[etﬁgr] :t<md—md—7~)+—10g d

2
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Once more, (2.14) yields

I (4 t. 2 r+1t r
Dlog [ —22_) =(r+1)-log= — St—2+2 (—)
(r+ )Og<F(g—|—”2t)) (r+ )2 0g ~ y 4( +2v) 4o 7
and
r(d+v—2)+d+v (r+1)t
F( 2 + 2) t r(d+v—-2)+d+v rt
log r(d4+v—2)+d+v t - 5 lOg 2 + 5 + O<1)
t r+1)d
= -1 1
5 108 — +o(1),

as d — oco. Combining these estimates implies that, as d — oo,

logE [ewd”]

t 1)(d — 1 d t t
= t(mg — mg_,) + = log (r+)d=r) + ~t?log —— — = log(r +1) — glog2

2°° 4 4 d—r 2
ot -T2+ e 50
:t(md_mdT_TLl(t—2+2y)>+%log%
+ itﬁogd_r +o(1).

This yields the claim, since wy = %log ﬁ — 00, as d — 00, by the assumption that
d—r=o(d). O

Remark 4.3.6 We do not formulate the corresponding extended central limit theor-
ems, precise deviations and Berry-Esseen bounds in the Beta and the spherical model,

because these results can be stated similarly as in Theorem 4.3.3.
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Remark 4.3.7 In their paper, Eichelsbacher and Knichel [42] analyze positive random

variables X that fulfill, for all £ in some interval,

: (4.15)

6k+ay+l))
_Cl 2H ]—f—l)

where r < d is allowed to depend on d, while ¢, ¢ € (0,00) are allowed to depend on
r and o € (0,00) is an absolute constant. Moreover, § € (0,00) is allowed to depend
on j and [ € (0,00) may depends on d and r.

For this huge class of random variables, the authors use methods similar to those

applied in this section to derive mod-¢ convergence in the regimes where

e 1 is fixed,
o r=d,
o d—1r—0,

e d—r=a,a€N, and,
o d—r=o0(d),

as d — oo. Now, let V;, be the volume of the r-dimensional simplex with vertices
Xi,...,Xpq1, 7 < d, chosen according to the Gaussian model (see Section 4.1.1).
Then, by using (4.15) with X =7V, c1 =1, o =2"(r+1),a == % and | =d—
we obtain that, for all £ > 0,

)

k k - kL (dg“ + g)
E|[(r'V,)| =(r+1 | | 2 i
[( ) ) ] ( + ) o [ F( )

2

that is, the moment formula presented in Theorem 4.1.2 (a). Similar choices of the
involved parameter recover also the moments in the Beta-, the Beta-prime and the
spherical model, respectively. In particular, the results presented in [42, Theorem 7.3
and Theorem 7.7] include our Theorem 4.3.1, as well as Theorem 4.3.5, as special cases.
Further, Eichelsbacher and Knichel extend our results by proving mod-¢ convergence
also in the regime where d —r — 0, as d — oco. On the other hand, while we are
able to state a central limit theorem with Berry-Esseen bound in the regimes where
r =o(d) and r ~ ad, a € (0,1), by using the method of cumulants, such results are
not included in [42]. This due to the fact that there is no mod-¢ convergence in the

latter mentioned regimes for the parameter r.
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4.4 Large deviations

The purpose of this section is to derive large deviation principles (recall the definition
in Section 2.5). Again, we restrict to the Gaussian, the Beta and the spherical model,

which admit finite moments of all orders.

4.4.1 The Gaussian model

We start with the Gaussian model and recall the notation L4, = log(r!V,,). By using
the Gértner—Ellis theorem (see Theorem 2.5.2), we derive large deviation principles

from the following assertions.

Theorem 4.4.1 (a) Let r € N be fized. Then, we have

jl(t> - — lim —10gE td(Lq,r— 2logd— log(r+1))
d—oo 1d

s(t+1)log(t+1)—t) :t>-1

+00 . otherwise.

(b) Letr ~ ad, a € (0,1), as d — oo. Then, we have

jo(t) : = lim —log]E [ td(Lq,— (logd+log(17a))):|

d—o00 Ong
2+2ta10g1+t a _t t>a—1
7 v
+00 . otherwise.

(c) Let a € Ny and assume that r = d — a, as d — oo, and mg as in (4.5). Then, we

have

1 1
lim —— log K [ t(ﬁd”*md)} = §t2, teR.

d—oco = log 5

(d) Let r =r(d) be such that d —r = o(d), as d — oo. Then, we have

lim % log E et(ﬁdm_(md_mdfr)_%log (r+1)£i;r+1)) _ 1152’ teR.
d—o0 3 log .= 2
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Proof. For t > —1, part (a) is a consequence of Theorem 4.3.1 (a). Now, recall from
Theorem 4.1.4 (a) that the distribution of L4, involves Gamma distributed random

variables Z & Turi; with 5 < r. Writing

1
2 02

o0
td td der+j  td_q _az
E[e?logz]:E[Z2]:c/z 7 T2 leTadz,
0

where ¢ € (0, 00) is some absolute constant, we get that the exponent at z is less than
—1 for sufficiently large d, if t < —1. This implies that in this regime the expectation
tends to infinity and, thus, completes the proof of part (a).

The proofs of (¢) and (d) directly follow from the proofs of Theorem 4.3.1 (b), (¢), (d)

in the previous section, respectively.

We turn now to the case that r ~ ad. Due to the asymptotic formula (2.13), we obtain
for all @ € (0,1), ¢ > a —1 and j € N that

r ((1+t—a)d+j>

2

(1—a)d+j
(=)
(1+t—a)d

it
1+t—a)d 1+t—a)d 2 2
exp(—( +t2 a) ) (( +t2 «) )
(1—a)d | j—1

(1-a)dy ((—a)d\ 2 T2
exp(——5—) (%

td (A+t—a)d i1

td\ (d\? (1+t—a) = l+t—a) 2
= log | exp 3 \3 oy -
(1—a) “

td td. d (1+t—a)d

log

~ log

=—5+510g§—|— log (1+t— )

(1—-a)d j—1  14+t—«
————log (1 — 1

5 1og(1—a)+"——log——-,

as d — oo, and, thus,

ad (14t—a)d+j
ey 1 [ tad p(Lspin)
o log E [e!*4r] = — [5 log(ad + 1) + 5 log 2 + jEZl log W
[ 1+1¢-— 1-— 1+1¢—
N—§+§logd+¥log(l+t—a)— alog(l—a)—l—%log%
t 1 242t — 2 —
:—§+§logd+¥log(l+t—a)— alog(l—a).
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This yields the result in the case that » ~ ad in view of the moment formula for Gaus-

sian simplices stated in Section 4.1.2. For t < o — 1, we obtain the result completely

similar as in the case where r is fixed, presented above. O

We turn now to the large deviation principles for the log-volume of Gaussian simplices.

Theorem 4.4.2 (LDP for Gaussian simplices) (a) Let r € N be fized. Then, the

(b)

(¢)

209

sequence

1 r 1
. (Ed,,« b logd — 3 log(r + 1))
satisfies a large deviation principle on R with speed rd and rate function

I(x) = =(e* — 1) — , z € R.

If r ~ad, a € (0,1), then, the sequence

1 ad
— - log(1 —
o (/Jd,r 5 (log d + log( a)))

satisfies a large deviation principle on R with speed ad® and rate function

I(x) = sup {tx — ja(t)}, z € R,

t>a—1
where ja(t) is the function from Theorem 4.4.1 (b).

Let a € Ny and assume that r = d —a, as d — oo, and mg as in (4.5). Then, the

sequence

satisfies a large deviation principle on R with speed %log%l and rate function

1
I(x) = 51;2, z €R.
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(d) Let r =r(d) be such that d —r = o(d), as d — co. Then, the sequence

1 1. (r+1)(d-r+1)
E r - 7”‘__]‘
$log 7% (ﬁd’ = mir) = 5108 T

dT and rate function

satisfies a large deviation principle on R with speed %log .

1
I(z) = 5952, z eR.

Proof. Let r € N be fixed. Then, by the Géartner-Ellis theorem (see Section 2.5) and
Theorem 4.4.1 (a), the random variables 2(Ly, — 5 logd — 3 log(r + 1)) satisfy a large

deviation principle with speed rd and rate function

I(z) =sup tx—l((t+1)log(t+1)—t) : z € R,
teR 2
i.e., the Legendre-Fenchel transformation of the function f(t) := 3((¢41)log(t+1)—t).
For each x € R, the supremum is attained at ¢ = e** — 1, which yields the result of
(a) since the function 5((¢+1)log(t+ 1) —t) is lower-semicontinuous, differentiable on
(—1,00) and satisfies

lim
t—1

d |1
&f(t)‘ = tli—m1 ‘5 log(t + 1)‘ = 00. (4.16)

Similar arguments imply the large deviation principles for the other regimes of r as
well. 0

4.4.2 The Beta and the spherical model

Now, we turn to the Beta model with parameter v > 0 and the spherical model,
ie., v = 0, and recall that L4, = log(r!'V,,), where V,;, is the volume of the r-
dimensional simplex with vertices X1,..., X, 1, chosen according to the Beta or the
spherical distribution, respectively. Similar to the Gaussian case, we start with the

following theorem that implies the large deviation principles.
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Theorem 4.4.3 (a) Let r € N be fized. Then, we have

1 )y t>-—1
J3(t) :== lim —logE[ tdﬁd,T} _ n(t)
e d +o00  : otherwise,

where n(t) is the function from Theorem 4.3.5 (a).

(b) If r ~ ad, a € (0,1), we have

Ja(t) := lim Llog]]z[ tiar] — nt) t>a—1
e ad” 400 : otheruse,

where n(t) is the function given by

242t —
n(t) :z#log(l+t—a)—

alog(l—a)— tlog(1+t).

(¢) Let a € Ny and assume that r = d—a, as d — 0o, and let mg as in (4.12). Then,

lim ; log E [et(ﬁd"‘_ﬁ‘d_%logg)] = l152, teR.
d—o0 —(log a 1) 2

(d) Let r =r(d) be such that d —r = o(d), and let mq as in (4.5). Then,

dsoo L log ﬁ

lim ; 10g E |:€t (Cdyr—(md—md_r—%dl(t—Q-i-QV))—% log (dqu)j_lﬁrr) >:| _ %tQ’ t e R.
2

Proof. For t > —1, the assertion in (a) follows from Theorem 4.3.5 (a). Recall from
Theorem 4.1.4 (b), that the distribution of V,, involves Beta random variables Z R

Buir—j a—r+; with 7 < 7. Writing once more
2 ’ 2

1
td d— r+g td v+r—j
]E[eﬂogz}: c/z T2l (1-2) 2 Tlde,
0

we see that the exponent at z is less than —1 for sufficiently large d, if t < —1. This
shows that the expected value tends to infinity and, thus, completes the proof of (a).
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Now, let us turn towards the case that r ~ ad, a € (0,1). Similar to the Gaussian

setting, we obtain, by using the asymptotic formula (2.13), for all v > 0, as d — o0,

()

2 2 1 2 -1
Nto;d to;d lgg—( + t)ad* + ad(v )log(l—i—t),

2

and, for all ¢ > 0,

r ( ad(d+v—2)+d+td(ad+1)+v )
2

log r (ad(d+u—2)+d+tdad+u>
2

o

2 T2 %3
d(d —2)+d+tdlad+1
adld+v )+2+ (ad + )+Vlog(a(d—|—y—2)+1+t(ad~l—1))
d(d —2)+d+tdad

_adld+v=2) +d+tda +Vlog(a(d—|—u—2)+1—|—t0zd).

2

Thus, by using the calculations made in the Gaussian case above, we conclude that,

fort>a—1,as d— oo,

d2 log E [ tdﬁ‘“]
(%)

1
=— (ad +1)log F<W>
2

ad(d+v—2)+d+td(ad+1)+v (1+t—a)d+j
r( (e

2 >
+log r <ad(d+u—2)+d+tdad+u> * Zlog r ((1—a)d+j)
2 J=1 2

t 1 d 1+1

t
~———log- — log (a(d+v—2)+1+t(ad+1))

1
log(1 + ¢
55085 og(l+1)+

1
+ log (« (d+u—2)+1+tozd)—£+ logc—l

2 2
242t —
+T10g(1+t—a)— alog(l—a)

1+t 242t —
+ log(l—f—t)%—%log(l—kt—a)—

alog(l—a)‘

~ —

This directly yields the result in the case where r ~ ad, taking into account the moment

representation in the Beta model stated in Section 4.1.2.
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CHAPTER 4. RANDOM SIMPLICES IN HIGH DIMENSIONS

For t < a—1, we conclude the result similarly as above in the case that r = o(d). Since
there is no dependence on the parameter v in the result concerning the Beta model,
the one regarding to the spherical model is implied by considering the limiting case

v | 0, as seen several times before.
The proofs of (¢) and (d) directly follow from the proofs of Theorem 4.4.3 (b), (¢), (d)

in the previous section, respectively. O

Now, we are able to state the large deviation principles for the Beta and the spherical
model. Their proofs follow the same lines as the ones in the Gaussian case, using again

the Géartner—Ellis theorem. Therefore, we have decided to omit them.

Theorem 4.4.4 (LDP for Beta-type and spherical simplices) (a) Letr € N be fized.
Then, the sequence Lg, satisfies a large deviation principle on R with speed d and

rate function
I(x) =sup {tx — j;;(t)},

teR
where j3(t) is the function from Theorem 4.4.3 (a).

(b) If r ~ad, o € (0,1), then, the sequence

1
@ 'Cd,'r

satisfies a large deviation principle on R with speed ad® and rate function

I(z) = sup {tz — js(t)},

teR
where ju(t) is the function from Theorem 4.4.3 (b).

(c) Let a € Ny and assume that r =d — a, as d — oo, and my as in (4.12). Then,

1 a d
— | La, — Mg — = log —)
%(logg - 1) ( 2 2

satisfies a large deviation principle on R with speed %(log g —1) and rate function

1
I(z) = 5:(:2, z eR.
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(d) Let r =r(d) be such that d —r = o(d), and let mg be as in (4.5). Then,

1
T 4 <£d,r — (Mg —mg_, —

1
2 IOg d—r

r+1 1. (d—=r)(1+r)
24 ) — Slog Z AT
1 (t +2v)) 20g IS

satisfies a large deviation principle on R with speed %log dT and rate function

d—
L,

I(z) = 5% z eR.

Finally, we combine Theorem 4.4.4 with the contraction principle (see Theorem 2.5.3)

to obtain a large deviation principle for V,,, that is, for the volume of the random

simplex itself, in the case that r € N is fixed or r ~ ad, for some a € (0, 1).

Corollary 4.4.5 Let f : R — R be a continuous function.

(a) Let r € N be fized. Then, the sequence 'V, satisfies a large deviation principle

on R with speed d and rate function
I"(y) :=inf {I(z) : z € R, e* =y}, y € R,

where I(x) is the rate function from Theorem 4.4.4 (a).

(b) Let r ~ ad, o € (0,1). Then, the sequence L5Lq4, satisfies a large deviation

principle on R with speed ad® and rate function
I'(y) ==inf{I(z) : x € R, e* =y}, y € R,

where I(x) is the rate function from Theorem 4.4.4 (b).
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Chapter 5

Approximation of smooth convex

bodies

Let K be a convex body in R?, d > 2, with twice continuously differentiable boundary
OK and strictly positive Gaussian curvature kg (x), x € OK. Further, let f : 0K — R,

be a continuous and strictly positive function, satisfying
[ f@Hian -1
oK

In this chapter, we give an upper bound for the approximation of K in the symmetric
difference metric by an arbitrarily positioned polytope Py, having a fixed number of
vertices. This generalizes a result by Ludwig, Schiitt and Werner [91]. The polytope
P; is obtained by a random construction via a probability measure with density f. In
our result, the dependence on the number of vertices is optimal. Moreover, with the

optimal density f, the dependence on K is also optimal.
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5.1. MAIN RESULT

5.1 Main result

Recall the symmetric difference metric of two convex bodies K and L in R?, defined as
volg(KAL) :=voly (K UL)—volg (KNL).

In this chapter, C,C},Cy € (0,00) will always denote absolute constants that may

change from line to line.

Theorem 5.1.1 Let K be a convez body in RY, d > 2, with twice continuously differen-
tiable boundary OK and strictly positive Gaussian curvature kg (x), © € OK. Further,

let f: 0K — Ry be a continuous and strictly positive function, satisfying
[ Famgian =1
oK

Then, there exists a polytope Py in R?, having n vertices, such that for sufficiently large
n, it holds that

1

Pl gyt (dz).

voly(KAPy) <Cn a1 / I
r)d-1

0K

We discuss this bound for different densities. First, it was shown in [121, Page 8| that
the minimum of the right hand side is attained for the normalized affine surface area

measure, having density

1

KK(:[;)d 1

J b (@) T HE ()

0K

fas(x) 1=

In this case, the theorem yields that

d+1

VOld(KAPf) < Cn_% as(K)ﬂ’

where as(K) is the affine surface area of K (see Section 2.2). In particular, choosing
the vertices of the approximating polytope according to the Gaussian curvature yields

the optimal bound.
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CHAPTER 5. APPROXIMATION OF SMOOTH CONVEX BODIES

Now, let K be centered, that is, its centroid is positioned at the origin. Recall that for

xr € 0K, we denote by Ng(x) the corresponding outer unit normal. Put

(z, Nk (2))* ki (x)°

TNt o T

fa(x) =

where «, 5 € R. Then, the theorem yields that

1-28
volg(KAPy) < Cn T /%Hg?(dx)
| o Ne@) s

_2
d—1

< / (2, Nig (2))° kg () M2 (da) |

oK

(see also [121, Page 10]). The second integral is a p-affine surface area as,(K) of K, if
and only if

In this case, it holds that
volg(KAPy) < Cn a1 as,(K) as,(K)eT1,

where

d—p

O

Finally, we discuss the surface measure, given by the constant density

1

Jom(@) = L R

Then, the theorem implies that

volg(KAPy) < Cn 71 vold_l(aK)% //{K(x)dll HEH(d),

oK

(see also [121, Page 9]).
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5.2 Preliminaries

Recall that for fixed v € S¥! and h > 0, we denote by H := H(u,h) the unique
hyperplane orthogonal to u at distance h from the origin. Let P; be the probability

measure on 0K given by
dB; = f() Hiz (da).
Now, let H N K # (). Then, Py, is the probability measure on 0K N H given by

flz )%aKmH(dx)
J @) Hyhg(da)

OKNH

deé)KﬂH =

The following results are crucial to prove the main theorem. The first two are stated
in [121, Theorem 1.1 and Lemma 4.3].

Theorem 5.2.1 Denote by Elvoly(P,)] the expected volume of the convex hull of n
points, chosen independently on OK with respect to Py. Then, it holds that

1

2 HgKl(dl”)

volg(K) — Elvoly(P,)]  (d— DT (d+1+ ) /w(x)d
no 2<d+1)1wf; g J@)TT

as n — oo.
Lemma 5.2.2 Let 0 = (0;)1<i<a be a sequence of signs, that is, o; € {—1,1}, i €
{1,...,d}. We define

K :={x=(21,...,2q) € K :sign(x;) =0y, 1 € {1,...,d}}.

Then, it holds that

n

Pi({o ¢ conv(xy,...,z,)}) <2 24 1—m1n/f HaKU x) |

oK°

where P indicates that the n points are chosen independently on OK with respect to
Py.
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CHAPTER 5. APPROXIMATION OF SMOOTH CONVEX BODIES

Moreover, we need the following Blaschke-Petkantschin-type formula. It arises as a
special case of a result derived in [137]. An alternative and simpler proof of this

version is also provided in [107, Page 2247].

Theorem 5.2.3 Let g(x1,...,x4) be a continuous and non-negative function. Then,

it holds that

/.../g@l,,,,,xd) dP(z1) . .. dP;(zy)

0K oK

_(d—1) /// / (21, .., 2q) voly_1 (conv(@n, - .. 7))

sd-1 0 OKNH OKNH

X HZH Ly d]P)fBKﬁH(xl) deBKﬂH(xd> thsd 1( )

j=1

where, for j € {1,...,d},
lir(x) = | N () | HI|
and N (x;)|H is the orthogonal projection of Nk (x;) onto the hyperplane H := H(u, h).

Finally, from Theorem 4.1.2 (d), (2.9) and (2.10), we deduce that

/ / volg_1(conv(zy, ..., 24))° Ha 5 (day) . .. HE (dzg)
d—2 Sd—2
0 : 3 d (d—1)(d—3)+(d—1)
o leem( r (%)) ) [ (B 4 a)
@17 4 T \TE D) (e )
\ ~ N _ (5.1)
F(%ﬁ(#) :(%)d :(Zl)d
Sy T
B wd 24(d—-1)d r d r d+1Y\ dwd
C((d=1D))2m(d—1)42 " \2 2 ) (d—1D!(d—1)d1!
v
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5.3 Proof of the main result

Without loss of generality, we assume that the origin is in the interior of K. As
already explained detailed in Section 1.2, we obtain the approximating polytope in
a probabilistic way. More precisely, we choose n random points Xi,..., X, on the
boundary of K according to Py, and let P, := conv(Xy,...,X,). Then, we approximate
a slightly smaller body, namely, (1 — «)K, where v := ~,, 4 depends on the dimension

d and the number of points n. In fact, we choose v such that
E[volg(P,)] = volg((1 — ) K) = (1 — 7)? voly(K). (5.2)

By Theorem 5.2.1, we have that

_ )& 2
volg(K) — E[voly(P,)] ~ s d-1)= T (d T 12+ d—l) / ki (7)
2(d+1)wi} e f(x)a1

as n — oo. Hence, with the choice (5.2) of 7,

volg(K) — (1 — )% volg(K)
) (d—l)%r(d+1+%) /,QK(x)d_

T d—1
~ N B}

2(d+1)wi

as n — 0o. Since

as d — oo, this leads to

HIH(d), (5.3)

2 [@d-DFT (A1t 2) 1 /w(w)il

T 2 dvola(K
2(d+ 1) wi vola(K) J - f(a)7

as n — oo. In particular, for sufficiently large n, v can be bounded from below by

(1_1>n_2 (d=1)FT(d+1+2) 1 /KK(CE)ZI

d—1
_2 _2
d 2(d+ wit  Vola(K) J o f(z)a
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CHAPTER 5. APPROXIMATION OF SMOOTH CONVEX BODIES

We split the proof of the main theorem into several lemmas. Recall, if H is some
hyperplane, we denote by HT the corresponding half-space containing the origin and

by H~ the opposite one. Now, define

P;(OKNHY) := / fla) "k (dz). (5.5)

OKNH+

Furthermore, for fixed u € S~! and sufficiently large n, let € > 0 be such that

where hy(u) is the support function of K in direction u.

Lemma 5.3.1 For sufficiently large n, for all € > vyhy(u) sufficiently small, it holds
that

E[voly((1 — v)KAP,)]

hk (u)

<C (Z) (d—1)! / / P, (0K N HY)" % max{0, (1 — 7)hx(u) — h)}

Sd71 hK(u)—a

d
X / e / volg_1(conv(xy, ..., x4))° H lg(x;)

OKNH  OKNH j=1
X dpfaka (:El) e 'd]P)faKﬁH (xd) dh Hgi}l (du)

Proof of Lemma 5.3.1. The choice of the parameter 7 in (5.2) yields for sufficiently

large n,

voly(K \ (1 — 7)K) _/-~~/vold(K\Pn) dP(z1). .. dP(z,).

0K oK

We combine this observation with the relation
volg((1 —v)KAP,) =volg(K \ (1 —v)K) —voly(K \ P,) + 2vols((1 —v)K N Py).

Figure 1.13 in the guideline corresponding to this chapter illustrates an example for

this equality in the planar case.
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5.3. PROOF OF THE MAIN RESULT

Thus, Lemma 5.2.2 implies for sufficiently large n,

E[voly((1 —~v)KAP,)]

= /---/Vold((l—'y)KAPn) dPs(xq) ... dPs(z,)

oK oK

— voly(K \ (1 - 7)K) —/n-/vold(K\Pn) dP(z1) ... dP;(z,)
oK oK

+ 2 /--o/vold((l—’y)[(ﬁpﬁ) dPs(zq) ... dPs(z,)

=2 / e /Vold((l — YK NP)dPs(zq) ... dPs(x,)

oK 9K
= 2@! . -al voly((1 —v)KNP))1(o € P,)dPs(z1) ...dPs(z,,)
+2 / " /Vold((l —7)KNP)1(o ¢ P,)dPs(xq)...dPs(z,)
oK 0K
<2 [ - [ voly((L=~y)KNP)1(o € P,)dPs(xy)...dPs(xy)
1

+2voly(K) P ({o ¢ conv(a1,...,z,)})

<2 / . /Vold((l — YK NP)1(o € P,)dPs(xy)...dPs(z,)

0K oK
n

+ 2voly(K) 24 1 — min / f(x) He (dx)

0K°

The density f is strictly positive everywhere and since the origin is in the interior of
K, the second summand is essentially of order C~", where C' > 1. Later, we derive
that the first summand is of order n~ 1. Thus, it is enough to consider the first one
in what follows.

Next, we introduce the function ®;, ;, : 0K x--- x 0K — R by

iy, jd(xlv s Tp)
_Jo ceonv(xjy, ..., 5,) ¢ Fa—1(Pp)oro ¢ P,
volg((1 —v)K N PS Ncone(xj,,...,xz5,)) :conv(zj,...,xj,) € Fq—1(Py)ando € P,
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where F;_1(P,) denotes the set of facets of P, and

d
cone(xy, ..., xy) = {Zaixi:ai >0,1 gz’gd}.

=1

For all random polytopes P, containing the origin as an interior point, it holds that

RY = U cone(zj,,...,T;,).

conv(zjl ..... xjd)E]'—d—l(Pn)

Moreover,

]P)?_d({(wdﬂ’ co @) s conv(zy, ..., 2q) € Fgo1(FPy)ando € B,})

n—d
= / f(x) ’Hg;mHJr (dz) =P, (0K N H)",
OKNH+
where H is the hyperplane spanned by the points x1, ..., x4 and we recall the definition

of Ps(OK N HY), given in (5.5).

Since the n points are independent and identically distributed, we arrive at

/. .. /Vold((l — YK NP)1(o € P,)dPs(xy)...dPs(z,)

oK oK

:// S 0w m) dPy() . dPy(,)

oK 0K WUtrwda}C{l,...,n}

_ (@//@l ,,,,, d@rs e o) APy (1) . .. AP (a)

oK
X VOld((l — ’7)K NH N COH8($1, . ,l'd)) 1(0 € Pn) d]P)f(ZL‘l) R d]P)f(l'd)

< <Z) /---/Pf(afmm)”d

oK 0K
x volg((1 —v)K NH™ Ncone(xy,...,xq))dPsr(xq)...dPs(zq),

where the sum runs over all unordered partitions of {1,...,n}.
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Now, Theorem 5.2.3 yields for sufficiently large n,

E[voly((1 —~v)KAP,)]

<c(> d— 1) /// /PfaKmm) T yoly 1(conv(zy, ... 7a))

sd-1 0 OKNH OKNH

d
x volg((1 —v)K N H™ Ncone(xy,...,x HZH
Jj=1
X d]P)faKﬁH ($1) d]P)fBKmH (wd) dh Hgd 1 (du)

Notice that h € [0, hg(u)]. On the other hand, due to the same arguments as in [91,
Page 9] and [107, Page 2255], it is possible to bound the range of integration for h from
below by hg(u) — e, where € > 0 is sufficiently small. Indeed, for all h < hg(u) —¢, it
holds that P;(OK N H*) < 1. Thus, in the latter mentioned regime, the whole integral
decays exponentially fast in n.

In particular, for sufficiently large n, we can choose ¢ such that

Furthermore, it holds that

volg((1 —v)K N H™ Ncone(xy,...,zq))

h (L —hr(w))*
< p volg_1(conv(zy, ..., x4)) - max {0, (T) — 1} :

Indeed, let H, be the hyperplane orthogonal to u at distance (1 — v)hg(u) from the
origin, i.e., the tangent at (1 — ) K in direction u. Then,

volg((1 —v)K N H™ Ncone(zy,...,z4))

< voly(H, Ncone(xy,...,xq)) — volg(H™ Ncone(xy,...,zq))

h
_ u d
(%) — 1] volg(H™ Ncone(xy,...,x4))

[(%)d - 1] voly 1 (conv(zy, . .., 2a)).

= <w) volg(H™ Ncone(xy,...,x4)) — volg(H™ Ncone(xy,...,x4))

QUIS
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Besides, since 7 is of order n~ 71 and ¢ < he@) g sufficiently large n,
(L= hx(w) = h _ (L= hxe(w) —hlw) +e _ 5= _ 1
h - hi(u) —¢ T 1-17d-1

Thus, by using the latter estimate,

and
= gk
) =32,
k=0

we achieve that, for sufficiently large n,

1 [(( — hic(u >> _1]

h
:%Z (h+ (u)—h)d_1
:%Z (1+ (u)—h)d_l:
:%l d V)h}i((u)—thd(d?— 1; ((1_7)h}f(u)_h)2+
< “_‘”h]j(“) by <(1—v>hff;<u> —h)k
k!
—<1_7)h;(u)_h'§%(d%‘ll>k

d \ (1=9)hg(u)—h (1 —)hg(u) —h
= exp (d — 1) <C .

Therefore, for sufficiently large n,

volg((1 —~v)K N H™ Ncone(zy,...,2zq))
< Cvolg_y(conv(zy, ..., xq)) - max{0, (1 — y)hx(u) — h)}.

This proves the lemma.
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To evaluate the innermost integral in the expression of the foregoing lemma, we first
recall geometric results derived by Reitzner [107]. Let xz(u) be the point on 0K with
fixed outer unit normal vector u € S¢~!. Since K has a twice differentiable boundary,

= béx(u)’x(u)), that osculates

there is a paraboloid Qéx(u)), given by a quadratic form b, :
OK at x(u). In order to keep our presentation reasonably self contained, we provide
the reader with an explicit construction (see, for example, [107, Page 2265]).

We identify the support hyperplane of 0K at x(u) with R¥~! and z(u) with the origin
of R~!. Then, there exists a twice differentiable convex function g(y) := ¢*™(y), y =
(Y1, .., ya_1) € R¥! such that, in some neighborhood of z(u), K can be represented

by (y,9°™(y)). To formalize this further, we denote by

d2
Ty, 9|,

the second partial derivative of the function g, evaluated at the origin. Then,

and

Q5™ = {(y,2) : 2 > ba(y)}-

Thus, K is contained in the half space corresponding to z > 0. Now, let R? = (R, x
S?-2) x R, and denote by (rv, z) a point in R?, where v € S*2, r € R, and z € R. The
following lemma summarizes results from [107, Page 2265 and 2271|. In particular, it
states that for each boundary point z(u) € 0K, the distance between 8@;@) and 0K

is uniformly bounded, in some specific neighborhood of x(u).

Lemma 5.3.2 Let u € S*! and § > 0 be sufficiently small. Then, there exists some
A > 0 only depending on & and K such that for x(u) € OK, the A-neighborhood U of
z(u) in OK, defined by

PR = B0, )),

can be represented by a twice differentiable convex function z == g(rv) := g (rv).

In particular, in this neighborhood, it satisfies

23, (5.6)

N

(1+06)"2by(v) 7227 <7 < (1+06)7 by(v)”
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and

Ly (rv)
(v, Nnp (rv))

(1+8)7227 by(v) 72 272 <(1+0)227 h(v) 2272 (57)

IN

Here, for fized rv, H is the hyperplane that contains (rv, g(rv)) and is parallel to R*1,
and Ngnp(rv) is the outer unit normal vector to OK N H at this point. Furthermore,
for the density f and all p € U?, it holds that

(1+0)7" flz(u) < fp) < (L+0)f(x(w)). (5.8)

We next estimate the innermost integral in Lemma 5.3.1.

Lemma 5.3.3 Let x(u) be the point on OK with fized outer unit normal vector u €
S?=t. Denote by z the distance from H to the support hyperplane of 0K at x(u), and
note that h = hx(u) — z by construction. Then, for all sufficiently small 6 > 0,

d
volg_y(conv(zy, ..., x4))? H la(z;) APy (1) o APy oy (2a)

OKNH  OKNH =1
d(d+3) d2-d—2 d%—d-2 dwdf _d_
< (1 + 5) 2 2 2 gz 2 (d — 1)' (Zlii 1)d—1 f(x(u))d /{K<J](u)) 51
d?2—d—2
+00(z =2 ),

where the constant in O(-) can be chosen independently of x(u) and .

Proof of Lemma 5.3.3. The proof follows closely the arguments given in [107]. First,
we replace the random points z;, i € {1,...,d}, chosen on 0K N H, by random points
chosen on the intersection of H with the approximating paraboloid ng(")). Hence, we
write x;, i € {1,...,d}, as z; = r(v;)v;, where r(v;) is the radial function of K N H,

estimated in (5.6). Now, [107, Equation (68)] yields that

[voly_1(conv(zy, ..., x4)) — volg_q(conv(ra(vy)vy, ..., ma(vg)vg))| < 60(2%),

where

9 > 0 is arbitrarily small and the constant in O(-) is independent of z(u) and .
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5.3. PROOF OF THE MAIN RESULT

Therefore,
d
volg_1(conv(zy, ..., x4))° H lg(xj) APy (1) o AP gy (@)
OKNH — OKNH =1
— / e / [vold,l(conv(rg(vl)vl, oy ra(va)va))? + 5O(zd*1)]
OKNH  OKNH
d
X H I (l‘]) deaKmH ($1> s d]P)faKﬁH (Id)v
j=1

where the constant in O(-) can be chosen independently of z(u) and 4.
First, we evaluate the integral involving the O(:) term. The density f is uniformly

bounded and by (5.7), the integration concerning each

ZH(J:J) deaKmH (xj)’
j €{1,...,d}, results in terms of order
O(z"2) voly_»(0K N H).

Since, in view of (5.6),

—2

voly 2(OKNH)=0(z7),

we achieve that

d
/ 5O(Zd_1> H ZH($j) deaKmH (xl) s dIPfBKﬁH (xd)

OKNH  OKNH j=1
= 60(z* 1O (2% voly_o (0K N H)?
= 60(x1 72T

d2—d—2

=00(z =),

where the constant in O(+) can be chosen independently of x(u) and 6.
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Secondly, we turn to the first summand. Rewriting the integral over S?~2 and using

(5.6), (5.7) and (5.8) yields similarly as in [107, Page 2274] that

/ volg_1(conv(ra(vy)vr, . .., T2(vq)ve))?

OKNH OKNH
d

X H lH(xj) dpfaka (Il> T deaKﬁH (xd)

_ / / volg_1(conv(ra(vy)vy, - . ., ra(va)va))’

x [T £(r(v)vy) 25]<7r]$f;lz:2rsjig))qjj)> HEZ (dva) ... HE 2 (dvg)

=1
< (1 + 5) d(d2i3), 2—d Z_d / / VOld ) COHV TQ(Ul)Ul, o ,T’Q(Ud)vd))2
d
x HT2<U])d ! Hgd 2(dU1> 'Hg;i (d’(}d),
J=1

where again r5(v) = by(v)"222. Now, define an ellipsoid E as the (d — 1)-dimensional
convex body having radial function bg(v)’%, i.e., as the intersection of ng(“)) with the
hyperplane corresponding to z = 1. Since the Lebesgue measure is homogeneous, the
integral appearing in the latter expression can be rewritten as an integral where the
random points are chosen in the interior of E, according to the uniform distribution
(see [107, Page 2275]). That is,

/ e / volg_1 (conv(ra(vy)vy, . . . ,rg(vd)vd))2
S‘i*Q Sd*Z

X H?"g v;) 1HSd % (dvy) .. Hgd__?g(dvd)

7j=1
ba(v1) 7% (vd)f%
c: 11 Z1 1 19
= volg_1(conv(be(v1) 22201, ..., ba(vg) " 2220,))
d
X H D82 dty .. dta He % (doy) - Has % (dvg)
7=1
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bo(v1) 2 ba(vg) 2
= / e / / e / VOld_1<COHV(b2(U1)_%U1, . ,bg(vd)_%vd)>2
§d—2 Sd—2 0 0

d
X H — Dt dty - - dtg M (dvy) - HE 2 (dvg)
7j=1
d?+d—2 d _ - 12
=z 2 (d—1) <o [ volg_q(conv(Zy,...,%4)) dxy ... dzyg,

E E

where Z; arises as the orthogonal projection of the point x; onto the boundary of F,

- x; ( T )
T; = r .
P Dl ]

Here, rg is the radial function of E, and || - || is the Euclidean norm with the origin

ie.,

placed at the center of E. The random elements dxz;, i € {1...,d}, as well as vol;_1,
are homogeneous and invariant with respect to volume preserving affine transforms
acting in the affine subspace {z = 1}.

Moreover, the volume of E equals

2%I{K(l‘(u))_%lﬁd_1,

(see [107, Page 2275]). Thus, by first transforming the ellipsoid E into the Euclidean
ball B¢~ (using a suitable affinity), then, rewriting the integral as an integral over the
sphere S?72 and, finally, using (5.1), it follows that

2 (d - 1) /---/Vold_l(conv(fl,...,:id))2d:r1...dxd
E E

= (1 etat) ) (2 et )’
/ / volg_1(conv(zy, . .., 2q))* Haa s (dur) ... HE % (dug)

N|=

d24d—2 _d24d—2 _d_q d wg_l

=z 2 2 2 kg(z(u) 2 (d—1)1(d—1)d1
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Combining the above calculations yields for all sufficiently small § > 0,

d
VOld—l(ConV(‘rla SR 71‘(1))2 H lH(xj> dIPfBKﬁH (Il) o 'd]P)faKmH (xd)

OKNH  OKNH =t
d(d+3) d?—d—2 d%?-d-2 d wd; _d_
< (1_|_§) 2 2 2 gz 2 (d— 1)'(21 1>d—1 f(ac(u))d,z;K(x(u)) 51
d2—d—2
+00(z 2 ),

where the constant in O(-) can be chosen independently of z(u) and §. This proves the

lemma. 0
Now, we further analyze the expression appearing in Lemma 5.3.1. We put
s =Py(0KNH).
Consequently,
P;OKNHY)=1-s.

Moreover, the result stated in [107, Equation (71)] implies the following estimates.

Lemma 5.3.4 Let x(u) be the point on OK with fized outer unit normal vector u €
S, Denote by z the distance from H to the support plane of OK at z(u), i.e.,
z = hg(u) — h. Then, for all sufficiently small § > 0, it holds that

(14 0)712%F f(au)) sae(w(u) 72 haa 25 5.9
<5< (14602 f(a(w) kr((w) 2 gy 27 '
Therefore, we achieve that
< (14 gy )T (A= 510
2 f(w(u) =T wi)
and
4z (1 4oy p(@()2 272 s (5.11)
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Using the two latter estimates, we continue the proof of the main theorem as follows.

Lemma 5.3.5 For sufficiently large n and sufficiently small 6 > 0, it holds that

Efvoly((1 — y)KAP,)] < I + 11,

where
I:=(1+9) o= ale. (Z) d / kic(o(u))™!
gd—1
1
X /(1 )"~ s (2 — yhi (u) ds HE (du)
0
and

I1=(1+0)"3¢C (Z) d / e ((u)) ™!

Sd-1
s(vhx (u))

X / (1—s)" 4" (yhie(u) — 2) ds HE T, (du).

Here, we have that z := z(s) and

S(vhic () = / f(2) Mz (d2),

OKNH~—

where H is the unique hyperplane orthogonal to u € St at distance (1 — v)hg(u) to

the origin and H~ the corresponding half-space not containing the origin.

Proof of Lemma 5.3.5. First, observe that
max{0, ((1 —y)hg(u) —h)} =0, if h>(1—5)hg(u).
This, Lemma 5.3.1, Lemma 5.3.3 and the substitution z = hx(u) — h yield that

Efvoly((1 — 7)KAP,)]

d(d+3) d2—d—2
2

<0 op® 2 (1) R st et
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d2—d—2

(1 =) (u) = h) dh Mg, (du)

Sd—1
X / P/(OKNHT)" 2 E (z — vhg( ))dz?—lgdll(du)
Yhi (u)
+5(Z> (d—l)!/ /IP’f(aKﬂH+)”‘dO(zd2_2H)

SA=1 yhge (u)

x (2 = hi(u)) dz Hg (du).

As the upcoming calculations show, the order of both summands is n~T1. Since § is

arbitrarily small, it is enough to consider the first one in what follows.

2
We use (5.11) and (5.10) to change from 2% to 5% and obtain that, for sufficiently

large n,

Efvoly(1 — 1) KAP,)]
< (14 5)"“ %Y a ool 53 (”) d“d : /f pore (2 ())~

[SI[oH
vl

« / (1= )" 2252 (0 yhe(w) ds HO, (du)

s(vhi (w))
2_ 1 d d-1 1
<y ot () UL / Pl ()4
1
_ (d—1)2
y / (1= )" 25 (2 = b)) ds 1O, (du)
s(vhi (u))
2 5 _1\2 _1)2
< (14 06) 5= 09t 9= <Z>d/HK(x(U))1

§d—1
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« / (1= )" s (2 — by () ds 1O, (du)

s(vhr (u))

<1483 C (Z) d / k()™

x / (1= 5)"~ 81 (2 — yhye(u)) ds HET, (du)
s(vhi (u))

— 1+ 0" 0 (Z) d / ke (w(u) ™

Sd—1
1

X /(1 — )" s (2 — yhye(w) ds HE (dw)

0

+(1+ 0" (Z) d / rx ()™

gd-1

s(vhi (u))
y / (1= )" s (g () — 2) ds 1T, (du).
0

This proves the lemma in view of the definitions of I and I1. O
We start with the first term.
Lemma 5.3.6 For sufficiently large n and sufficiently small 6 > 0, it holds that

[<(148)*3 on /M’Hg;{l(dx).

0K

Proof of Lemma 5.3.6. We apply (5.10) and (5.4) to get for all sufficiently small § > 0

and sufficiently large n,

3d%+3d —1%
[<(1+6)"7 C(n)gM

d Wy
S DI 1
" (1+5)% / ki (z(u)) 2 a1 ’Hsd (du) / )i d gd— 1+2 ds
f(x(u))=T
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_< 1)n—fl<d—1>F(d+1+#> 1 /m:c)«:%
(d+ 1)! dvoly(K) flz)aT

oK

Hi (dz)

X / hic(u) ke (z(uw) ™ HE (du) /(1 —5)" s ds ] :

Sd—1 0

For u € S™ 1, let z = z(u) € OK be such that Ni(z) = u. Then, relation (2.4) implies
that

dvoly(K) = /(w,NK(x»Hgfcl(dI)
oK
— [ huctute) i ao) (5.12)
oK

= / hK—(lL)Hg;_ll(du)’

e

and .

kg (z(u)) et 2 (dy) — M}ﬂ‘l da).
/ Fatye e /f<:v>«fl e

sd—1 oK
We use those, together with the definition and properties of the Beta function, to arrive

at
3d243 —1 %1 %1
I<(1+6)*"0 (Z) g (d L)d / “K(xi 1 (dx)
Wil Gk flz)=

20 P(n—d+ D (d+ %)
(1+9)* T(n+1+-2%)

1\ 2 d=DI(d+1+25) T'(n—d+ DI (d)
_< > (d+1)! T'(n+1)

o e

X

M 1\ o (d=1D)(d+2) T (n+1+ )
(140) —(1——)nd Ry T ) ]
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Here, in the last equality we have also used that

2 2 2
F(d‘f‘l‘i‘ﬁ):F(d—Fm) (d—i_ﬁ)’

in view of (2.9). Now, observe that, due to (2.13),

2
r (n +1+ m) ~V2me T T T (n+1), (5.13)

as n — o0o. Thus,

Cn—d+ Dl ([d+7%5) (@m-did-1! 1

2 2

F(n+1+ﬁ) n!nda-—1 (Z)dnﬁ

as n,d — oo. By using the latter estimates, we obtain for sufficiently large n and

sufficiently small 6 > 0,

3% 134 2 (d—l)% FGK(I)%1 d—1
[<(1+46) 7" Cn ; 7 Hox (dz)
¥s Z flayrs
24 1\ (d—1) (d+d31)
x <1+5>_(1_E) dd+ 1) ]

where in the last inequality we have again used (2.13) to get that

g _ T .
=1 o\ or'T B OmTT eI er
Wag_1 = = ~ 2 FE) = 2 ~ a1 (5.14)
(T) 2mre 2 (Ql) 2 dda=1
2
as d — oo, and (d — 1)ﬁ < 2. This proves the assertion. ]
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Now, we deal with the second summand in Lemma 5.3.5.

Lemma 5.3.7 For sufficiently large n and sufficiently small 6 > 0, it holds that

IT< (1463 on-a / AT gyt ).
o f@)

Proof of Lemma 5.3.7. Recall that

I1=(1+06)*3¢C <Z) d / k(2 (u) ™

§d—1
s(vhi (u))
X / (1—5)"" """ (yhy(u) — 2) ds Ha ™ (duw).

0

First of all, by (5.3), for sufficiently large d and n,

1 “U¥($)di1 d—1
C 5 s— Hyy (do). 5.15
= volg(K) naT / f(x)a1 orc () ( )

oK

Indeed, in view of (5.14) and (5.13), it holds that

(d=1)T T (d+1+2%) 1 (d—1)%d%r(d+1)<dd4ﬁ<c
_2 ~ = )
2d(d+ 1) wi! 4re (d+1)! 2me

as d — oo. Moreover, it holds that

s(vhi (u))

(1L+6)""d f(a(w) hre(u)= 1 k()™ 7 (516)
< 1 2 H K dl’ y
B en ki (x(u))? d VOId(K)aK fz)T ox (dz)

for sufficiently large d and n.
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Truly, by Lemma 5.3.4, (5.3) and (5.14), as n,d — oo,

s(vhi (u))
164 () hix(u) T 4
< (1 4] at 272 Kg_1 1 2
e ST E
14t w(u)) hi(u) T
<(1+9 d+ 22 Kg_1 -
(149) d e (2(0) 7
: (A=DTD(d+1+7%) 1 ki (z)™T N
e 2 s— Hoy (do
X( 2(d+1)'w§71 dVOld(K)aZ f(l’)ﬂ 0 ( ))
~ (1 + 5)d+1 f(x(u)) hK(U)%
nﬁK(x(u))% )
(d—1) dﬁ 1 /ﬁlK(x)ﬁ » =
X( d+1  dvoly(K) / @)™ Hix (dx))
oK
~ (146" d fla(u)) hg(u) = 1 nK(gg)dil i1 2
en k(2 (u))? (d Vold(K)/ ) Mo (d )) :

d-1
d—1)\ 2 1
d+1 e’

as d — oo. Now, we distinguish two cases.

Case 1:

The function
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Indeed, it holds that

and
(n—d)(1—s)" s 4+ (d—1)(1—s)" 92 =0
& (d—1)(1 —s)"ds2 =(n
& (d—1)(1—1s) = (n
< s(n—1) =d-—1.
Therefore,
., d—1
o7 n—1
Since
12
12 (S)S:S*:(n—d)(n—d—l ( ) (

—2(d—1)(n —d) (1 - 1)

n—1

+(d—1)(d—2) (1—Z:i>n_d<z:i

=(n—d)" " 'n—d-1)(d-1)""(n-

—2(n—d)"4d -1 (n-1)"%
+(n—d)"4d —1)"2(d - 2)(n —d)~"3)

<(n—d)"4d-1)"(n—-d)~"3

—2(n—d)"4d—-1)"(n-1)"3

+(n—d)"d—1)"" (n—d)" "
=0,

the function f(s) has its maximum at s*. Now, because f(0) = 0 and

2-)
@-0% _(@-)H _aon

1 = 1’
d2@-1 p, n n—
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the function f(s) is increasing on

Observe that, in view of (2.13),

(n)d_n(n—1)~~(n—d+1)d nd ed
d d! V2rvddi-r

as n,d — oo. Furthermore, for all x > 0, it holds that

(1 - 2)" < exp(—(n — d)a),

(see [1, Equation (4.2.29)]). Thus, combining the above estimates, for sufficiently large
d and n, it holds that

s(vhic (u))
<Z) d / (1 —5)"" 45" (yhg(u) — 2)ds
0

s(vhic (u))

<y e (w) (Z)d / (1—s)" 5oL ds

0

d—1\ n—d a-1\ d—1
(oo (7] ()

d d R oy e L yasn 4t
< Oyhyglu) ¢ W=D T () (A=) (=17
V2rVddit gman g d=@D p, d7@m

d—1
< Cyhg(u) el g T 2 —dt 3@ 2 exp( (n—d)(d— DG )

dl)n

g 520 1242(d—1)3—2d2(d—1)—2d n_ — 1)d7
< Cyhg(u)e’d 2d(d=1)
d 1)
da—1
d

< Cyhg(u)et d~ T exp (_(n — —b )
d? @D n
< CVhI;(U)’

240
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where we also used in the last step that

d—1
d

(d—1)

1 ~ d,
d2@d-1

as d — oo. Hence, with (5.15) and (5.12), it follows that

3d2+3d y

IT<(1+49) 2 CE / ke (2(w) ™ hic(u) HE (du)

Sd—1

RO = / FEAL) (fc)il HI(da),
Sk f(z)a1

< (1+0)

finishing the proof of the lemma in Case 1.
Case 2:

(d-1)T

S(VhK (u)) > 1 .
d2@d-1 n

This inequality is in view of (5.16) equivalent to

asr A f(@(w) hie(u) T 1 krc(z)TT T -
(1 + 6) e/{K(Qj(u))% d VOId(K)aK f<I>%1 H@K (d )
(d—1)T
d2(d171)

which itself is equivalent to

1

O / Fe@) 7T a4y >

Y voly ()
oK

)=

et (d— 1T (o)t
2(d+1) v :

(14 6)° & qu=r fla(u)a1

We integrate both sides over 0K according to the (d—1)-dimensional Hausdorff measure

to achieve that , ,
2+1)  ed-1 (d—1)d
(1 + 5) -l > <2d—1 )
d@—12

Thus, we arrive at a contradiction. Indeed, the right hand side is strictly bigger than
1. On the other hand, 6 > 0 can be chosen arbitrarily small. This shows that Case 2

never arises and, therefore, finishes the proof of the lemma. O
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Proof of Theorem 5.1.1. Lemma 5.3.6 and Lemma 5.3.7 imply that for sufficiently large
n and sufficiently small § > 0,

Efvoly(1 — ) KAP)] < (1+6) 7 ¢ [ PO qrdiiqr).  (5.17)

Taking into account that we were approximating the body (1 — ) K instead of K, we
need to multiply the bound (5.17) by (1 —~)~%. Since

(1_7)d21_d’77

for sufficiently large n, we have that (1 — )¢ < C. Finally, since the bound (5.17)
holds for all § > 0, the theorem follows. n
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o5(fry), 151

sign(t), 62
Ly 49
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convex polytope, 40
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Gartner-Ellis theorem, 55
Gamma distribution, 64, 176
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Gaussian curvature, 36
Gaussian model, 174
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generalized Gamma distribution, 68

Gumbel distribution, 69

Hadwiger’s theorem, 38
harmonic number, 45
Hausdorff distance, 38
Hausdorff measure, 41
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hyperplane conjecture, 8
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intrinsic volume and face functionals, 85
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large deviation principle, 55
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symmetric difference, 36

mod-Gaussian convergence, 60
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: : 1
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point process, 57
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random simplex, 175
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