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Chapter 1
Introduction

In this thesis we are concerned with problems arising in the fields of stochastic geometry
and random polytopes. We provide the reader with a brief review of the historical
development of these fields as well as an overview of their applications. We will,
however, mainly focus on topics of relevance for the contents of this work. We start
by recalling Buffon’s needle problem and the famous four-point problem of Sylvester.
This serves as a starting point for the somewhat related problem presented in Chapter
5, which, just as Sylvester’s problem, arises from a very simple geometric question.
Although the nature of the problem seems very trivial, it is all but that when one
tries to tackle it. We go on by introducing the historical pathway which the theory
of random polytopes has taken. As we will see, a lot of great results were achieved in
this field of study and it’s practical applications are manifold. A large literature can
be found on topics from random polytope theory, which we readily mention and point
out to the reader. However, as already mentioned, we focus on aspects of relevance
for this work. We hope to be able to provide the reader with a useful entry point
into the tightly linked Chapters 3 and 4. Lastly, we give an outline of the contents of
the endeavor awaiting the reader. We briefly introduce the problems of the respective
chapters and provide sources of the research papers in which their solutions where first

presented.



1.1. GENERAL

1.1 General

Stochastic geometry and random polytope theory are on the crossroads of a number
of mathematical fields. Immediately, probability theory and convex geometry come to
mind. However, in fact, a whole lot more mathematical fields are needed to be able
to appropriately approach the problems posed by these fields. For instance, methods
from integral geometry, differential geometry and manifold theory, asymptotic analysis
and many more are employed. In turn, the results obtained in these disciplines find
a wide variety of uses in other mathematical and scientific fields, for instance, asymp-
totic geometric analysis, computational geometry, multivariate statistics, optimization,

compressed sensing and many more.

The onset of the field of stochastic geometry can be traced back to the year 1733 to
Georges-Louis Leclerc, Comte de Buffon [70, 71] who posed a problem that is nowadays

known as Buffon’s needle problem:

”Suppose we have a floor made of parallel strips of wood, each the same
width a, and we drop a needle of length 2r onto the floor. The length of
the needle should be at most the width of the strips, i.e., 2r < a. What is

the probability that the needle will lie across a line between two strips?”

Leclerk de Buffon himself gave in [70] the answer: The probability is 1 — %. In
1812 Laplace [67] reconsidered Buffon’s needle problem and realized that one may
approximate m with the procedure prescribed by Leclerc de Buffon. Nowadays such
an approximation is known as Monte Carlo method. Later Lazzarini [69] used this
method to reproduce the, at the time already well known, approximation 355/113 for
m by conducting 3408 throws. However, there is strong doubt about the sincerity of
Lazzarini, since the rate of convergence of this method is very slow and it is believed

that he may have faked his results, see for instance [11, 74].

Much later, namely in 1864, another problem of great relevance to stochastic geometry
was posed by James Joseph Sylvester [103] known as Sylvester’s four-point problem. Tt

also marked the start of random polytope theory. In its naive formulation it reads as:

”Show, that the probability that the convex hull of four points taken at

random in an indefinite plane is a triangle, is 1/4.”

One immediately notices that this question leaves a lot to be desired. Neither is it clear

with respect to which probability measure the points should be taken, nor whether
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they are independent or even identically distributed. Hence, no concise answer can be
given. This was mirrored by the first results obtained by Sylvester [103], DeMorgan
and Wilson, published by Ingleby [57], and Woolhouse [112] who obtained all different
results, due to their respective methods of approach. Sylvester thus reformulated his

question into its modern and precise version:

”"What is the probability that the convex hull of four points chosen inde-
pendently and uniformly from a convex body K form a triangle and which

classes of convex bodies minimize, respectively maximize, this probability?”

This question quickly sparked fruitful results. Namely, Woolhouse’s former results

35
1272

Sylvester showed that it is 1/3 for a triangle [104], and Woolhouse showed that it is
11/36 for a square (respectively, parallelogram) and 289/972 for a hexagon [111]. Later,

implied that this probability is for K being a circle (respectively, ellipse) [112],

it was shown by Crofton [37] that circles (respectively, ellipses) are the minimizers of
this probability, while Blaschke [24] proved that triangles are the maximizers. Note
that these probabilities can also be interpreted as the portion of area of K covered by
the convex hull of three independent uniform random points from K. Later Alagar
[5] gave the distribution function of this area if K is a triangle, while Henze [52]
established those for the parallelogram and the circle. Another natural generalization
of the question, namely, the probability that n such random points in a convex body
K form an n-gon, was treated. Valtr [106, 107] and Peyerimhoff [83] gave answers for

special classes of convex bodies.

But let us consider the most obvious generalization: higher dimensions. So, the ques-
tion of the probability that the convex hull of d + 2 independent uniform random
points from a d-dimensional convex body K form a d-simplex. An explicit formula
for this probability in the case of K being a d-dimensional ball (respectively, ellipsoid)
was given by Kingman [65], while, shortly after, Groemer [46] showed that the class
of ellipsoids is indeed the minimizer for this probability. Naturally, the candidates of
convex bodies K for maximizers of this probability are d-simplices. However, to this
day it is not clear whether this is in fact true, not even in the seemingly simple case of
three-dimensional space. It’s correctness would carry a large number of implications,
not least the affirmation of the famous and long open hyperplane or slicing conjecture.
It states that for any convex body K of fixed volume there exists a hyperplane H such
that the volume of the intersection K N H is lower bounded by a universal constant

independent of the dimension or the convex body. See Bourgain [27] and Klartag [66].
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Let us now turn our attention to the broader historic development of random polytope
theory. Very good survey articles on random polytopes were written by Barany [13, 14],
Hug [54], Majumdar, Comtet and Randon-Furling [75], Reitzner [89] and Schneider [96],

which we suggest the reader to consult for an in-depth overview.

We first establish the general construction principle of the random polytopes under
investigation. Given a probability distribution in R, which may or may not have
compact support, we sample n independent random points Xi, ..., X,, according to
that distribution. The convex hull conv(Xj, ..., X)) of these points is then a random
polytope. Efron’s [42] and Rényi and Sulanke’s [91, 92] papers could be considered as
starting points to investigations of topics related to the work presented in this thesis.
One may also find similar problems and question in [110]. While Efron established for-
mulas for expected areas, perimeters and edge numbers of random polytopes generated
for a number of different planar distributions, already hinting at the importance of the
normal distribution or the uniform distribution in a ball or a sphere, Rényi and Sulanke
turned their attention to questions concerning approximation of two-dimensional con-
vex bodies by random polytopes. In particular, Rényi and Sulanke’s gave asymptotic
formulas for the expected number of edges, for the area difference and length difference
of the boundaries of a random polytope to the convex body from which its point are
uniformly and independently sampled, in terms of the number of points n. Rényi and
Sulanke’s work was carried forward to arbitrary dimension by works from McClure and
Vitale [78], Gruber [49], Bardny [12], Ludwig [72], Ludwig, Schiitt and Werner [73],
Reitzner [88], Schiitt [100] and Schiitt and Werner [101], to name just a few.

The line of work of Efron was resumed by Kingman [65] giving explicit formulas for all
the integer moments of the volume of a simplex formed by uniformly and independently
chosen random points form the unit ball, and vastly generalized by Miles [79] who gave
formulas for these quantities for Gaussian simplices, the whole class of beta- and beta’-
type simplices and simplices formed from uniform and independent random points
from the unit sphere. The importance of these classes of distributions as well as the
simplicity of the formulas obtained in these cases became quite apparent through a
work of Ruben and Miles [95]. They showed that there are only very few distributions
that satisfy the property that their marginal distributions are from the same class of
distributions as the original distribution. Later, we will make heavy use of this fact.
For the moment, let us just briefly introduce these distributions. We introduce the
Gaussian, the beta- and beta’-type distributions via their densities with respect to the

Lebesgue measure on R,
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(1) Centered Gaussian distribution:
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(4) Uniform distribution on the sphere:
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Note that the beta-type distribution for # = 0 and ¢ = 1 is just the uniform distribution
in the unit ball, the uniform distribution on the unit sphere is the weak limit of beta-
type distributions with parameter o = 1 for f(n) — —1, as n — oo, and, appropriately
rescaled with o(n) = \/W , both the beta- and beta’-type densities converge weakly

to the standard Gaussian distribution for 5(n) — oo, as n — oc.

In the wake of this discovery a lot of results regarding expectations of geometric quant-
ities, like the Lebesgue volume, surface area, mean width or facet numbers of random
polytopes coming from these classes where derived, for instance by Buchta [29], Buchta
and Miiller [31], Buchta, Miiller and Tichy [32], Affentranger [2, 3], Affentranger and
Schneider [4], Mathai [76, 77|, Hug, Munsonius and Reitzner [55], Grote and Thiéle [48],
Kabluchko and Zaporozhets [62], Bonnet, Grote, Temesvari, Théle, Turchi and Wespi
[26], Bonnet, Chasapis, Grote, Temesvari and Turchi [25], Kabluchko, Temesvari and
Théle [59], Grote, Kabluchko and Théle [47], or Kabluchko, Théle and Zaporozhets
[61].

More recently, also central limit theorems for various geometric quantities of random
polytopes have been investigated. We refer the reader to Barany, Fodor and Vigh [15],
Barany and Vu [20], Calka, Schreiber and Yukich [33], Reitzner [88, 87] and Vu [109].

5
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1.2 Guideline

Here we want to give a quick outline of the chapters to come. We briefly describe their

contents, their interconnections to each other as well as to the general introduction.

Chapter 2:

Chapter 2 serves the purpose of introducing the notation used throughout this thesis as
well as recalling important theorems and lemmas from different fields of mathematics
employed in this work. These fields are convexr geometry, integral geometry, random
measure and random set theory, Poisson point processes and analysis, which all get their
respective sections. We refrain from giving proofs of these theorems and lemmas and
rather give references where the proofs can be found in the literature. Furthermore,
we introduce original theorems and lemmas which most appropriately fit with the
respective sections and were first introduced and proved in papers of the author. This
is to avoid unnecessary overloading of the later chapters with auxiliary theorems and
lemmas which are not directly connected to its contents. For these theorems and
lemmas we state proofs and also point out where one may find them in the author’s

works.

Chapter 3:

This chapter focuses on the classes of distributions given by Ruben and Miles that
where already mentioned in the general introduction. We investigate geometric prop-
erties of beta- and beta’-type random polytopes generated from n random points, as
well as the limiting case of random polytopes coming from the uniform distribution
on the unit sphere. Furthermore, we consider their symmetrized versions and their
versions obtained by conditioning on the containment of the origin o. Moreover, also
the Poissonized analogues of these polytopes are investigated. The following illustra-
tions give an idea how realizations of such random polytopes, respectively symmetrized
polytopes, generated from the uniform distribution in the 2-dimensional Euclidean ball,
respectively uniform distribution on the Euclidean 1-sphere, may look depending on

the number of random points.
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Ficgure 1.1: Random polytopes generated as convex hull of n =
10, 100, 1000 independent uniform random points in the unit ball.

F1cURE 1.2: Random polytopes generated as symmetric convex hull of
n = 5,50, 500 independent uniform random points in the unit ball.

(DO

FiGure 1.3: Random polytopes generated as convex hull of n =
10, 20, 50 independent uniform random points on the unit sphere.
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FI1GURE 1.4: Random polytopes generated as symmetric convex hull of
n = 5,10, 25 independent uniform random points on the unit sphere.

The chapter is subdivided into two topics:

(1) We start off with the topic of deriving explicit integral formulae for the expected
volume, intrinsic volumes and facet numbers of these types of polytopes from
these classes of distributions for arbitrary dimensions. More generally, we will
derive explicit formulas for the expectation of the so-called T-functional, intro-
duced by Wieacker [110, Definition 3.1], which for a polytop P C R? a,b > 0
and k =0,...,d— 1 is defined as

Ti(P) = Y n"(F)Voli(F),
FeF(P)

where Fi(P) is the set of k-dimensional faces of P, n(F') is the distance of the
affine hull of the face F to the origin o and Vol (F') is the k-dimensional Lebesgue
volume of the face F'. We will see that in fact we are only able to handle the case
where k = d — 1. Meaning that explicit formulas for expected numbers of lower

dimensional faces can not be obtained by our method.

Closely related to the contents of this section are the works of Efron [42], Aldous,
Fristedt, Griffin and Pruit [6], Affentranger [2, 3], Buchta [29], Buchta and Miiller
[31], Buchta, Miiller and Tichy [32], Carnal [34], Dwyer [40], Eddy and Gale [41]
and Raynaud [85], of which we already mentioned a few in the general intro-
duction. Each of these investigated random polytopes coming from spherically
symmetric distributions in R?, in particular, special cases of beta- and beta/-type
distributions. A similar analysis for the Gaussian random polytope is the content

of the works of Affentranger and Schneider [4], Hug, Munsonius and Reitzner [55]
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and Kabluchko and Zaporozhets [62]. One of the goals of this section is to unify
and to generalize these results to the whole class of polytopes coming from the
distributions given by Ruben and Miles, as well as extend them to the bigger class
of symmetric beta- and beta’-type polytopes and beta- and beta’-type polytopes
containing the origin o. Furthermore, we also treat the Poissonized versions of
these three different types of random polytopes. We shall discuss the special
cases d = 2 and d = 3 separately, where in some cases our formulae coincide with
results known from the existing literature and in other cases lead to formulae that
were not available before. In this context we especially refer to the early results
in [29, 32, 42]. Furthermore, it is worth mentioning that postdating our work,
Kabluchko, Théle and Zaporozhets [61] answered some of the open cases of the
T-functional by giving more or less explicit formulas for the expected number of

lower dimensional faces in both the beta- and beta’-type case.
This section is build upon the paper [59]:

KABLUCHKO, Z., TEMESVARI, D., AND THALE, C. Expected intrinsic volumes

and facet numbers of random beta-polytopes. Mathematisch Nachrichten,
d0i:10.1002/mana.201700255 (2018).

The second part is about answering the question of the monotonicity of the ex-
pected facet numbers of beta and beta’-type polytopes in the number of points
n generating the polytope. The question was put forward and answered posit-
ively by Devillers, Glisse, Gaoac, Moroz and Reitzner [39] for random uniformly
and independently distributed points from a convex body K C RY if d = 2, and
also d = 3, if additionally the boundary of K is twice differentiable, has strictly
positive Gaussian curvature and n is sufficiently large. In her Ph.D. thesis, Beer-
mann [21] reconsidered this question for Gaussian polytopes as well as polytopes
generated from the uniform distribution in the unit ball for arbitrary dimension
d > 2 and answered it affirmatively, see also [22]. Quite recently Kabluchko and
Théle [60] proved that for Gaussian polytopes the monotonicity in expectation

actually holds for the whole f-vector.

We would also like to remark that monotonicity questions related to the volume
of random convex hulls have recently attracted some interest in convex geometry
because of their connection to the slicing conjecture. Namely, if K,L C R?
are two convex bodies and Sk and Sy are two random simplices generated by

independent uniform random points from K and L, respectively, one is inter-
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ested in the question whether the set inclusion K C L implies the inequality
E Vol (Sk) < EVoly(Sr), where Vol; stands for the d-dimensional Lebesgue
volume. In particular, the work of Rademacher [84] shows that this is false
in general whenever d > 4. Higher moments were treated by Reichenwallner
and Reitzner [86], and we refer to the discussion therein for further details and

background material.

It should also be mentioned that in a work postdating the one this section is
based on, Kabluchko, Théle and Zaporozhets [61] showed that also for the class
of beta-type and beta’-type polytopes the monotonicity in expectation holds for

the whole f-vector.

We stick to the results first established in [26] and show the monotonicity in
expectation for the facet numbers of beta- and beta’-type polytopes. However,
we extend this result also to symmetric beta- and beta’-type polytopes as well as

the Poissonized versions of these polytopes.
This section is build upon the paper [26]:

BoONNET, G., GROTE, J., TEMESVARI, D., THALE, C., TURCHI, N., AND
WEsPI, F.: Monotonicity of facet numbers of random convex hulls. J. Math.

Anal. Appl. 455 (2017), 1351-1364.

Chapter 4:

We focus on extending a recent work of Barany, Hug, Reitzner and Schneider [16],
where they investigated the f-vector, the spherical volume and some other quantities
for the spherical conver hull of n uniformly and independently distributed random
points on the d-dimensional upper half-sphere. Among other results, they showed that
the expected number of facets and the expected number of vertices and edges of such
spherical random polytopes tend to finite constants as n — oo. This surprising result
is the starting point for our work in which we consider the (d + 1)-dimensional random
convexr cone generated by random points on the half-sphere chosen according to a
power law density with respect to the normalized Hausdorff measure thereon. Our
first main result will be a weak limit theorem for the sections of these random cones
with the tangent hyperplane of the half-sphere at its north pole. It turns out that,
appropriately rescaled, these intersections are distributed like d-dimensional beta’-type

polytopes, uncovering a tight link between these random cones and random polytopes.

10
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FiGURE 1.5: Left: Random points distributed according to a power
law density with respect to the uniform probability measure on the half-
sphere. Right: The spherical convex hull generated by these points.

FiGure 1.6: Left: Random convex cone generated by the above points.
Right: Unrescaled intersection of the cone with the tangent plane at the
north pole (generating points removed for better visibility).

For the number of uniform points on the half-sphere going to infinity, we shall identify
the limiting random polytope of the sequence of such appropriately rescaled intersec-
tions as the convex hull of a Poisson point process in the tangent hyperplane with a
power-law intensity function. This in turn leads to limit theorems for the whole f-
vector and the volume of the corresponding spherical convex hull on the half-sphere,
which complements the findings in [16]. In addition, the weak limit theorem allows us

to describe the expectation asymptotics of the conic intrinsic volumes (in fact, all three

11
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versions of them) of the random cone. This solves in an extended form a conjecture
posed by Barany, Hug, Reitzner and Schneider [16, Section 9]. We also separately
study the expected T-functional of the convex hull of a general class of Poisson point
processes in R? with a power-law intensity function ||z||=(4*?) where v > 0 is a real
parameter. In particular, we will compute explicitly the expected volume (and, more
generally, expected intrinsic volumes) and the expected number of facets of this type of
random polytope, thus generalizing a two-dimensional result of Davis, Mulrow and Res-
nick [38]. Furthermore, the tight link between random cones of this type and beta’-type
polytopes will allow us to carry over the monotonicity results for beta’-type polytopes

from Chapter 3.
This is build upon the paper [58]:

KABLUCHKO, Z., MARYNYCH, A., TEMESVARI, D., AND THALE, C.: Cones gen-

erated by random points on half-spheres and convex hulls of Poisson point processes.
arXiv: 1801.08008 (2018).

Chapter 5:

In the last chapter we tackle a problem from elementary geometry. Consider an n-
element point set X = {xy,...,2,} from R? in general position. We say that the d-
simplex conv(x;,, ..., %;,,, ) formed from the (d+1)-element subset {z;,,...,z;,,,} C X
is empty, if int(conv(z;,,...,2;,,y)) N X = 0 holds. For a subset {x;,,...,z;,} C X
of d elements we define the degree deg(z,,...,x;,) as the number of empty simplices
one can form with elements y € X \ {z;,,...,x;,}. The degree deg(X) is defined as
the maximum of the degrees of all d-element subsets of X. We are interested in the

asymptotic behavior of deg(X) as n — oo. Note that so far X is a deterministic set.

This problem was introduced by Erdos in the planar case in the early nineties of the
last century, asking the question whether the degree of the point set goes to infinity
as the number of points go to infinity. Barany conjectured that this is indeed true.
This conjecture was later repeated in [17] and [28]. Although Bérény and Kérolyi [17]
showed that deg(X') > 10 for sufficiently large n and Barany and Valtr [19] constructed
a set X in general position such that deg(X) = 4y/n(1+40(1)), it is still unknown if the
conjectures is true. However, in [18] Bardny, Marckert and Reitzner showed that in the
planar case E(deg(X)) > cn/logn, for some constant ¢, if the points of X are chosen

uniformly and independently from a convex body K C R?. Furthermore, they also

12
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showed that the degree of X converges in probability to infinity as n goes to infinity.

FiGure 1.7: Point set with 25 points. Left: Instance of an empty
triangle. Right: Instance of a nonempty triangle.

FIGURE 1.8: Point set with 25 point. Left: Degree of this basis is 8.
Right: Degree of this basis is 22 and is also the degree of the point set.

We give two approaches to the probabilistic version of the problem. The first one vastly
generalizes the method of Bardny, Marckert and Reitzner used in [18], to arbitrary
dimension and all integer moments. The second approach still relies to some degree
on this method, but yet significantly alters it. As it turns out, this approach gives the
correct asymptotics for E(deg(X)) as well as for the integer moments of deg(X).

This is build upon the papers [90] and [105]:

TEMESVARI, D.: Moments of the maximal number of empty simplices of a random
point set. Discrete Comput. Geom. 60(3) (2018), 646—664.

REITZNER, M. AND TEMESVARI, D.: Stars of empty simplices. arXiv:1808.0873/
(2018).

13
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Chapter 2
Preliminaries

The purpose of this chapter is to introduce the reader to general notation used through-
out the thesis as well as to specific knowledge from the fields of convex and integral
geometry, Poisson point processes, random measures, random sets and analysis. We
start by establishing our notation. We refrain from recalling probabilistic definitions
and theorems which can be considered general knowledge and rather refer the reader
to the book of Kallenberg [64] on the foundations of probability theory. We go on by
presenting aspects of convex and integral geometry needed in this work. For a more in-
depth treatment of these topics we recommend the books of Gruber [50] and Schneider
[98] for convex geometry and the book of Schneider and Weil [99] regarding integral
geometry. Furthermore, the papers of Ameluxen and Lotz [8] and Ameluxen, Lotz,
McCoy and Tropp [9] are good treatises on spherical convex and spherical integral
geometry, while a very general version of the particularly important integral geometric
formulas of Blaschke and Petkantschin can be found in Vedel Jensen’s book [108]. This
will be followed by a section on random measures and random sets and, more specific-
ally, one about Poisson point processes. Again Kallenberg [63] provides a good source
for the theory of random measure, Molchanov [80] for the theory of random sets, while
the book of Last and Penrose [68] treats Poisson point processes very neatly. Lastly,
we give some general background on topics from analysis that we use. The parts of this
section based on variation of functions are taken from the book of Ambrosio, Fusco
and Pallara [7].

To keep this chapter reasonably compact, only proofs that were first presented in the
works of the author will be given, while proofs of theorems and lemmas taken from

other sources will only be referenced.
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2.1. NOTATION

2.1 Notation

Let N = {1,2,3,...} and Ny = N U {0} be the set of natural numbers and natural
numbers with zero, respectively, and, for any n € N, denote by [n] = {1,2,3,...,n}
the set of natural numbers up to n. For any d € N, we mean by R? the d-dimensional

Fuclidean space with origin o equipped with the Fuclidean scalar product, denoted by

(-,+), and the induced Fuclidean norm, denoted by ||-||. R4 and R are the nonnegative,
respectively positive, real numbers. We set ey, ...,eq to be the standard basis of R?
and put z = (z1,...,z4) for the representation of a vector x € R? with respect to the

standard basis. For a set A C R? we say that int(A) and cl(A) are its interior and
closure, respectively, whereas by 0A = cl(A) \ int(A) we mean its boundary. We write
B(z,r) C R for the closed d-dimensional Fuclidean ball of radius r > 0 centered at
r € R? that is the set BY(z,r) = {y € R? : ||y — z|| < r}. In particular, we write
B? := B0, 1) for the Euclidean unit ball and S := 9B? for the Fuclidean unit
sphere in R%. Furthermore, ST = {z € R?: ||z|| = 1,24 > 0} defines the closed upper
half-sphere with north pole eg.

Two special functions will find frequent use throughout this thesis, namely, the gamma

function, defined as

['(z2) := /tZ1et dt (2.1)

0
for any z € C\ {0, —1,—2,...}, and the beta function, defined as

1

B(z,y) = / (1 — Lt (2.2)

0
for any z,y € C with Re(z), Re(y) > 0. For details on these two functions see [1].

By A\ we introduce the d-dimensional Lebesgue measure on R? and by Voly(+) the cor-
responding d-dimensional Lebesgue volume. In particular, we denote by kg = Voly(B?)

the d-dimensional Lebesgue volume of the Euclidean unit ball for which we have that
(2.3)

see [99, p.13]. We define the (d — 1)-dimensional surface area Sq—1 on the unit sphere
St via Sy 1(A) := Voly({tx : x € A,t € [0,1]}) for any measurable A C S*!. To
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obtain the uniform distribution o4_; on the unit sphere we normalize S;_;. As before
we abbreviate by wy = Sy_1(S*!) the (d — 1)-dimensional surface area of the unit

sphere for which we have that

Wy = dlid = (24)
see [99, p.13]. Similarly, we define the uniform measure 641 on the closed upper half-

sphere ST'. In particular, we have 54_1(A) = 204_1(A) for any measurable A C S,

Furthermore, we denote by Sy the set of all k-dimensional great sub-spheres of S,
i.e., the set of all intersections of S¥~! with k-dimensional linear subspaces, and equip

it with the uniquely determined rotationally invariant probability measure 7, thereon.

Let A C R% The linear hull lin(A) of A is defined as the smallest linear subset of R%
containing A, the affine hull aff(A) of A is the smallest affine subset of R¢ containing
A and the positive hull pos(A) of A is defined by

pos(A) := {Z)\ixi:mEN,xl,...,xmEA,)\l,...,)\mER(J{}. (2.5)

=1

Furthermore, for a set A € R? we mean by relint(A) its relative interior, that is, the

interior of A with aff(A) as ambient space. The polar set A° of A in R? is given by
A° = {x € R : sup|(z,y)| < 1} ) (2.6)
yeA
while, if A C S, the polar set A* of A with respect to the sphere S™1, by

A* = {x € S™ : sup|(z, y)| < O} . (2.7)

yeA
We make use of three different projections. The first one being the orthogonal projection
P; : R — R? onto a k-dimensional linear subspace L C RY, that is, the projection
fulfilling P (z) € L for all z € R? and (Pr(z) — z,y) = 0 for all y € L. The second
one is the metric projection Ile : R — R? onto a convex set C' C R?, that is, the
projection fulfilling ||Ilo(z) — z|| = inf{||ly — x| : y € C'}. Note, that the assumption
on C' being convex is not necessary. However, since we only apply I1o(x) with convex
sets C', this assumption allows us to avoid technical inconveniences. The reason being

that, if C'is convex, then Il¢(x) maps to a uniquely determined point, for any z € R?.
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And lastly, we introduce the spherical projection A|S of aset A C R? to a k-dimensional
great sub-sphere S € Sy, defined as follows: Let AV S := S* ! Npos(A U S), then the

spherical projection is given by
AlS:=SnN(AvVS). (2.8)

For more details regarding the spherical projection, see [99, p. 263].

Let U C RY. We denote by C}(U,R) and C}(U,R?) the spaces of continuously dif-
ferentiable functions from U to R and U to R?, respectively, equipped with the su-
premum norm ||-||, defined as ||f|ls = sup{|f(z)|: x € U} for any f € C}(U,R) and
1 fllee = sup{||f(z)|| : z € U} for any f € C}(U,R?), respectively. Whereas by L}, (U)
and L'(U) we mean the spaces of locally integrable functions over U and integrable
functions over U, respectively. For a function f € L}, (U) the variation in U is defined

as

V(f.U) = sup /f(a:) divo(@)de: o € CURY low <1%,  (2.9)

while the directional variation in U in the direction u € S ! is defined as
dyp 1
Vu(f,U) == sup f(x) %(x) dz:p € C,(U,R), ||plleo <1 p. (2.10)

Furthermore, we introduce the perimeter of a set K € R? in U as Per(K,U) :=
V(1g,U). If U = R4, we write Per(K) = Per(K,R?). Note that, if K is convex, then
Per(K) = S;_1(0K). The directional variation of a set K in direction u € S% ! is
defined as V,(K,U) := V,(1g,U). Again, if U = R?, we write V,(K) := V,(K,R?).

Lastly, we also make use of the Landau notation. Let g,h : R — R and a € R. We say

(i) gEo(h)astﬁa,ifliﬂr% % =

g(t)
h(t)

(if) g € O(h)

a(t)

h(t) > 0,

(iii) g € Q(h)

g(t)

h(t)
(v) g€ ©O(h)ast — a,if g € O(h) and f € Q(g).

(iv) g~hast— a, 1f11m

In abuse of notation, we will write g = o(h), g = O(h), g = Q(h) and g = O(h).
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2.2 Convex geometry

A set K C R? is called convex, if for each pair of points z,y € K also the straight line
segment {A\x + (¢ — Ay : A € [0,1]} is contained in K. The conver hull conv(A) of a

set A C R? is defined as the smallest convex set in R? containing A, i.e.,

conv(A) = ﬂ K. (2.11)

ACK
K CR? convex

For a finite point set {1, ..., 7,} C R we also write [x1, ..., z,] := conv({zy,..., 2, }).
Caratheodory’s theorem gives us a very helpful constructive description of the convex
hull of a set A, that is

d+1 d+1
conv(A) = {Z NiZi T Ty Tay1 € Ay A, oo Aag €10, H’Z)‘i = 1} . (2.12)
i=1

=1

By a convez body K C R? we mean a compact, convex set with nonempty interior.
The space of compact subsets of R is denoted by C¢, while the space of convex bodies
in R by K¢ We define the Minkowski sum on C¢ by X +Y :={x+y:2€ X,y € Y},
for any X,Y € C%. We can now introduce the symmetric convex hull, sometimes also

called the absolute convex hull, as
sconv(A) := conv(A U (—A)). (2.13)

Similar to before we write [+xy,..., £x,]| := sconv({z1,...,z,}) for a finite point set
{x1,...,2,} C RL Furthermore, we equip C¢ with the Hausdorff distance, that is, the
metric defined by

dy(X,Y) := max {sup inf ||z — y||, sup inf ||z — yH} (2.14)
xeXZ/GY yEY zeX

for any two elements X,Y € C% We will use the notation C,, dx Cy to indicate that
di(Cp,Cy) = 0, as n — oo, for a sequence (Cp)nen, C C? and a fixed Cy € C% Note

that K¢ is a closed subspace of C? with respect to the Hausdorff metric.

Furthermore, we define the surface area S;_; of a convex body K € K¢ as the (d — 1)-
dimensional Hausdorff measure of its boundary 9K, i.e., Sy 1(K) = H*Y(IK), see
[99, p.607]. We refrain from going into detail regarding the k-dimensional Hausdorff

19



2.2. CONVEX GEOMETRY

measure of a set A C RY k =0,...,d, and instead refer the reader to [99, p.634] for a

rigorous definition and treatment.

Affine (d — 1)-dimensional subspaces of R¢, so-called hyperplanes, and half-spaces gen-
erated by them play an outstanding role in convex geometry. They can be uniquely
characterized very conveniently via two parameters. Namely a unit vector u € S,
describing the unit normal vector of the hyperplane, and a distance h > 0. Thus, for
any hyperplane H C R? there exist v € S*~! and h > 0 such that

H = H(u,h) = {zx € R: (z,u) = h}. (2.15)

Note, that this characterization of hyperplanes is unique if A > 0. If h = 0, then
u € S is not unique anymore and it holds that H(u,0) = H(—u,0).

Any such hyperplane H bounds two open half-space, which we denote by
H™(u,h) = {z € RY: (z,u) <h} and HT(u,h):={x cR*: (x,u) > h}. (2.16)

By n(H) we mean the distance of the affine hull aff(H) of H to the origin o.

For a convex body K € K¢ the map hr : R? — R, 2+ sup{(z,y) : y € K} is called
support function of K. For u € S¥* the hyperplane H(u, hx(u)) is called supporting

hyperplane of K in direction wu.

Theorem 2.2.1 (Supporting hyperplane theorem) Let K C R"™ be convex and closed.
Then through each boundary point there exists a supporting hyperplane of K. If K # ()
is bounded, then to each vector u € R™\ {o} there exists a supporting hyperplane to K

with outer normal vector w.

Another very important theorem in convex geometry is the separating hyperplane the-
orem. Let K, L C R™ be two sets and let u € R?\ {0} and h > 0. We say that the
hyperplane H (u, h) separates K and L if K C H (u,h) and L C H"(u,h), or vice
versa, while we say that H(u, h) strongly separates them if there exists an € > 0 such
that H(u,h —¢) and H(u, h + €) both separate K and L.

Theorem 2.2.2 (Separating hyperplane theorem) Let K, L C R"™ be nonempty convex
sets with KNL = (. Then K and L can be separated. If K is compact and L is closed,
then K and L can be strongly separated.
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For proofs of these two theorems the reader may turn to [98, Theorem 1.3.2] and [98,
Theorem 1.3.7].

For a convex body K € K%, we denote by Vi(K), i = 0,...,d, the so-called intrinsic

volumes of K. They arise from Steiner’s formula, see [99, p.600], given by
d
Voly(K +B%(0,1)) = > kg Vi(K) t7, (2.17)
=0

as the coefficients of this polynomial decomposition of the Lebesgue volume of the
Minkowski sum K +B%(o,t) in t. This family of functionals is of great interest in convex
geometry since they constitute a basis of the space of motion invariant and continuous
valuations on K2, where valuations are maps ¢ : K¢ — R fulfilling ¢(K) + ¢(L) =
o(KUL)+@(KNL) for any K, L € K% In particular, for K € K% it holds that V;(K)
is its d-dimensional Lebesgue volume, V;_1(K) is half of its (d — 1)-dimensional surface
area, V1(K) is a constant multiple of its mean width, denoted by Wy(K), and V(K) is

its Euler characteristic, which in the case of a convex body always satisfies Vo(K) = 1.

The main class of convex bodies we are focusing our attention on, is the class of
polytopes. To some extent we are also concerned with polyhedrons. A polytope is the
convex hull of a finite point set in R?, while a polyhedron is the intersection of finitely
many closed half-spaces in R?. Furthermore, we call a polyhedron a (polyhedral) cone,
if its supporting hyperplanes all contain the origin o. Note, that every polytope is also

a polyhedron, the reverse is not true anymore.

Let P C R?Y be a polyhedron and H be a supporting hyperplane of P, then the
intersection F' = PN H is called a face of the polyhedron and its dimension is defined
via dim(F) = dim(aff (PN H)), i.e., as the dimension of its affine hull. We write F},(P)
for the set of k-dimensional faces and fi,(P) for the number of k-dimensional faces of
the polyhedron P, for any k = 0,...,d—1. The vector f(P) = (fo(P),...,f;-1(P)), the
so-called f-vector of the polyhedron P, is an object of great interest in convex geometry

and is also of great importance in this thesis.

We call a polytope P a simplicial polytope if all its (d — 1)-dimensional faces are (d—1)-
simplices. For simplicial polytopes the so-called Dehn-Sommerville equations provide
tight relations between the components of the f-vector f(P), see for instance [50] and
[102]. Set f_1(P) = f4(P) = 1.
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Theorem 2.2.3 (Dehn-Sommerville equations) Let P C R? be a simplicial polytope.
Then, for any k = —1,...,d — 2, we have

>0 (1 )P = (-0t

J=k

In particular, for k = d — 2, we have df;_1(P) = 2f; 5(P).

Next we introduce the notion of conic, respectively spherical, intrinsic volumes. But
first, recall that for two points z,y € S !, with x # y and = # —y, there exists a
unique great circle S(z,y) € Sy_1 going through x and y. We say that a set A C S*!
is spherically convex if for any two points x,y € A the shorter of the two arcs of S(x,y)
entirely lies in A. Analogously, we can define spherical convexity on the upper half-
sphere Si‘l. Note, that there exists a one to one correspondence between convex cones
and spherically convex sets. Namely, if C' C R? is a convex cone with apex o, then
C' N S% ! is a spherically convex set, and vice versa, if A C S™! is spherically convex,
then pos(A) is a convex cone in R?. Via this correspondence we can easily define what
a spherical polytope is. A spherically convex set P C S ! is called a spherical polytope
if and only if C' := pos(P) is a polyhedral cone. Furthermore, we say that F' C P is a
k-face of P if and only if G := pos(F') is a (k + 1)-face of C, for any k =0,...,d — 2.

We go over to define conic intrinsic volumes and, via the aforementioned correspond-
ence, also spherical intrinsic volumes. Note that there exist three different, tightly
linked notions of this. Namely, the conic intrinsic volumes, the Grassmann angles
and the conic mean projection volumes. For an in-depth treatment of conic intrinsic
volumes the reader may consult [8, 9], while a treatment from the spherical point of

view is provided in [45] and [99].

Let C C R? be a polyhedral cone and ' C C be a face of C. Let g be a standard
Gaussian random vector in R? and set vp := P(Ilc(g) € relint(F)). For any k =

0,...,d, the k-th conic intrinsic volume vy is defined as

w(C) = Y wp. (2.18)

FeFi,(C)

For convenience we also set v (C) = 0 for any k& > d. Consider for instance the upper
half-space Hy, := {x € R?: x4 > 0}. Then, vy(Hy,) = 0 for k € {0,...,d — 2} and
Vi—1(Hyp) = va(Hyp) = 1/2. If C' is a k-dimensional linear subspace, then v (C) = 1,
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while all the other conic intrinsic volumes vanish. Henceforth, we shall always exclude
the case when C' is a linear subspace (since formulae (2.19) and (2.20) below are not
valid in this case). One important property of conic intrinsic volumes is the Gauss-
Bonnet formula [9, Equation (5.3)]

UO(C’)—i—vg(C’)—l—...:"01(0)+1)3(C’)+...:%. (2.19)
Before we go over to introduce Grassmann angles and conic mean projection volumes
we briefly anticipates some of the notation and definitions from Section 2.3 needed
here: For any k € {0,1,...,d—1},let L € G(d,d — k) be a (d — k)-dimensional linear
subspace of R? chosen at random according to the unique rotationally invariant Haar
probability measure v, defined on the group G(d,d — k) of all (d — k)-dimensional

linear subspaces of RY.

The (k + 1)-th Grassmann angle of C' is defined as
1

and was introduced by Griinbaum [51]. Note that all the Grassmann angles hy, ..., hq
of the upper half-space H,, are equal to 1/2. The d-th Grassmann angle hy(C') of the

cone C' is also called the solid angle a(C') of C, and has an equivalent formulation as
ha(C) = a(C) = 541(C NS*). (2.21)

The connection between conic intrinsic volumes and Grassmann angles is given by the

conic Crofton formula [8, Equation (2.10)] and reads, for any k € {0,...,d — 1}, as

hisr (C) = Z U (C). (2.22)

In the terminology of [9], the above sums (which are in fact finite) are called the half-tail

functionals.

Lastly, we consider the conic mean projection volumes wy,, defined for any k €
{0,1,...,d— 1} by

wk+1(0) =

/ v01k+1 (PL(C) N Bd) Vi+1 (dL) (223)
G(d,k+1)

RE4+1
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The relation between the conic mean projection volumes and the conic intrinsic volumes,

can be called conic Kubota formula and states that

Lemma 2.2.4 (Conic Kubota formula) For k € {0,1,...,d — 1} and a cone C C R?
we have that

d
wi1(C) = > 0(C) = b1 (C) + hi12(C). (2.24)

i=k+1

Thus, the conic mean projection volumes coincide with the tail functionals in the
language of [9]. For the half-space H,;, we have wy1(Hyp) = 1, for k € {0,1,...,d—2},
and wy(H,p) = 1. Let us briefly give a proof, which can also be found in [58].

Proof. Recall that S;, is the space of k-dimensional great sub-spheres of S¥~!, supplied
with the unique rotationally invariant probability measure 7. The spherical mean

projection volume of a spherically convex set K C S%! is given by

Wi (K) = w:ﬂ / o (K1) 7(dS),

where, in this particular instance, by o, we mean the normalized Hausdorff measure
on S € S, see [99, p.263]. Putting C' = pos(K) and using the fact that 7 is the
probability measure on L NS? !, where L € G(d, k + 1) is distributed according to the

unique rotationally invariant Haar probability measure vy, 1 on G(d, k + 1), we obtain

Wk(K) = wkl—H /O'k<K|S) Tk(dS) =

1

/ Volyt1 (Pr(C) NBY) vy (dL).
REk+1
Sk G(d,k+1)

This leads to the equality Wi (K) = wy41(C). On the other hand, from [99, p.263] we

have the relationship

with the spherical intrinsic volumes v;(K') := v;41(C). This yields the required formula
for wy41(C). O

We close this section with two lemmas that will be needed in the course of the discussion
in Chapter 4.
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Lemma 2.2.5 Suppose that for each (c1,...,e4) € {—1,+1}¢ a point in R? is given
whose coordinates have the same signs as €1, . ..,eq. Then, the convex hull of these 2%

points contains the origin o.

Proof. We argue by induction over the dimension d. The claim obviously holds for d =
1. Suppose it is true for dimension d—1. Then we can take 2?~! points corresponding to
g1 = 1 and construct a convex combination a of these points such that all coordinates
of a, vanish except the first one (which is positive). Similarly, taking 2?9~ points
corresponding to €1 = —1 we construct a convex combination a_ with negative first
coordinate and all other coordinates being 0. Clearly, the origin o can now be written

as a convex combination of these two points a, and a_. [

Lemma 2.2.6 Forr >0 and ey,...,eq € {—1,4+1} define the set

Acycy(r)i=1{(21, .., 20) ERY 1 20 > 71, 5929 > 0, €424 > 0}
Suppose that for every choice of (€a,...,€q4) a point in A, _,(r) and another point in
—A.,...,(0) are given. Then (r,0,...,0) can be represented as a convex combination

of these points.

Proof. By Lemma 2.2.5 we can take all pointsin A., .,(r)or all pointsin —A., .,(0),
respectively, corresponding to all choices of €9, ..., 4 and construct a convex combin-
ation of these points such that all coordinates are zero except the first one (which
is larger than r or smaller than 0, respectively). Obviously, there exists a convex

combination of these two points which is equal to (7,0, ...,0). O
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2.3 Integral geometry

In this section we collect all the tools of integral geometry needed for this work. We
start with the basic objects: Let G(d, k) and A(d, k) be the set of all k-dimensional
linear, respectively affine, subspaces of R?. For L € G(d,k) we define by |||z, B,
Slz_l, Az and o the norm, the unit ball, the unit sphere, the Lebesque measure and
the unique rotationally invariant probability measure on the sphere, as we did in the
case of R%. Analogously, we define these quantities for H € A(d, k) and denote them
by indexing with H instead of L. Since elements from G(d, k) and A(d, k) are isomet-
rically isomorphic to R* we will often identify them and the above defined quantities
thereon with the Euclidean space R¥. Moreover, by L+, respectively H*, we mean the
orthogonal complement of L, respectively H. We have L+, H+ € G(d,d — k).

We equip G(d, k) and A(d, k) with the unique rotationally invariant, respectively 7i-
gid motion invariant, Haar probability measure vy and puyg, respectively. These two

probability measure are connected via the identity

wi(-) = / /]I{LHE.}(x) Are(dz) ve(dL), (2.25)

G(d,k) L+

making use of the fact that for any H € A(d, k) there exists a unique parallel linear
subspace L € G(d, k) and a unique point z € L+, such that H = L+, see [99, p.591].

Next we introduce a very neat integral identity between intrinsic volumes of a con-
vex body K C R and the k-dimensional Lebesgue volumes of it’s projections to

k-dimensional subspaces L € G(d, k), known as Kubota’s formula, see [99, p.222]:

KkRd—k
G(d,k)

Vk(K):(Z) fd / Vol (PLK) v, (dL), (2.26)

for any K € K% and k = 1,...,d — 1. The case of k = d — 1 is known as Cauchy’s

surface area formula and can be reformulated as

Vo (K) = / Voly_1 (P, (K)) ogi(du). (2.27)

Sd—1

Rd—1

We will also very frequently use Blaschke-Petkantschin type formulas. The classical (lin-

ear) formula is an integral transformations which transform a k-fold integral over (R%)*
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into an integral where one first calculates a k-fold integral over a fixed k-dimensional
linear subspace and then integrates over all k-dimensional linear subspaces. A similar

version exists for affine subspace. But before we introduce these, let us fix some more

notation. For any kK =1,...,d we define the constant
b = Wikt " Wd (2.28)
wl oo wk
Furthermore, we denote by Ag(zo,...,zx) and Vi(xy,...,zx) the k-dimensional Le-

besque volume of the simplex, respectively the parallelepiped, generated by the points
Tg,...,o, € RY forall k = 1,...,d. The two quantities are tightly connected via the
formula

Ag(zo, ..., xx) = %Vk(xl — Tgy ..., T — Tg); (2.29)
see [99, p.271]. They play a fundamental role in the Blaschke-Petkantschin formulas,
since, up to multiplicative constants depending only on k and d, they appear to be the
Jacobians of the aforementioned transformations. Let us now formulate the classical

linear Blaschke-Petkantschin formula.

Lemma 2.3.1 (Linear Blaschke-Petkantschin formula)
Let k€ {1,...,d} and let f : (R")* — R be a nonnegative measurable function. Then,

/fxl,..., Moy, ..., xp)

(2.30)
d—k k
—bdk / /f T1y...,T V (.2131,...,xk))\L(d(l'l,...,.’ﬂk))l/k(dL).

The affine Blaschke-Petkantschin formula reads as:

Lemma 2.3.2 (Affine Blaschke-Petkantschin formula)
Let k € {1,...,d} and let f : (R})* — R be a nonnegative measurable function.
Then,

f<x07 s 7xk> )\k+l(d(33'0, R ,{ﬂk)) =

Rd k+1

ba (kD" / / f(@o, .., wp) A F (g, .o ) N (A (o, -, k) e (AH).

A(d,k) Hk+1

(2.31)
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Both of these formulas and their proofs can be found in [99, p.271 and p.278].

There also exists a vastly generalized version of the Blaschke-Petkantschin formula,
due to Zahle [113], that can also be found in [108]. Furthermore, we consider a specific
type of the affine Blaschke-Petkantschin formula. It is the spherical counterpart of the
affine Blaschke-Petkantschin formula in R?, and can be found in [79, Theorem 4] .

Lemma 2.3.3 (Spherical affine Blaschke-Petkantschin formula)

Let f: (S¥ 1) — R be a nonnegative measurable function. Then,

flxy, ..., xq) ot (d(zy,...,2q)) = (d —1)! / /fxl,..., d)

(Sd—1)d Ald,d=1) (gho)

X Ag_1(z1,...,2q)(1 —h?)~ 2UZ(d(xl,...,xd))ﬂd_l(dH),

where h denotes the distance from H to the origin o.

Lastly, we will also need the so-called slice integration formula, see [10, Theorem A4]
where also its proof can be found. It is yet another geometric integral transformation,
that transform the integration over the (d — 1)-dimensional unit sphere to the integ-
ration over (d — 2)-dimensional spheres perpendicular to a fixed 1-dimensional linear
subspace and then integrating these slices up along the interval [—1,1]. Hence, the

name.
Lemma 2.3.4 (Slice integration formula) Let f: S¥™1 — R be a nonnegative measur-
able function. Then,

1

Wy / f(x) ad_l(dm):wd_l/(l—tQ)ng / f<ﬂy,t> o4-o(dy)dt, (2.32)

§d—1 -1 §d—2

where f (V1 —8y,t) = f (V1 =8y, ....V1—ys1,1)).

Note that this is a reformulated version with the uniform probability measure on S¢*
and S%°2, respectively, whereas in [10] the result is presented with respect to the un-

normalized surface area measures.

The following lemma is an application of the slice integration formula. It describes
how the projection of a uniformly distributed random point on the unit sphere onto a

1-dimensional linear subspace is distributed.
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Lemma 2.3.5 Let L € G(d,1). Then the image measure of the uniform distribution

oq-1 on S¥1 under the orthogonal projection P; has density

)
)

Proof. Due to rotational symmetry we can assume that L = lin(eg). We denote by F'

d—3

il (1—2%77, x € [—1,1].

I (4

N

fla)=m"2

M|

the distribution function of the image measure of o4_; under the orthogonal transform-

ation P, and let x4 € [—1,1]. Using the slice integration formula (2.32), we obtain

F(xq) = 04-1 ({u e 8" Pr(u) € [-1,24]})
- / 1{Pp(u) € [~1,24]} ga1(du)

gd—l
Zq
! /(1 _ 2yt / oaa(dy) dt
Wq
-1 Sd—2
Zq
= i /(1 — )7 dt.
Wq
21
Differentiating with respect to x4 completes the proof. O
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2.4 Random measures and random sets

The purpose of this section is to support us with the necessary tools from random
measure theory and random set theory needed to keep this work self-contained. We
follow along the lines of the books of Kallenberg [63] and Molchanov [80]. We will
apply the content of this section to Chapter 4.

A random compact set is a random variable X, defined on some probability space
(92, A,P), which takes values in the measurable space C? equipped with the Borel-o-
field generated by the Fell-Topology, for details see [80, Appendix B]. The functional
Cx : K* - [0,1], K = P(X C K), is the so-called containment functional. They are

valuable tools in describing the distribution of compact convex sets.

Theorem 2.4.1 (Distribution of convex compact sets) The distribution of a random
convex compact set X in R? is uniquely determined by the values of the containment
functional Cx(K) for K € K. Moreover, it suffices to consider all K being convex
polytopes.

The proof of this statement can be found in [80, Theorem 7.8]. The containment
functionals are also very useful, when it comes to formulating distributional con-
vergence of a sequence of random compact convex sets (X,)nen to another random
compact convex set Xy. In order to do so, we have to extend the notion of the
containment function. For an open set A we define the containment functional by

Cx(A) :=sup{Cx(K): K € K¢ K C A}, see [80, Definition 1.32]. Then, we have

Theorem 2.4.2 A sequence (X,,)nen of random compact convez sets converges weakly

to a random closed set X, if
Cx,(K) = Cx,(K), asn— oo, (2.33)

for every K € K% with Cx,(K) = Cx, (intK).

The proof can be found in [80, Theorem 7.12]. We will denote this convergence by
X, = X,. Also the following lemma will be needed:

Lemma 2.4.3 Let (K,)nen, C K be a sequence of deterministic compact convex
sets such that K, dy Ko as n — oo. Then, we have for every x € R4\ 0K, that

lim,, o0 1, () = 1k, (2).
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Proof. Assume first © ¢ K. Then there is a hyperplane H such that x and K, are
contained in different open half-spaces H* and H~ defined by H. For sufficiently small
e > 0, the e-neighborhood of K| is still contained in H~. Hence, for sufficiently large n,
we have K, C H~ and at the same time x € H*. It follows that 1, () =0 = 1, ()
for sufficiently large n, which proves the claim. Suppose now that x is in the interior of
Ky and without loss of generality that x+ = 0. We argue by contradiction and assume
that 0 ¢ K, for infinitely many n. By the hyperplane separation theorem, there is a
unit vector 6§, € R? such that (z,0,) < 0 for all z € K,,. By passing to a subsequence
we may assume that 6, — 6, as n — oo, for some unit vector § € R?. Since the
origin o is in the interior of Kj, we can find £ > 0 such that ¢ € K. The distance
between €6 and K, is bounded from below by the distance between € and the half-
space {z € R?: (2,0) < 0} containing K,,. Thus, the distance between 0 and K, is at
least (g0, 6,,) which is larger than €/2, for sufficiently large n. Therefore, €0 € K, but
at the same time 6 is not contained in the ¢/2-neighborhood of K, a contradiction

to the assumption K, dx Ky, as n — oo. O

Furthermore, when dealing with weak convergence, we shall frequently make use of the

following Skorokhod representation theorem, which can be found in [64, Theorem 4.30]:

Theorem 2.4.4 (Skorokhod representation theorem) Let (X, )nen, be a sequence of
random elements with values in a separable metric space and let X,, converge weakly
to Xo as n — oo. Then, there exist random elements (X! )nen, defined on a common
probability space (', A", P') such that X, has the same distribution as X, for alln € Ny,

and X! converges to X, P'-almost surely.

Now we go over to introduce random measures. Let S be a locally compact metric
space. We denote by Mg and Ng, respectively, the space of locally finite measures and
locally finite integer-valued measures on S, respectively. We supply Mg and Ng with
the topology of vague convergence and recall that a sequence (i, )neny C Mg vaguely

converges to a measure |1 € Mg provided that

n—00

S

i [ f(z) pn(dr) = / £(2) u(da),

for all continuous functions f : S — [0,00) with compact support. We shall write
ftn ~ gt in such a case. It is known from [63, Lemma 15.7.4] that Ny is a vaguely
closed subset of Mg. Furthermore, the vague topology turns Mg and Ny into Polish
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spaces, i.e., separable and completely metrizable topological spaces (see [63, Lemma

15.7.7]).

A random measure (or point process, respectively) is a random variable, defined on
some probability space (2, A,P), and taking values in Mg (or Ng, respectively). As
in the case of random sets, we denote the weak convergence of a sequence of random

measures ((p)neny on S to another random measure ¢, as n — 00, by ¢, — (.

The following lemma plays a crucial role in Chapter 4. We set N := NRdU{OO}\{O} to
be the space of locally finite integer-valued measures on the one-point compactification

R? U {oo} of RY.

Lemma 2.4.5 Assume that ((,)nen, 18 a sequence of deterministic measures in N and
suppose that ¢, ~ (o, as n — 0o. Suppose further that (y satisfies (y({c0}) = 0 and

that the following two conditions are satisfied:
(a) (o(H) > 0 for every open half-space H C R? such that o € OH,

(b) the atoms of (o are in general position, that is, no k + 2 atoms of (y lie in the

same k-dimensional affine subspace for allk =1,...,d— 1.
Then, conv((y) is a convex polytope containing the origin o in its interior. Moreover,
as n — 00, we have the convergence

conv((,) dy conv((p)

on the space K% as well as the convergence of the f-vectors

f (conv((,)) — £ (conv((p)) -

Proof. By the local finiteness of (y and since (y({oc}) = 0, the set of atoms of (j
is bounded. Hence conv((p) is a compact convex set. We show that it is in fact a
polytope. By the supporting hyperplane theorem, i.e., Theorem 2.2.1, assumption (a)
implies that the origin o is an interior point of conv((y). Thus, there exists an open
ball BY(0,2r) C conv((y) with r > 0. Since B%(o, r) is open, the set R?U{co}\B(0, )
is compact and thus {; has only a finite number of atoms, say Aj,..., Ay outside of
B?(o,r). We claim that

conv((p) = conv({Ay,..., Ar}) (2.34)
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and, in particular, conv((p) is a convex polytope. To prove (2.34), it suffices to show
B4(o,7) C conv({Ay,..., Ar}). Assume that x € B%(o,r) but 2 ¢ conv({Ay, ..., Ax}).
By the separating hyperplane theorem, i.e., Theorem 2.2.2, there exists an open half-
space H such that x ¢ H and conv({Ay,..., Ax}) C H. After applying an orthogonal
transformation, we may assume that H = {y € R%: y; < a}, where y; is the first
coordinate of y € R%. Since x ¢ H, its first coordinate satisfies #; > a, hence a < .

Now,
conv((y) C conv({Ay, ..., A} UB%0,7)) C conv({H UB0,r)}) C {y € R*: yy <7},

which is in contradiction with B%(o, 2r) C conv((p). This proves (2.34).

By Proposition 3.13 in [93], the assumed vague convergence of ¢, to (y, as n — oo,
implies that for sufficiently large n, each (,, has exactly k atoms, say {Ag"), e ,A,(g”)},
in RY\ cl(B%(o,r)) and

L (2.35)

as n — 00, on the space C% Since the mapping conv : C¢ — C¢ is continuous with
respect to the Hausdorff distance (see [99, Theorem 12.3.5]), we also have that

conv ({Aﬁ”), o ,A,(c")}> dn, conv({Ay,..., Ax}),

as m — oo, on the space C? as well as on the space K¢ Now, since B%(o0,2r) C
conv(Co) = conv({Ay, ..., Ap}), this yields that B(o,r) C conv({A™,... A} for

large n and therefore,

conv((,) = conv ({Aﬁ"), . ,A,(gn)}> , (2.36)

for all sufficiently large n, which can be proved in the same way as (2.34).

Assumption (b) implies that the points of {A;,..., Ay} are in general position, which
in conjunction with (2.35) yields that also the points of {Ag"), . ,A,(fn)} are in general
position for sufficiently large n. Hence, (2.35) implies that for each k € {0,1,...,d—1}
the number of k-dimensional faces of conv({A™, ..., A,(fn)}) is the same as the number
of k-dimensional faces of conv({Ay, ..., Ax}) for all k € {0,...,d—1} and large enough

n. This completes the proof of the lemma. O
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2.5 Poisson point processes

As in Section 2.4 we consider a locally compact metric space S. Let S be a o-field
thereon, making (S, S) into a measurable space. We denoted by N the set of locally
finite integer-valued measures on S and equip it with the o-field Ng generated by all
subset of the form

{MGNSM(B> :k}a

for any B € S and k € Ny, i.e., the smallest o-field on Mg such that the maps p — u(B)
are measurable for all B € S. Furthermore, let (€2, A4, P) be an underlying probability

space.

Definition 2.5.1 (Point process) A point process on S is a random variable ¢ defined

on some probability space (€2, A, P) taking values in the measurable space (Ng, Ng).

If ¢ is a point process, we denote by ((B) the mapping w +— ((w, B) for any B € S,
that is, the number of points of the point process  in the set B. A very important
characteristic of point processes is the mean number of points lying in a given meas-
urable subset of S. This generates a measure on (S,S), namely, the so-called intensity

measure.

Definition 2.5.2 (Intensity measure) The intensity measure of a point process ¢ on

S is the measure v defined by

v:S —[0,00]
B — E(((B)).

The intensity measure is an important tool in calculations regarding point processes.
We have

Theorem 2.5.3 (Campbell’s formula) Let ¢ be a point process on (S, S) with intensity
measure v. Let u: S — RU{—00, 400} be a measurable function. Then [qu(z)((dz)

1s a random variable and

E / u(z) ¢(dz) | = / u(z) v(de) (2.37)

S S

whenever u is nonnegative or [g|u(z)|v(dz) < oco.
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Let us now introduce Poisson point processes. We say that a measure v is s-finite if it

is a countable sum of finite measures. Note, that o-finiteness implies s-finiteness.

Definition 2.5.4 (Poisson point process) Let v be an s-finite measure on S. A Poisson

point process with intensity measure v is a point process Il on S fulfilling that

(a) II(B) is Poisson distributed with parameter v(B), for every B € S, that is

v(B)*

o e VP for all k € N,.

(b) the random variables I1(By),...,II(B,) are independent for every n € N and all
pairwise disjoint sets By,..., B, € S.

We remark that a Poisson point process II can almost surely be represented as II =
> i, 0y, with random points z1,zs,... € S and a Poisson random variable x with
mean v(S) (which is interpreted as +oo if v is not a finite measure). Here, and in the

rest of this thesis, 9, stands for the Dirac measure centered at the point x € S.

For k € N, denote by H’; the k-tuples of distinct points charged by the Poisson point
process II. It is a crucial fact that the Poisson point process I1 satisfies the multivariate

Mecke equation.

Theorem 2.5.5 (Multivariate Mecke equation) Let IT be a Poisson point process on
S with s-finite intensity measure v. Then, for every k € N and every nonnegative
measurable function f : S* x Ng — [0, +00],

k k
E Z flzy,. . a1 = /Ef ($1,...,$k;ﬂ+z5mi> Hu(dxi). (2.38)
i=1 i=1

(@1,0szk ) €L Sk
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2.6 Analysis

In this section we will gather a few additional lemmas that will be needed later one,

but do not fit thematically with the other sections.

We introduce one more lemma that is needed in the discussions surrounding beta- and
beta’-type polytopes, namely, in Section 3.4. It was first stated in [21] without proof.
A proof was added in [26]. The lemma was later restated in a slightly corrected form
in [61].

Lemma 2.6.1 Let h : (0,1) — R be a nonnegative measurable function such that
0< fol h(s)ds < oo, let g : (0,1) — R be a linear function with negative slope and root
s*€(0,1), and let L : (0,1) — R be nonnegative and strictly concave on (0,1). Then,

forany d > 1,
1 1

/h(s)g(s)L(s)d_lds > /h(s)g(s)ﬁ(s)d_lds, (2.39)

where ((s) = = L(s*).

Proof. We start by exploiting the nonnegativity and strict concavity of L. For s €
(0, s*), it implies that

L(s)=1L (is*) > 2 L(s*) = £(s), (2.40)

while for s € (s%,1), it gives
L(s) < Si L(s*) = ((s). (2.41)
Since g has a negative slope, it is positive on (0, s*) and negative on (s*,1). Splitting

the integral on the left hand side of (2.39) at the point s* and using (2.40) and (2.41),
respectively, yields
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This completes the argument. O]

We go on by introducing definitions and lemmas regarding Chapter 5. We begin
with the notion of the covariogram and generalized covariogram of a set. Recall, that
the covariogram of a Lebesgue measurable set K C R? is the map gx : R? — R,
y — Volg(K N (y + K)). We extend this notion

Definition 2.6.2 Let K € R? be a Lebesgue measurable set of finite Lebesgue meas-
ure. The generalized covariogram of K is the map g : (R?)4"! — R{ defined by

gK(y) = gK(yly e ;yd—l) = VOld(K N (y1 + K) n...N (yd_1 + K))

Note that the generalized covariogram can be written as an integral over indicator

functions of the set K, i.e.,

d—1

gr(y) = Voly(K N (i + K) N ... N (Ya—1 + K)) = /ILK(m) H Ig(z —y;)de, (2.42)
hd i=1

and that it is symmetric with respect to permutations of the vectors v, ..., y4_1, i.€.,

9K<yh e 7?/d—1) = gK(ya(l)a ce 7ya(d71)) (2-43)

for any permutation o : [d — 1] — [d — 1]. Observe that gx(o) = Voly(K) and that
i (y) < Voly(K).

Lemma 2.6.3 Let K C R? be Lebesque measurable and let gx be its generalized co-
variogram. Let 4,7 € R Define y,z € (]Rd)d*1 by y == (g,0,...,0) and z :=
(2,0,...,0). Then,

l9x (y) — 9k (2)] < gr(0) — gr (y — 2).

Proof. Let A;, Ay, A5 C R? be Lebesgue measurable sets. We have

VOId(Al N AQ) — VOld(Al N Ag) S VOld(Al N Ag) — VOld<A1 N A2 N Ag)
= VOld((Al N AQ) \ (Al N A2 N Ag))
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Volg(Ay \ (A3 N A3))
= Voly(Asz) — Volg(Az N As).

Set now A1 = K, Ay =9+ K and A3 = Z+ K. Then

9k (y) — 9 (z) = Vola(K N (g + K)) — Vola(K N (2 + K))
< Volg(g + K) — Volg((7 + K) N (2 + K))
= Volg(K) — Voly(K N (§ — 2+ K))
= 9x(0) — gk (y — 2).
Due to gx(z — y) = g (y — z), the inequality follows for |gx(y) — gr(2)]. O
Lemma 2.6.4 Let K C R? be Lebesque measurable and let gi be its generalized co-

variogram. Let §j € R and define y € (Rd)d_l by y:=(g,0,...,0). Then,

9k (0) — gk (y) = %/lﬂK(Hg) — 1 ()| da.

Proof. Using basic properties of the indicator function of a set, we have

/|11Kx+y>—nK< o= [ (Ll +5) = L) do

R4

:/]IK(x—i-y) dx+/ l(2)? dx—2/]lK(x—|—ﬂ)]lK(x)dx

= 2Voly(K) — 2Volg(K N (5 + K)) = 2 (9x(0) — g (y)) ,

where the second to last equality follows from integrating 1x(z) over RM + ¢ instead
of 1x(x + 7) over R? in the first integral. O

The next two propositions are taken from [44], where one may also find their proof.

Proposition 2.6.5 Let U C R? be open and let f € LY(U). Then, the following

statements are equivalent:
(1) V(f,U) < o0
(ii) V,(f,U) < oo for all u € S,

(iii) V.,(f,U) < oo for all vectors e; of the canonical basis of RZ.
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Additionally,
1 d
< — < <
V(£.U) _dz (£U) < sup Vi(£.U) V(£.U)

and

V(S.U) = / Val f, U) Ao (du)

2K4-1
sd—1

hold.

The second proposition elaborates a method to calculate directional variations of a

function f in U by integrals of difference quotients.

Proposition 2.6.6 Let u € S¥1 and f € LY(RM). Then,

/Ifl’+7“u flz )|dx§Vu(f),

for allr # 0, and

hm/|fx+ru f@ )ld = Vu(f).

r—0

We use the two previous propositions to show the following two.

Proposition 2.6.7 Let K C R be Lebesque measurable, let gx be its generalized
covariogram and let u € S*1. Define y := (u,0,...,0) and let v € R with r # 0. The

following statements are equivalent:

(i) K has finite directional variation V,(K),

gx (0)—gK (ry)

exists and is finite
Ir| ’

(i) the derivative lim
r—0
(111) the function g% : r w— gk (ry) is Lipschitz.

Additionally, the Lipschitz constant of g} s

— 1
r—0 |’l”’ 2
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Proof. Lemma 2.6.4 implies

gx(0) —gk(ry) _ Lk (z+ru) — T (2)]

7] 7]
]Rd

dzx.

Applying Proposition 2.6.6 with f = 1, we obtain the equivalence of (i) and (ii) as

well as the formula

— 1
r—0 ‘7“' 2

We show now that (i) implies (iii). By Lemma 2.6.3 we get for r, s € R\ {0}, that

l9x (ry) — 9r(sy)| < gr(0) — g ((r — s)y)
=5 [ o+ 0= 9)0) = L) s

g (z+ (r—s)u) — Lg(z)]
r — s

dx

=—lr—s
2

1
< SValK)lr = sl

where the last inequality stems again from applying Proposition 2.6.6 with f = 1.
Hence, Lip(gi) < 3V (K).

It remains to show that (iii) implies (i). For all » # 0 we have

By Proposition 2.6.6 the right-hand side converges to lV (K), as r goes to 0. Hence,
K has finite directional variation in the direction of u and Lip(g) > £V, (K).

Subsequently, (i) and (iii) are equivalent and
o 1
holds. ]

Note that for g}, i.e., the restriction of the generalized covariogram to the first argu-
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ment along the direction v € S?1, the right derivative in 0 can be expressed as:

(g1)(0%) = Tim gx(ry) —gx(0) _ . 9x(0) —gx(ry)

r—0t r r—0 |T|

. (2.44)

Proposition 2.6.8 Let K C R? be Lebesque measurable and gx be its generalized
covariogram. Let v € S¥1 r € R with r # 0, and define y := (u,o0,...,0). The

following two statements are equivalent:
(i) K has finite perimeter Per(K),

(ii) for all w € S™! the derivative (g%)'(07) = liH(l] M exists and is finite.
r—

Additionally,
1

Rd—1

Per(K) = —

/ (g2 (0%) Mg (du). (2.45)

gd—1

Proof. Proposition 2.6.7 and (2.44) yield the identity

(g5 (0%) = tim D ZI0O) Ly )

r—0t r

The equivalence of (i) and (ii), as well as (2.45), derive from applying Proposition 2.6.5
with f = 1 to this identity.

[]

Remark 2.6.9 It is known, that if K C RM is a convex body, then V,(K) =
2Vol,;_1(P,. K) holds for its directional variation. This result can be found in [98,
Eq. (10.1)] and is restated in [44].
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Chapter 3
Beta- and beta’-type polytopes

This chapter revolves around beta- and beta’-type polytopes and Poisson-beta- and
Poisson-beta’-type polytopes, respectively. In particular this means that they are gen-
erated either by a fixed number or a Poisson distributed number of independently and
identically distributed random points chosen according to either a beta- or a beta’-type
distribution. More precisely, three types of differently generated random polytopes are
investigated. Namely, random polytopes that are the convex hull of such random
points, random polytopes which are the symmetric convex hull of such random points

and random polytopes which are the convex hull of such random points and the origin.

Our attention is focused towards expected values of a number of functionals: The so-
called T-functional, the facet number, the Lebesque volume and the intrinsic volumes,
encompassing also the surface area and the mean width. In the special case of the
uniform distribution in the ball, which is just a particular beta-type distribution, we
are also able to handle the verter number. We give explicit formulae for the expectation
of these quantities depending on the dimension, the parameters of the distribution and

the number of random points or the intensity of the Poisson-process, respectively.

Furthermore, we show monotonicity of expected facet numbers for these types of poly-
topes in the number of random points or intensity of the Poisson random variable,

respectively.
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3.1 Preliminaries

We are considering the following two families of rotationally symmetric probability

distributions. The beta-type distribution p4 s, having density

[l

B
fapo(x) = cCapo (1 -3 ) ;x| <o, B>-—1, o>0, (3.1)

and the betd'-type distribution fi4p ., with density

; " [T a d
fapo(r) =Cipo |1+ —- , zeRY B> 3 O >0, (3.2)
o
with normalizing constants
F(¢+p+1 r
Cd”gﬂ = O'd M and 5d75’0 = O'd d (6) p (33)
(8 +1) m2l (6 —9)

and distribution functions £y g, and Fdﬂ,g, respectively. Note that most of the time we
assume that o = 1, in which case we drop the o from the notation, i.e., pqg = pas,
fap = fapa, cap = capn, Fup = Fyp1 and similarly for the beta’-case. So let from
now on o = 1, except if it is stated otherwise. We also consider the uniform distribution

on the unit sphere S*!, defined via
o4 1(A) ==k Voly({tz : v € At €[0,1]}), A C S*' measurable, (3.4)

which presents itself as a limiting case of the beta-type distribution, see Proposition

3.1.2. Together with the standard Gaussian distribution, given by the density

o(x) == (2%)_% exp (— ||$2||2) , x€RY (3.5)
these are the distributions characterized by Ruben and Miles [95], i.e., the Gaussian, the
beta-type and the beta’-type distribution all obey that their marginal distributions are
again Gaussian, beta-type and beta’-type, respectively (with varying parameters). The
uniform distribution on the unit sphere poses an exceptional case, since its marginal
distributions are of beta-type. We refrain from considering the Gaussian case, due to

the fact that analogous results to ours have already been presented in [62, 60].

We will investigate three differently generated types of random polytopes based on
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beta- and beta’-type distributions. For Xj,..., X, € R being independent random

points sampled from the beta-type distribution with parameter [, we set
Plo=[X1,..., X, SIy=[EX . X QL i=[0, X1, X,

Likewise, ]Sf & 5’57(1 and Qid denote the similarly generated random polytopes from n
independently and identically beta’-type distributed points in R? with parameter .
For Xi,...,Xy € R? being independent random points sampled from the beta-type
distribution with parameter 5 and N being a Poisson random variable with intensity

t, we define the processes

N N
Hf,d - Z 0, E'tg,d - Z Z (-1 X, @tﬂ,d - Hgd + 0.
=1

i=1 je{0,1}

By Ttéd = conv (Hf’d>, Sfd = conv (Ef,d> and Qf’d = conv (@fd) we mean the Poisson-
beta-type polytopes generated by these processes. If the points are independently
sampled from a beta/-type distribution on R?, we analogously define the processes l:[f &>
f]f g and (:)t’8 4> as well as the Poisson-beta’-type polytopes ﬂBf & St’B g and Qtﬁ 4 generated
by them.

We start our investigation in this section by observing two interesting limiting behaviors
for the beta- and beta’ distributions. This shows that of the four classes of distributions
identified by Ruben and Miles [95], actually the beta- and beta’ distributions are at
the core of them, while the Gaussian distribution and the uniform distribution on the

sphere appear in a sense as “extremal” cases of these.

Proposition 3.1.1 Let X € R? be either beta- or betd -type distributed with parameter
B. Then \/2BX converges weakly to the standard normal distribution on R as B — oo.

Proof. From the pointwise convergence of the densities, i.e.,

X

(26) % fus ( m) = fupm(®) — 6@),  as B oo,

the assertion follows by Scheffé’s Lemma. A modern version of Scheffé’s Lemma with
streamlined proof can be found in [82]. The result for the beta’-type distribution follows

analogously. O
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Proposition 3.1.2 Let X € RY be beta-type distributed with parameter 3. Then X

converges weakly to the uniform distribution on S*™1 as f — —1.

Proof. Let (Bx)ren be a sequence converging to —1 from above. Since the set of prob-
ability measures on the unit ball B¢ is compact in the weak topology, there is a weak ac-
cumulation point v of the sequence (uqs, )ken. Note that, since limg, 1 T'(5+1) = +o0,
it is clear that the density f;s(x) converges to 0 uniformly in = € K, for every compact
subset K of the open unit ball. It follows that p,g, (K) converges to 0 as k — oo.
Hence, the probability measure v is concentrated on the sphere S*!. Since the meas-
ures fiqp, are invariant under arbitrary orthogonal transformations on R? the same
is true for the weak limit v. It follows that v is a rotationally invariant probability

measure on the sphere S“!, and, hence, v = o4_;. O

Let us now state some general lemmas about properties of these distributions. The
first one is the already mentioned property that the marginal distributions of beta- and
beta’-type distributions remain in their respective classes (with different parameters).
While the second lemma establishes formulas for the probability content of half-spaces

and slabs, respectively, with respect to these distributions.

Lemma 3.1.3 Let L € G(d, k) be a k-dimensional linear subspace of RY.
(a) If the random variable X has density fqp, then Pr(X) has density fwﬂ%.

(b) If the random variable X has density fdﬁ, then Pp(X) has density fkﬁ_%.

Proof. Both, for (a) and (b) it suffices to consider the case k = d — 1 because then we
can argue by induction. Due to the rotational symmetry of the beta- and beta’-type
distribution it suffices to consider L = {z € R? : x4 = 0}, which we identified with
R,

Let us prove (a). Fix some z* = (z},...,25 ;) € B¢ with Euclidean norm r :=
|lz*|| € [0,1). The pre-images of z* under the projection map P have the form
r = (zf,...,25 |, xq) with z; € R, but since we are interested only in x € B?, we
obtain the restriction |z4| < /1 —r2. It holds that ||z|?> = r? + 22 . Thus, the density
of P,(X) at x* is given by

+v1—7r2 +v1-r2

Cap / (1 — Htz)ﬁdxd = Cap / (1 —r?— xfl)ﬂdxd
1—

—V1-r2 - r2
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+vV1-r?

2 B
= Cd,ﬂ (1 — 7’2)5 / (1 — 1 —dTQ) dxd

V12
1

— cap (1—12)7F / (1-12)° dy,

-1

where we used the transformation y = z4/+/1 — 2. Hence, P(X) has density f; ;5 1

1

and we do not even need to check that cqp [ (1 — y2)5 dy = Ca 1,541 because the
-1

outcome must be a probability density. Inductive application of this result yields the

desired statement for arbitrary dimensions k.

In the case of the beta/-type distribution we can apply almost the same argument. Fix
some z* = (z},...,z5 ;) € R with Euclidean norm r := ||z*|| > 0. The pre-images
of z* under the projection Pp, have the form x = (273, ...,2%_,, x4) with z, € R. Then,

the density of Pr(X) at z* is given by

+o0o oo
Ca,p / (1+ ||x‘|2)_5dxd:5d,5 / (1+T2+$3)_5dmd
- _ 7 2 -B
= Cdp (1 + TQ) ’ / <1 * 1+dr2) dxy
— 00
= éd,ﬁ (1 + 7“2)_(6_%) / (1 + y2)—5 dy,

where we used the transformation y = x4/v/'1 + 72. It follows that Py, (X) has density
qu, p1- The statement in the case of general dimension k again follows by induction.
O

Lemma 3.1.4 Consider the affine hyperplane H(u,h) € A(d,d — 1) with h € R and
u € S, Let X be beta-type distributed on B¢ with parameter 3 > —1. Then,

]P(X S H(u7 h)+) =1- Fl,,B-i—%(h)v ]P)<X S H(“’v h)7> = Fl,ﬁ—i—%(h)u h e [_17 1]7

and

P(X € (H(uh)™ 0 H(u,~h)")) = Fy y as(h) = Fy poaa (<), he0.1]
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Similarly, if X is betd -type distributed on RY with parameter B > g, then

P(X € Hu,h)") =1—F 4 aa(h), P(X€H(uh))=F 4 ai(h), heR,

2 2

and
P(X € (H(u,h)” NH(u,~h)")) = F 5 as(h) = F 5_aa(=h),  h20.

Proof. Let X be a random point with density f; 5. In order to calculate the probability
contents of H(u,h)™ and H(u,h)” we project X onto the line

L := H(u,0)".

Clearly, X € H(u,h)" is equivalent to Pr(X) > h, whereas X € H(u,h)~ is equivalent
to Pr(X) < h. From Lemma 3.1.3 we know that Pr(X) has the one-dimensional density

f175+%. Hence,

h h
d—1
POX € Hu b)) = [ fpeon(@)de =y [ (1) do = ()
s e

The observation that P(X € H(u,h)") =1 —P(X € H(u,h)”), and in the case of a
slab, that P(X € (H(u,h)” N H(u,—h)*)) =P(X € H(u,h)”) —P(X € H(u,—h)")
finishes the proof in the beta-type case.

Similarly, if X is a random variable with density fy 5, then, by Lemma 3.1.3, P (X) has
density fm_ a1 and we get the corresponding results for the beta’-type distribution.
m

Throughout our investigation, explicit formulas for moments of the volumes of (lower
dimensional) simplices and parallelepipeds generated by random points sampled inde-
pendently and identically from beta- and beta’-type distributions play a crucial role.
As mentioned earlier, integer moments of the volumes of (lower dimensional) simplices
where provided by Miles [79, Equations (72) and (74)]. Mathai [76, 77] later gave ex-
plicit formulas for all non-negative real moments of the volume of (lower dimensional)
parallelepipeds. We will use Mathai’s result and (2.29) to extend also Miles’ formu-
las to all non-negative real moments. Recall that we denote by Ay = Ag(xo,...,zx)

and Vi = Vi(xy,...,x) the k-dimensional Lebesgue volumes of the k-simplex and
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k-parallelepiped, respectively, generated by the points zg, ...,z € RY, where k =
1,...,d. Moreover, we write the expectation with respect to the beta-type distribution

as Ez and the one with respect to the beta’-type distribution as IEg.

Proposition 3.1.5 (Mathai)
Let X1,...,Xg be i.i.d. random points in RY.

(a) If X1,...,Xq are distributed according to a beta-type distribution on BT with
parameter § > —1, then

. ﬁ‘i‘d‘i‘l ddrd+mz+1
Eﬁ(vd>_< (é+d+n+1> H I‘(dl+1 )’

=1

for all k € [0, 00).

(b) If X1,..., Xy are distributed according to a betd -type distribution on R with

parameter 3 > é then

for all k € 10,25 — d).

Proposition 3.1.6 (Miles)
Let Xy, ..., Xq be i.i.d. random points in RY.

(a) If Xo,...,Xq are distributed according to a beta-type distribution on B with
parameter § > —1, then

o %F(l(25+d+n 1) ( + 6+ ) R INCS

for all k € [0, 00).

(b) If Xo,..., Xy are distributed according to a betd -type distribution on R with
parameter 3 > g, then

F (8-
r((s

| NI

Es(Af) = (@)™

Jd+1) - ;al))(F(B—“—H))d“ﬁF(%

_) (d+
for all k € 10,25 — d).
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Remark 3.1.7 Note that in (b) we have indeed — %« instead of +%x, as stated in [79].

This typo has already been observed and corrected by Chu [35], for example.

Before we are able to prove Miles’ formula for non-negative real moments, we need to
know how the moments of the volume of random simplices chosen according to beta-
and beta’-type densities restricted to affine subspaces behave. This will come also in

handy in later considerations.

Lemma 3.1.8 Let H € A(d,d — 1) be an affine hyperplane at distance h from the
origin. In the case of the beta-type distribution with parameter B > —1, for all h € [0, 1]

and k € [0,00) we have

/Adlxl,... <Hfdﬂxz> (d(z1,...,24))

Hd

Czllﬁ o dB+ 451 (d+k) o
-1,

Similarly, in the case of the betd -type distribution with parameter 3 > , forallh >0
and k € (0,25 — d) we have

/Ad (T (Hfdﬂ(xi)) A (d (21, ... 2q)

e i=1
~d
b (14 n%)” PN g (A5,).

Cdfl,ﬁ

Proof. Without loss of generality we take H = H(eq, h) € A(d,d—1). Consider also the
linear hyperplane L = H(e4,0) € G(d,d — 1) which is parallel to H. With z* = Pr(z),
for z € H, we have that ||z||* = ||2*||° + k2, where the euclidean norms are taken in the

respective Euclidean spaces. Hence, for all h € [0, 1],
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d
SR BTN (SR D I VACIE )

(Lnvi-AZBe)" =
d 2\dB K * * a Hxﬂlz ’ d * *
:Cd,ﬁ(l_h) Ad—l(xla"'axd)H 1_1——h2 A (d(27,...,2])) .
(Lv/i=AZBa)" =
Introducing the new variable y; = (1 — h2)_% x} for every 7 = 1,...,d and identifying

L with R4! leads to

[ 85 @) T a0y @ o)

d
a1 K
ol (1= p2) e / A5 (v TT (= 1wl 2 @ i, wa)

(Bdfl)d i=1
Cg,@ 2\ dB+ 45 (d++) K d d
— 4 : (]‘_h ) : / Acl—l (yl"'wyd)Hfd—lﬁ(yi) AL (d<y177yd>>
’ (Bdfl)d =

C K e
- (1) E, (ar).
d—1,8

The result for the beta/- type distribution is derived analogously by using the trans-
formation y; = (1 + h?)~ : xf, for i = 1,...,d, and by suitably adapting the range of

integration. [
Now we can go over to proving Miles’ formulas for all non-negative real moments:

Proof of Proposition 3.1.6. Let Xy,..., X, be i.i.d. random points distributed accord-
ing to a beta-type distribution on B¢ with parameter 5 > —1. Recall that we denote
by n({Xi,...,Xq4}) the Euclidean distance of the affine hull aff({X7,..., X4}) to the
origin 0. From (2.29) and the well-known base-times-height-formula for the volume of

simplices we get

Es (V5(X1, ..., Xy)) = (d)Eg (A%(0, X1, ..., X4))
(d)*Eg (d"n*([X1, ..., Xd)AG_ (X4, ..., X4))
= ((d=DNEs (n"([X1, .-, Xa) AT (X1, Xa)) -

o1
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Abbreviating C' = ((d — 1)!)**!, rewriting this as an integral over (R%)? and applying
the affine Blaschke-Petkantschin formula yields

=C Uﬁ([Xl’ . ,Xd])Ag_l(SEh . ,Z’d) (H fd,B(xz)> )\z(d(xl, . ,xd))

! d
= Cbg,q-1 / / REAS (21,2, 24) (H fdﬁ(l'i)) Mo(d(zy, .. ., 2q)) dh oy (du)
/ ,

1
d
= 2Cbg,4-1 ( o ) Es (ASF1( X1, ..., X4)) /h”(1 — R ARt g,

Ci—1.3
d
1 d—1
= Obug_1 (Ccdﬁ > Ey (A5T(X, ..., X,)) B (“; B+ ——(d+ R+ 1)+ 1> ,
d—1,3

where the second to last equality follows from Lemma 3.1.8. Recall that B(-,-) stands

for the beta function. Thus, rearranging and adjusting for the correct indices gives

d K
+1 (vd; XO, o Xa)) (36)
5. (d

c
Es

Es (AL(Xo, ..., Xq)) = —=2

T Citls baria(d) B ( +§(d+r+1)+1)

from which the claim follows by working out the constants; see Proposition 3.1.5. One

sees from the last equality that what we have shown is only true for x > 1. We want

to conclude that it in fact holds for all k > 0 by analytic continuation. To this end,

we notice first that the map x — Eg (A5(Xo, ..., Xy)) has the integral representation

E/B (Ag(Xo,,Xd)) = / AN ZL‘(),... (Hfdg xX; > )\d+1( (ZBQ,...,[Ed)),

(Bd)d-+1

which is real analytic for all k > 0. Moreover, the right-hand side of (3.6) is real
analytic for all kK > 0. Hence, by analytic continuation these two expressions must
coincide for k > 0, since they coincide for all £ > 1. In addition, for K = 0 both sides

are equal to 1.

The corresponding result for the beta’-type distribution can be shown in the same way.

However, the necessity for an analytic continuation does not arise there. O
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3.2 Functionals of beta- and beta’-polytopes

Expected volumes and intrinsic volumes

Theorem 3.2.1 Let Xq,..., X, be independent beta-type distributed random points in
B¢ with parameter B > —1. Then,

1

EVoly(P),) = A, / (1= 1?)"F 5 aa (h)" 4" dh,

2
-1
1

n—d—1
EVol,(S?,) = 27147, / (1 h?)* (Fl’m%(h) - FLM%(—h)) dh, (3.7)

0
1

EVoly(Q, ) = Dy g+ An g / (1= 1) F gy ()" dh,
0

where ¢ = (d+1) (8 — 1) + 4(d+ 3) and
y :(d+1)/~@d( n )(B+d+1) r(e2+5)\"
mE gdrt \d+1 2 I (42 4 8) ’

d
pp ot (”) L (52 +5)
" gt \a) \ T (575 5)
Theorem 3.2.2 Let Xy,...,X, be independent betd -type distributed random points

omd d+1
in R with parameter § > <=. Then,

o0

EVoly(P),) = A7, / (1+ 1) 7TF, 5 aa (R)" 1 dh,
GB d+1 38 i n—q [ - n—d=1
BVol(3,) =24 AL, [0 127 (Fyaa) = Fypan (1) an

0
oo

EVola(Qy ) = Dy g+ Ay /(1 +h2)TOE o a (h) 4 dh,
0
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where § = (d+1)(8+3) — 3(d + 3) and

=G (i) (5—d+1)< (2 _—)))

I () rE-4h\"
Mo \d) \ T (8-5)

The formulae for the expected intrinsic volumes are obtained using the next proposition.

Proposition 3.2.3 The expected intrinsic volumes EVk(P 4) and EVi( nd) for k =

1,...,d are given by the formulae

d
EVi(P!,) =
V;C( n,d) (k)) KiKdk

~ d _d=k
EV,(P° ) = EVol, (P, 2 ).
k( n’d> (k‘) RERd—k Ok < )

These formulae hold if Pﬁd 15 replaced by Sﬁd or Qn 4 respectively Pfd by Sﬁd or Q

d—k
E Vol (P *T) ,

Expected surface area and expected mean width

Proposition 3.2.3 implies formulae for the expected surface area of PP > Sﬁ 4 Qn & Pf &>
Sfid and ngd. Recall, that for a convex set K C R? we have Sy_;(K) := 2V;_1(K).

Corollary 3.2.4 Let Xy,...,X, be independent beta-type distributed random points
in B with parameter 3 > —1. Then,

1

ESd—l(Pr/id) = ’}/dAiJ:f 1 / ( h2) 1 5+d 1 (h)n_d dh,

8 1 n—d
ESs1(S7,) = 2uA%0k / (1= 1) (P () = Fy o (1) b,

0
1

ESd—l(Qi,d) = Yd Dﬂd 1t And 1 / (1 - hz)q F1,5+%<h)n_d dh |,
0

where ¢ = df + S (d + 2) and 74 = Hdd’?il . The constants Agd and D;fid are the same

as in Theorem 3.2.1.
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We remark that a different representation for ]ESd_l(Pﬁ 4) was previously given by
Buchta, Miiller and Tichy [32].

Corollary 3.2.5 Let Xy,..., X, be independent betd -type distributed random points

in R with parameter 3 > d“. Then,

1 -~
BSu-1(PL) = 1Al [ (1402 TF, , us(hytan,
~ v - n—d
BSi-1(57,) =2 Al [0 (Fyaah) = By (o) an
0

ESd—l(Qg,d) =d bi;zzl + Ai;zzl /(1 + h2)_qp1,g_%(h)n_d dh |,

0

where § = df — S1(d 4+ 2) and y4 = ,i“_dl. The constants fli’d and sz,d are the same

as in Theorem 3.2.2.

Similarly, we can find explicit formulae for the mean width of these random polytopes.
We recall that the mean width Wy (K) of a convex set K C R? is defined as the expected
length of the projection of K onto a uniformly chosen random line. The mean width
is related to the first intrinsic volume by the formula Wy(K) = 2';‘17;1‘/1(}( ); see [99,
p.223].

Corollary 3.2.6 Let Xy,..., X, be independent beta-type distributed random points
in B with parameter 3 > —1. Then,

1
B+4z1 e
EW4(P; ) = A, /(1 —hQ)qFLm%(h) 2dh,

-1
1

d—1 n—2
EW,(S7,) = 440 /(1 — )" (Figpaz () = Frgoam (=) db,

1
d—1 dl
EW.(Q° ) =Dp s + AT /1‘h2 Fy gypacs (h)" 2 dh,
0

where q = 28 4+ d. The constants Aid and Dﬁd are the same as in Theorem 3.2.1.

25



3.2. FUNCTIONALS OF BETA- AND BETA’-POLYTOPES

As in the case of the surface area, a different representation for EWd(P ;) Was previ-

ously given by Buchta, Miiller and Tichy [32].

Corollary 3.2.7 Let Xy,...,X, be independent betd -type distributed random points

in R® with parameter > d“. Then,

o0

~ ~gQ_d=1 ~ o~
EWA(PL) = A7, / (14 12)1F s (),

B 5 2 = n-2
EW,(57 ) = 44, (U427 (Fypas () — Flﬁ_%(—h)) dh,

0
o)

EW,(Q° ) = DIy + A W20 F BY"=2 4
d(Qn,d) - 1 + (1 + ) Fl,ﬁf%( ) )

0

where ¢ = 23 — d. The constants A*Bd and D? na ore the same as in Theorem 3.2.2.

Expectation of the T-functional

Fix a,b > 0. Recall that for a convex polytope P C R?, we are interested in the

functional

Ti(P) =Y n"(F)Voli(F),
FeF(P)

where F(P) is the set of all k-dimensional faces of P, and n(F) is the Euclidean
distance from the affine hull aff(F') of the k-dimensional face F' to the origin.

Theorem 3.2.8 Fix a,b > 0. Let Xy,...,X, be independent beta-type distributed

random points in BY with parameter 3 > —1. Then,

ETH! (P§d> =c / (A" (1= %) F g, aa (R)" 4 dh,

1

n—d
ET (5§7d> — 20 / h* (1 — h?)* ( Fyppaa(h) — FLM%(—h)) dh,
0
1

BT Q1) = DLt + Ol [ 00 (1= 1) By (i,
0
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where ¢ = dB + S (d+ b+ 1) and

d
= (Z) dikaEs (AYH) (Cd—ﬂ) ,

Cd—1,3

pret —gga—oy( " dials (Vits) (cap \
med d—1)2m=a+1((d—1)1" \cy_1 5 '

Remark 3.2.9 Since the polytopes 557 . and Qﬁ 4 always contain the origin, we can de-
compose them into simplices of the form [o, z1, ..., x4], where [x1, ..., z4] runs through
all facets of the corresponding polytope. It follows that the expected volume of these
polytopes is given by

1 _ 1 _
EVOId(SS,d> = E]ETld,’ld 1(55,d)> EVOld(Qg,d) = 8]ET1d7’1d 1(Q§,d)'

Then, Theorem 3.2.8 yields the formulae

1

2 dp+451 (d+2 nd
EVOld(Sg,d) - ch,’é / h (1 - h2) ) (Fl,ﬁJr%(h) - F1,6+%(_h>> dh,
0
1 1 /
dp+2=1 (d+2 n—
EVoly(Q),) = ~ D" + 805;;/11(1 = )T () dh.

0

This method does not work for P,ﬁ 4 because this polytope need not contain o. However,
one can consider the following analogue of the T-functional defined for d-dimensional
polytopes P C R%:

THP) = Y ne(F) Voly(F),
FG]‘-dfl(P)

where 74 (F') is the distance from the affine hull of the face F' to the origin o taken
positive, if the origin o and the polytope P are on the same side of the face F, and

negative otherwise. Then, it is easy to see that
1 _
E Voly(P ) = aETf{f;(Pﬁd).

The expected value of T f{ ’1‘17 ;1(P£ ;) can be computed in the same way as in Theorem
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3.2.8 yielding the following formula:

1

L s, dp+951 (d+2) n—

EVola(P,) = =C\l /h (1—n7) Fy gas(h)""dh.
“1

The equivalence of these formulae to those given in Theorem 3.2.1 can be shown using

partial integration. Anyway, we shall give an alternative proof of Theorem 3.2.1 later.

The analogue of Theorem 3.2.8 in the case of beta’-type densities can be stated as

follows.

Theorem 3.2.10 Fiz a,b > 0. Let Xy,...,X, be independent betd -type distributed
random points in R® with parameter B that satisfies 2d > (d — 1)(d+b+ 1) +a+ 1.
Then

d—1 (h)”—d dh7

2

BT (PL) =Gl [ I (1) 7,

~ ~ =/~ n—d
TS (S0,) =260 / P03 (Fpma () = Fyg_aa (1)) dh,
0

BT (@) = Dl 2% [0 (14 0) oyt an,
0

where § = df — S (d+b+1) and

~ d
cat= () waBs (Al (22)

Cd—1,8

D’B’a’b _ ]]_{a _ O} n d/ﬁdEﬁ (Vfltll) Ed,ﬁ d—1
™ d—1)2n=at1((d —1)" \ &4 15 '

Remark 3.2.11 Theorem 3.2.8 immediately implies exact formulae for the expected
facet numbers of random beta-type polytopes. Namely, setting a = b = 0, it follows

from the definition of Ti ,:—1 that we have
Efy 1(P),) =BTy (P ). (3.9)

Recall that, fy(P) = |Fx(P)| denotes the number of k-dimensional faces of the polytope
P. The expected facet numbers of Sfid, di, Pf & Sf,d and Qﬁ,d follow analogously.
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Remark 3.2.12 Since random beta-type polytopes are almost surely simplicial it fol-
lows from Theorem 2.2.3 that f;_ Q(Pnﬁ Q) =4 1(Pﬁ ) almost surely. Hence, Theorem
3.2.8 also implies the expected number of (d — 2)-dimensional faces of Pf 4- The ex-
pected number of (d — 2)-dimensional faces of Sf & Q Pﬁ & SB a and Qg , follow

n,d’

analogously.

Special case: Uniform distribution in the ball

The beta distribution with # = 0 is just the uniform distribution in the ball. As a

special case of Theorem 3.2.1 we obtain the following

Corollary 3.2.13 For all d € N we have

d+1 1
0 (d+1)°ka (" n L(%?) _ g2y La2dmt n—d-1
EVola(Pra) = i —a5 \ g4 1 T(&) (1—n%) Fy aa (R)" dh,

d+1
o y_ ([d+1)?ka( n L(43?)
Evold(sn,d> - ﬂ_d;rl d +1 F(dig)

2

Now, we specialize these formulae to dimensions d = 2 and d = 3. We start with the
2-dimensional case and remark that the formula for E Voly(P),) has previously been
obtained by Efron, see Equation (7.13) in [42].

Corollary 3.2.14 In dimension d = 2, we have

2m
16 n h
0 . . 8
EVoly (P, ,) = 3@ (3) /(h sin h)" 3 sin <2) dh,
0

32 n\ [ h
0y _ =3 .8 (1
E Voly(S,, 5) = 5 o (3) /(h +sinh)" "7 cos (2> dh.
0

Proof. Since Fy 1 (h) = 2+ 1(h/1 — h?+arcsinh), |h| < 1, the first result follows from
the substitution h = —cos 4 and by relabeling of y by h. The second result follows
from the observation that Fl,%(h) — Fl,%(_h> = 2(hy/1—h? + arcsinh), |h| < 1, by
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the substitution i = sin § and by relabeling of y by h. O]

As anticipated above, the computation of E Voly(P),) is due to Efron [42]. Buchta [29]

obtained the following more elegant representation:

27
/(h — sin h)" sin h dh.

0

1

EVoly(P),) =7+ -

We continue with the 3-dimensional case and again remark that the formula for E Vol (P? 3)
corresponds to Equation (7.14) in [42]. We also refer to Buchta [29], who derived an-
other representation for the integral.

Corollary 3.2.15 In dimension d = 3, we have

1
27m (n
EVOlg(PT?’g) = s (4) /(1 _ h)7(1 + h)2n—1(2 _ h>n_4 dh,

-1

1
27 (n _ e
E Vol3(S) ) = T3 (4) /(1 — WA (3 — h?)" "t dh.

0

Proof. To obtain I Vols(Py 3) we choose d = 3 in Corollary 3.2.13 to obtain Fy;(h) =
24+ h— %3) = 2(h—2)(1+ h)?, || <1 and hence, by factorization of the function
under the integral,

27T
1024 4n—4

(i
j:fl( )/ )(1+h)> (2 — h)"* dh

Similarly, Fy1(h) — Fi1(—h) = 3h(3 — h?), |h| < 1, and the result for E Vols(SD )
follows. ]

E Vol3(P)4) = ) 1 — 271+ h)*" Y (h —2)"*dh

Using the classical Efron identity, we can obtain the following formulae for the expected

number of vertices.
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Proposition 3.2.16 The expected number of vertices of Py ; and S}, ; is given by

E Vol (P° E Vol (S°
EfO(PS,d) =n (1 - M) , Efo(Sg,d) =2n (1 — M) 7

Rq Rd
where the expected volumes on the right-hand side were given in Corollary 3.2.13.
Proof. The first formula is just the classical Efron identity, see [42]. By
Efy(Sh ,) = 2nP (X1 € Fo (S04))

= mP(X; ¢ [£Xs, ..., £X,])
Sematar))

Rd

the second formula follows. O]

Moreover, we state results for the expected surface area and the expected mean width
of PY,, Sg 9, P, 3 and S? 3 that follow from Theorem 3.2.4 and Corollary 3.2.6.

Corollary 3.2.17 In dimension d = 2, we have

w/2

1 n sin(2h) + 2\ "2
0\ _ 5
ES1(P,,) = 3o (2> / cos’ h <1 + - > dh,

—7/2
w/2

4 in(2 9 n—2
ES)(S2,) = o ()/COS%(M> dh.
3m\ 2 T
0

Corollary 3.2.18 In dimension d = 3, we have

1
8lm (n _ e
ESQ(P33) o <3> /(1 — h)3(1+h)2 (2= k)" dh,

ESQ 523 <g)/ h” 3(3 h2)n 3dh
0
EWa(r2) = 3 (5 )/ (1= W1+ By i (2 — By dh,
n n—2 2\n—2
EWs(S (2)/ h (3 —h%)"=dh.
0
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1
Proof. Observing that y3A2, = 5&(3) and that Fyi(h) = 1(2+3h—h%) = (1 +
h)*(2 — h), |h| < 1, the formulae for ESy(P) ;) and ESy(S), ) follow from Theorem
3.2.4. The values for EW3(P) ;) and EWs5(S) 5) can be deduced from Corollary 3.2.6

and the fact that A}, = £ (3). O

Finally, let us discuss the explicit formulae for the expected number of facets of

Pl P)3, Sy, and S) 4. They follow by specializing Theorem 3.2.8 to the case im-

plied by (3.9).
Corollary 3.2.19 In dimension d = 2, we have

w/2

1 (n sin(2h) + 20\ "?
Ef, (PY,) = 4p (1o 222/ Al
1(Prs) o (2) / coS h( + - ) dh,
—7/2
61 (n\ [ in(2h) + 20\ "2
n sin +
Efy(Sy,) = 5(2) /Cos4h (7) dh
0

Corollary 3.2.20 In dimension d = 3 it holds that

4n+1 3
—1

Efy(P)s) = 630 (”) /1 (1—n)*(1+h)*2(2 - h)"3dh,

1

315 (n

Ef2(52,3) = ont1 (3) /(1 — h*)'h" 3 (3 — 1) dh.
0

Special case: Uniform distribution on the sphere

Recall that the uniform distribution on the sphere S?! is the weak limit of the beta
distribution, as § | —1. Let Xi,...,X,, be independent random points chosen uni-
formly on the sphere S, We write P, 4 = [X1,...,X,] for the polytope generated
by Xi,...,X, and S, 4 = [£X1,...,£X,] for its symmetrized analogue. Due to the
aforementioned weak limit behavior, the expected volumes of the polytopes P, 4 and

Sh.a can be obtained by formally taking 5 = —1 in Theorem 3.2.1.
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Corollary 3.2.21 For all d > 2 we have

d+1 1
d?>—1 r(d 2.
-1

@ — 1 . rd d+1
_ @7~ Vka 2
EVOld(Sn,d) = ﬂ_d;—l (d+ 1> (F(ﬂ))

An equivalent formula for E Voly(P, ) was obtained in [32, p. 228] by a different
method; see also [81] for an asymptotic result. A different representation for E Voly(P, 4)
was obtained by Affentranger [2]. Again, let us specialize the result to the 2- and 3-

dimensional case.

Corollary 3.2.22 In dimension d = 2, we have

3 (n r R\"?
EVO].Q(PTL,Q) = ﬁ <3) /Sil’l2 h (%) dh,
0

w/2

24 2n\ "
E Voly(Sy2) = 3 <§) /sin2 h <1 — ?) dh.
0

Proof. We have that Fy _;/5(h) = %arcsin % for |h| < 1. The claim follows by the
change of variables h = —cosy (for the first integral) or h = cosy (for the second

integral), by elementary transformations and by renaming y by h. O]

Corollary 3.2.23 In dimension d = 3, we have

EVoly(Ps) — %w En —1)(n—2)(n —3) E Voly(S, 5) — 4% . Z(?f)(—nZJ)r 5

The first of these formulae is due to Affentranger [2].
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Proof. We used that F(h) = (1 + k) for |h| <1 together with the formulae

1

328
1—h*%274(1 + h)*dh = ,
/( ) ( ) A4+ A5+ A)(6+ A)(T+ A)
21
/ 48
1 — h?)3hAdh = ,
/( ) (1+A)3B+A)GB+ AT+ A
0
where A > 0, and straightforward transformations. m

We are also able to give explicit formulae for the expected surface areas and the mean

widths in dimensions d = 2 and d = 3.

Corollary 3.2.24 In dimension d = 2, we have

/2
4 1 A\"?
ESi(P2) = - (Z) / (5 + ;) cos hdh,
—7/2
+2 /2
2n
ES1(Sn2) = T (Z) / h"~2cos h dh.
0

Proof. In view of Theorem 3.2.4, the formula for ES; (P, ) follows from the fact that
_1

q =0, 74,7 = 2n(n — 1), Fi_155(h) = 5 + Larcsinh, |h| < 1, by applying the

substitution h = siny and by renaming y by h. The case of ES;(S,,2) is similar. [

Corollary 3.2.25 In dimension d = 3, we have

(n—1)(n—2) n—1
ESy(P,3) =4 , ES,(S,3) =4 ,
2(Fn3) 7T(n+1)(n—i—2) 2(:9n.3) 7Tn+2
n—1 n
EWs(P,3) =2 , EWs(S,.3) =2 .
3( ’3) n+1 3(S 73) n+1

Proof. To obtain ES;(P,3) and ES;(S, 3) we note that y3A4, 3 = &n(n—1)(n—2) and
Fyo(h) =1 |h| < 1. Since ¢ = 2 in this case and since

1

/(1 - )’ <¥>n3 dh = n(n + 16)4(n +2)

-1
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1

2\2 1 n—3 _ 8
/(1—h) WS = e

0

the formulae follow again from Theorem 3.2.4. The computations for EW3(P, 3) and
EW;3(S,,3) are similar. O

Note that particular values of ES(P,2), ESa(P,3) and EW5(P, 3), for n = 2,3,4
and n = 3,4,5, respectively, were calculated by Buchta, Miiller and Tichy [32]. We
have recovered these special values and found general simple closed expressions for the

3-dimensional case that are valid for all n > 4 and that were not available before.

As above, we finally present formulae for the expected number of facets of P, o, P, 3, Sy.2

and S, 3. Before, we notice that, with probability 1,

fo(Pna) =n and fo(Sn.a) = 2n,

since each of the n points Xi,..., X, is almost surely a vertex of P, 4 and each of the
2n points +X7,..., X, is almost surely a vertex of the symmetric random polytope
Sh.d-

Corollary 3.2.26 In dimension d = 2, we have

fi(P.2) =n almost surely,

£1(Sn2) =2n  almost surely.

Proof. Indeed, fi(P,2) = fo(P,2) = n and £(S,2) = £,(S,2) = 2n, as argued above.
]

Corollary 3.2.27 In dimension d = 3 it holds that

(n—2) almost surely,

2
£2(Sn3) =4(n—1) almost surely.

Proof. We observe that with probability one the random beta-polytope P, 3 is a sim-
plicial polytope, that is, all faces of P, 3 are almost surely triangles. This implies
that 2f, (P, 3) = 3fy(P,3), which together with Euler’s polyhedron formula fy(F, 3) —
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£i(P.3) + f2(P,3) = 2 leads to
£5(Pn3) = 2(f(Pn3) — 2) = 2(n — 2).
Similarly, we have that
£5(Sn3) = 2(fo(Sns) —2) =2(2n —2) =4(n —1).

with probability one. O]

Proof of Theorem 3.2.8 and 3.2.10

Let X1,...,X, be independent and beta-type distributed random points in B? with
parameter 5. We start with the polytope Pfid = [X1,...,X,]. We have

d,d—1
BT (PL)

—E > X X € Far (Bl) bt (X X ) AL (X, X))

1<i1 < <q<n

n a
- (d>E(]1{[X1,..., A€ Fo 1( nd>}n ([Xl,...,xd])Ag,l(Xl,...,Xd)>
n
— (d) / P ([xl,...,xd} € Fa_q (Pﬁd> ‘Xl =21,...,Xg= J;d) n® ([x1, ..., 24))
(re)*
XAZ1I17---> <Hfdﬂx7,> (‘rlw"axd))a
where in the last step we conditioned on the event {X; = x1,..., Xy = 24} and used the

formula for the total probability. Applying the affine Blaschke-Petkantschin formula
stated in Lemma 2.3.2 with ¢ = d — 1, we obtain

ad-1(po N _ (") (g 1y
ETa,b (Pnd> <d)(d 1) 2

// (£, ... @ efd,l(P§d>‘Xlle,...,xd:xd)

A(d,d—1)

x 0" ([x1, ..., 7)) AT (24, 2 (Hfdﬁ T ) (d(z1,...,2q)) pa—1(dH).
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We denote by h the distance from H = aff(z1,...,z4) to the origin o. Note that the
conditional probability on the right-hand side is the probability that all X;,q,..., X,
lie in either the half-space H™ or the half-space H~. By using rotational invariance of
the density fq3 we may assume that A has the form Hj and then apply Lemma 3.1.4
to get

P <[:v1, w4 € Fas <P£d> ‘Xl =21, Xy = xd)

Since the integrand is rotationally invariant we can use formula (2.25) to rewrite the

integration over A(d,d — 1) as

1
- n n—d _ a
BT (Pla) = (d)d“’vd/ (<1 ~ Pt ()4 P (0" d) "
0
/AZ—Hl Ty, ..., (Hfdﬁ xz> ($17...,xd))dh

HA

1
d—1
— (”)dmd< cas ) (A5 / he (1 — p2) ey
d Cd—1,8
0
—d

X ((1 — FLM%(h)) + F1ﬁ+d21(h)"—d) dh,

where the second equality follows from Lemma 3.1.8. In the next step we exploit the
identities f1,5+%(h) = flﬂJr%(—h) and 1 — F1,,8+%(h> = FlﬁJr%(—h) to rewrite

the integral as

1
- a dp+95L (d+b+1 e
BT (P2L) = Ol [l (1= )P L r-ta,
-1
where )
Y = (Z) d'rgEg (A1) (Cd_ﬂ) _ (3.10)

Cd*l:ﬁ

Slight adaptation of this proof yields the result for the symmetric polytope 5, ; =
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[£X1,...,£X] as follows:
d,d—1
ETa,b (Sg,d>

:E< Z Z ]1{[(—1)3'1X7;1,...,(—1)jdXid}e]—"d1<Snd)}

1< <+ <ig<n jq,...,54€{0,1}
x na ([( 1)]1‘)(21’ ce ( 1)jdXid]) Ag—l ((_1)j1Xi17 Ty (_1)jdXid) >

—2E > X X € Faa(S0a) put (X X)) Ay (X, X))

1<iy <-<ig<n

_ 2d<Z)E (]1 {[Xl, X € Fu (Sﬁd)}n“ ([Xy, s Xa)) Agy (X, 7Xd)>

_ 2d(§) / P([on,owd € Far (S5a) X0 =1, Xa = ) 0 ([, 24)

Applying the affine Blaschke-Petkantschin formula, see Theorem 2.3.2; we get
dd-1 [ of afm | dka
ETa,b (Sn,d> =2 d (d - 1) 7

/ / {L’h..., G]:d 1<nd>‘X1—[E1,...,Xd:[Ed>

A(d,d—1) Hd

X 0 ([x1, ..., 2q)) AV (20,2 (Hfdﬁ;m) (d (21, 2a)) prar(dH).

Let h € [0,1] be the distance from H = aff(z1,...,x4) to the origin. The conditional
probability on the right-hand side is the probability that the points Xg4.q,..., X, lie
between the hyperplanes H and —H. Therefore, by Lemma 3.1.4,

P (X0 X € Fao (S20) [Xa =0, Xa = )

- <F1ﬂ+%(h) - F1ﬂ+d;1(—h)>nd‘

All the remaining steps are exactly the same as before (except for the last step, where
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we cannot exploit symmetry this time). Hence,

1

0

n—d
X (Frpyazs () = Fygpaa (=h))" db,

where 05,73 is the same as in (3.10).

The derivation of the result for the polytope Qg 4= [0, X1,...,X,] needs a case distinc-
tion. Namely, we need to distinguish between facets that contain o as a vertex and fa-
cets which do not. Furthermore, facets containing o only contribute to IET;{ ’bd_l (Qg d)

in the case that the parameter a equals zero. Hence,

= (02) -2t -0

x Y 1{[0 Xirvoo X, ) € Far(QF )}Agl( X X))

1<i1 < <g—1<n

- Z 1{[Xi1""7Xid]E'Fd—l(Qg,d)}na([Xin”' ])AZ 1( 217"'7Xid)>

1<i1 < <4g<n

=1{a =0}

N
Q

ﬁl)E<1{[O,X1,-~  Xg1] € Faa(Q) )}AZ ; (o, Xla---7Xd71)>

. @E (1%, Xa € Faa @) e (X, Xa) Ay (K, X))

—]l{a—O}( 1) / P (lo.1,. wa] € Fara(Q2)| X = wi € [a— 1))

()
X AZ?I(O,JJl,...,Id 1 (Hfdﬂ l’z ) >\d 1( (Il,...,l‘d_l))

i (Z) / P <[:U1, g € Fd_l(Qg,(»‘Xi =;,i € [d— 1]) n* ([x1, .-, 2dl)

()

xAlel,..., (Hfd,@%) (d(zq,...,2q)) .

Now observe that if X7 = z1,...,Xq-1 = z4_1, then [0, z1,...,24-1] is a face of ngd

if and only if the points Xy, ..., X, are on the same side of the hyperplane passing
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through o, xy,...,x4_1. It immediately follows that
P ([O, L1y .. ,l‘d,ﬂ € ./—'.d,1 (Qrﬁz,d) ’Xl = T1y... ,Xd,1 = l’d,1> = 2_27(n7d+1) = 27(n7d)'

Furthermore, by introducing the hyperplane H = aff(xy,...,z4) € A(d,d — 1), we im-
mediately see that the probability P ([1:1, ooy Tg] € Faa (Q§7d> ‘Xl =x1,...,Xg= xd>
is the same as the probability that all points 71 (Xgi1), ..., 751 (X,) lie on the same

side of 7y (H) on which o lies. By Lemma 3.1.3, we therefore have

P ([xl, o td € Fas (Qid) ‘Xl Xy = xd> = Fy o ()"0,

where h € [0, 1] is the distance from H to the origin o. Using these observations, the
relation between the volumes Ay _1(0,z1,...,24-1) and V4_1(x1,...,24_1) in Equation
(2.29), the linear Blaschke-Petkantschin formula (see Lemma 2.3.1) for the first sum-
mand, the affine Blaschke-Petkantschin formula for the second summand (see Lemma

2.3.2), and exploiting the rotational symmetry of the density, we get

d—1
dd-1 (A8 \ _ drg Cdp3
BT (@) = Ha= }( )2n F((d 1)) ( l,ﬁ>

X / /ngll(xl,... Ta 1 (Hfd wa) “(d(xy, . a1)) vaa(dL)

G(d,d—1) Ld—1
d'li
A(d,d—-1)

x 0" ([x1, ..., 2a)) AS (2,2 (Hfdﬁ T ) (d(z1, ..., xq)) pa—1(dH)

=1=0)(," )5 (2) B (Vi)

1
n
+ (d>d!/€d/h,aFLB_i_d;l(h)n_d/A?;—ll T1y...,T Hfdﬁ l‘z ZEl,...,[Ed))dh
0 Hd

1

_ Dgzg,b + Cg:g/ha(]. . h2)dﬁ+%(d+b—|—1)FLﬁ+ﬂ(h)n—d dh,

2
0

for all a,b > 0. For the last equation we followed again along the lines of the proof for

B
the polytope P, ;.
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One can do the analogous computations for the beta’-type distribution. In this case one
has to pay attention to the different range of integration, probability contents provided

in Lemma 3.1.4 and transformation provided in Lemma 3.1.8. U

Expected Lebesgue volume and intrinsic volumes: Proof of
Theorems 3.2.1 and 3.2.2

Proof of Theorems 3.2.1 and 3.2.2. We start by investigating the case of a beta-type
distribution with parameter 3 > —1. Let first 3 > —1. For an arbitrary linear

2
hyperplane L € G(d + 1,d), Lemma 3.1.3 implies
Py (PlE) £ Pl (3.11)

where < indicated equality in distribution. By Kubota’s formula stated in (2.26), we

have

Kd+1 !
Vi (Pn d+1> = (d+1)3" Vol (PL <P dﬂ)) va(dL).
d
G(d+1,d)
Taking the expectation, using Fubini’s theorem to change the order of integration, and

applying (3.11), we obtain

EV, (Pfdj1> —(d+ 1)26:; / EVol, (P (pﬁ;i)) va(dL)
G(d+1,d)

= (d+ 1) / E Vol <P§d> va(dL)

2/'16[
G(d+1,d)

= (d+1) 22 E Vol (PL,).
2lid ’

Since the dth intrinsic volume V; of a (d 4 1)-dimensional polytope is half its surface
area, we can write the above in terms of the T-functional with a = 0 and b = 1 as

follows:

2/{(1

EVoly (P,) = @+ Driam

B—2 Kq d+1,d [ pB—
EV, (P 2 > M RT (P ; ) 12
d n,d+1 (d—|— 1)/£d+1 0,1 n,d+1 (3 )
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Using Theorem 3.2.8, we obtain
1
d
E Vol, (Pf,d> = Aid/ ( h2) d+1)( *) £(d+3) Fl P (h)n—d—l dh, (313>
-1

where

1 d+ ke n d+1 (i—i-ﬁ)
Aﬁ — Kd B 2’1 — ( 2
n,d (d+ 1)/{d+1 Cn,d—‘,—l Qdﬂ-d;l d+ 1 5 + 2 (i + ﬁ)

In order to derive the last formula we used elementary transformations involving

Lemma 3.1.6 and the Legendre duplication formula for the gamma function. So far,

we established formula (3.13) for 5 > —% only because the proof was based on rep-

resentation (3.11). In order to prove that (3.13) holds in the full range 8 > —1, we
argue again by analytic continuation. First of all, the function 5 +— EVold(Pﬁ 4) is real

analytic in 8 > —1 as one can see from the integral representation
E Vol, ( / Voly([z1, ..., 7)) (H fd,ﬁ(xi)> N (d (21, xn)).
i=1

Secondly, the function on the right-hand side of (3.13) is also real analytic in § > —1.

Since these functions coincide for g > —%, they must coincide in the full range g > —1.

Similarly, we obtain in the case of a beta’-type distribution with parameter 3 the

intrinsic volume V; of Pf 4 as

Rd B+3
EV. (P ) —__ N4 ppdtid (P ) 3.14
d n,d (d—i_l)ﬂd—l—l 0,1 nd+1 ( )

from which we get by means of Theorem 3.2.10

~ ~ _ 1y, d ~
EV, (Pﬁd) — A2, / (1+ p2) @R o) Py aa(h)=Ydh  (3.15)

—00

with

d+1
O N Cos S Gk L) (A W PR A N (8 — 451)
n,d (d+ 1)/£d+1 nd+l — 9d EEST d+1 ) T (ﬁ _ %l) .
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To obtain the results for S” nd Qn a S a and QB 4 we only need to replace the cor-
responding constants and indices from Theorems 3.2.8, 3.2.10 with the ones obtained
here. [

Proof of Proposition 3.2.3. The idea is to represent the expected intrinsic volume as
the expected volume of the random projection by means of Kubota’s formula. For

every linear subspace L € G(d, k), Lemma 3.1.3 yields the representation
d d—k
G

Using Kubota’s formula, see (2.26), in conjunction with Fubini’s theorem and the above

representation, we get

EV; (Pla) = (Z) Hk:i_k / E Vol (P (P,)) vldL)

G(d,k)

d\ K p+ak
(k> . / E Vol (Pmk )yk,(dL)

G(d,k)
(d) E Vol, (Pﬂ+ )
k) Kkkq—k

In the beta’ case, by Lemma 3.1.3, i.e., the representation

N L g_d—k
Py (P)) £ P
for every linear subspace L € G(d, k), and the same arguments as before, we have

EV; (Pl4) = (Z) Vo, (P57

The corresponding results for Sﬁ s Qn @S d and Qﬁ 4 hold with the same argumenta-
tion. O
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3.3 Functionals of Poisson-beta- and Poisson-beta’-

polytopes

In this section we consider the Poissonized versions of beta- and beta’-type polytopes.
We will only prove Theorem 3.3.8 and 3.3.9, since all the other proofs follow just
analogously as in the non-Poisson case. Furthermore, we refrain from giving formulas

for the special cases of the uniform distribution in the ball or on the sphere.

Expected volumes and intrinsic volumes

Theorem 3.3.1 Let Xq,..., Xy be independent beta-type distributed random points
in B with parameter B > —1 and N be a Poisson distributed random variable with

intensity t. Then,

1

E Voly(P/,) = A7, / (1= 12)"exp (—tF, a1 (1)) dh,
-1
1

E Voly(8;,) = 247 A7, / (1—-n?)"

J (3.16)
xexp (=t (F ezt (B) = Fgpas (=) ) dh,
1
EVoly(QF,) = DI, + A7, / (1= 12)"exp (~tFy 5. aa () d,
0
where ¢ = (d+1) (8 — 1) + 2(d+ 3) and

d+1

o tat! (5+d+1) r(%2+45)\
M2t 2 )\ +0)) (3.17)
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Theorem 3.3.2 Let Xq,..., Xy be independent betd -type distributed random points
in R® with parameter B > % and N be a Poisson distributed random variable with

intensity t. Then,

E Voly(P2,) = A, / (1+ h?) T exp (—tﬁlﬁ_%(h)) dh,

E Voly(87,) = 2147, / (L 12 Texp (<t (B s () = B s (<)) ) di,
0

[e.9]

EVoly(Qf,) = D?, + A7, / (1+ 7)) Texp (—tﬁ’lﬂ_%m)) dh,
0

where § = (d+1)(8+ 3) — 3(d+3) and

The formulae for the expected intrinsic volumes can be obtained using the following

proposition.

Proposition 3.3.3 The expected intrinsic volumes E%(Tﬁd) and EVk(ijd) for k =

1,...,d are given by the formulae

d K d—k
EVi(P,) = (k) szikEVolk (?fg 2 )

~ d K ~g_d—k
EVi(P?,) = (k) B Vol (77 ).

RrRd—k

These formulae hold if ‘Pfd, respectively ijd, 1s replaced by Sgd or Qfd, respectively Sfd
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Expected surface area and expected mean width

In particular, Proposition 3.3.3 implies formulae for the expected surface area of the
polytopes ‘J’f:d, Sfd, Qfd, iﬁfd, gfd and Qfd

Corollary 3.3.4 Let Xq,..., Xy be independent beta-type distributed random points
in B with parameter B > —1 and N be a Poisson distributed random variable with

intensity t. Then,

1

B+3
ESy 1(P2,) = 1adl ;1/(1 — 12)"exp (—tF, yyaza (b)) d,
1
1

ESy 1(SP,) = 2yaAs 2, / (1= 12)" exp (=t (Fygyazs (B) = Fygpazs (=) ) dh,

1

ESy1(Q0) = a | DI2 + 4073 1/ (1—h?) exp( tFy o (h)) dh |,
0

where ¢ = dB + 2 (d+2) and vq = “dl . The constants Agd and @gd are the same as
in Theorem 3.3.].

Corollary 3.3.5 Let Xq,..., Xy be independent betd -type distributed random points

d+1

in R? with parameter B > and N be a Poisson distributed random variable with

intensity t. Then,

o

ESq- 1(Ttd) —’Ydfltd L /(1+h2)_qexp( tF, L5 d;l(h)) dh,

—0o0

ESi1(8),) = 2%A, ;2 1/ (02 Texp (<t (B g () = By y_aa (<0)) ) db,
0

[e.9]

ESa- 1(Qtd) = Yd Dfd 21 +‘Atd 1 /(1 + hz)—q eXp (‘tﬁl,ﬂ—%(hD dh ],
0

where § = df — S (d+2) and vy = %. The constants A'Bd and D’ t.a are the same as
in Theorem 3.3.2.
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Similarly, we can find explicit formulae for the expectation of the width of these random

polytopes.

Corollary 3.3.6 Let Xq,..., Xy be independent beta-type distributed random points
in B with parameter B > —1 and N be a Poisson distributed random variable with

intensity t. Then,

1

EW(P2) = ALTT / (1 —hQ)qexp< tF, it (h)> dh,
1
1

d—1
EW.(87,) = 44)7 7 / (1—h?)%exp (—t (Flym%(h) - Flm%(—h))) dh,
0
1

d—1
EW.(Q2,) = D7 + a2t / (1— h2)exp (—tFW%(h)) dh,
0

where ¢ = 20 +d. The two constants AP ta and DP t.a are the same as the ones appearing
in Theorem 3.3.1.

Corollary 3.3.7 Let Xq,..., Xy be independent betd -type distributed random points

d+1

in R? with parameter f > and N be a Poisson distributed random variable with

intensity t. Then,

~ ~p_d—1 _ ~
EWA(PL) = Al T [ (1) Texp (<t as () dh,

—00
[e.o]

~ ~n3_d=1 ~ ~ ~
EWy(87,) = 44, 2 /(1 + R Texp (—t (Fm,;l(h) - me%(—h)» dh,

0
00

EW, Q) =Dy 7 + AT / (1+ h?)Texp (—tﬁlﬁ_%(m dh,
0

where ¢ = 23 —d. The two constants At g and Dﬁd are the same as the ones appearing
i Theorem 3.3.2.
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Expectation of the T-functional

Theorem 3.3.8 Fiz a,b > 0. Let X4,..., Xy be independent beta-type distributed
random points in B? with parameter 8 > —1 and N be a Poisson distributed random

variable with intensity t. Then,

TS (7,) —e“/my (1= 12)"exp (~tFy g aa () dh,

ETi’:_l (‘Sf,d) = 2‘165’; / h (1 - h2) exp (—t (FlyﬁJr% (h) — FLBJF%(—h))) dh,

0
1

ET <Q§d) = Diet 4 el / he (1 - hg)qexp( LFy 5y o (h)) dh,

0

where ¢ = dB + S (d+ b+ 1) and
d
€50 = 144,y (AL) (Cci) |
d-1,3
dkg -1

-1
R (V! (Cd_ﬂ> _
((d = 1)1)**1e2 » (Vi) Ca-1,3

Theorem 3.3.9 Fiz a,b > 0. Let Xq,..., Xy be independent betd -type distributed
random points in R with parameter (3, that satisfies 2d3 > (d —1)(d+b+1)+a+ 1,

and N be a Poisson distributed random variable with intensity t. Then,

DI — 1{a = 0}

BT (@§d> —ef“’/|h| (1+h2)" exp( tF ;0 1(h)) dh,

TS (80) = zdéff/ha (14 12) Texp (<t (Fypoazs (h) = Fyp_as (=R)) ) dh,

0

B (00) = DL+ 82 1 (110) o (1P aa)
0

where § =df — S (d+b+1) and
- d
el =i (07) (22
’ Cd—1,8

dKg -1 éd/j -1

6,a,b ™ ,

D = 1{a =0 By (v ()
((d—=1))lez Ca-1,8
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CHAPTER 3. BETA- AND BETA’-TYPE POLYTOPES

Remark 3.3.10 As in the non-Poissonized case, Theorem 3.3.8 immediately implies
exact formulae for the expected facet numbers and, together with Theorem 2.2.3, ex-
pected number of (d — 2)-dimensional faces of random Poisson-beta-type polytopes.

Namely, setting a = b = 0, it follows from the definition of Tj’ ’bd_l that we have
Efs1(PLy) = ETyy ' (Pra) (3.18)

and y
Efia(Pla) = 5 BTGG (Pra) (3.19)

The expected facet numbers and expected numbers of (d — 2)-dimensional faces of 85 &

ij a ﬂ)tﬁ & 87 ra and Q 4 follow analogously.

Proof of Theorem 3.3.8 and 3.3.9

From Mecke’s formula (2.38) we have
d,d—1
TS (7)

-E Y 1 {[Xl-l, X € fd_l(?§d>}na (X, X ) AL (Xirs- ., X))

1<i1<...<1g<N

t d
=2 P ([a:l, oo xa) € Faaa (conv (Hfd + 25I>>> n* ([x1,...,za4))
' i=1

(Rd)d
x Ab (.. (Hfdg ) q(d(zy, ..., xq)).

Denote E = aff([x1,...,x4)) and h = Pg.(E). Then, we have

P <[$1, ooy Tg) € Faa (conv (Hfd + 25:0)))

:P(Hﬁdﬂ}«ﬁ 7 +P<H§de*:@)
i @) (Hff2 N (- oo,h]z@)

(17 111, 00) =
:exp( F gpaz (h)>+exp( t(l—FLﬁjL%(h))).

The rest of the proof follows analogously as in the proof of Theorem 3.2.8. Similarly,

we can derive the formulas for the polytopes Sf & Qf & fPf &> 8’ t.a and Q O]
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3.4. MONOTONICITY OF EXPECTED FACET NUMBERS

3.4 Monotonicity of expected facet numbers

Denote by P, and S, the random convex hulls, respectively symmetric convex hull,
generated by random vectors X,. .., X,, € R? sampled identically and independently
from the standard Gaussian distribution, a beta-type distribution, a beta’-type distri-
bution or the uniform distribution on the Euclidean unit sphere. P; and 8; denote their

Poissonized versions. We are interested in the following monotonicity questions:

Is it true that Efy_1(P,) and Ef;_1(S,) are monotonously growing in n

and Efy_1(P) and Efy_1(8;) are monotonously growing in t?

For the historic development and results achieved so far regarding this question we
refer the reader to Section 1.2. Recall that it was answered for Gaussian polytopes
and polytopes generated from the uniform distribution in the unit ball by Beermann
[21]. We extend this result to beta-type, beta’-type polytopes and polytopes generated
by the uniform distribution on the unit sphere, as well as for their symmetrized and

Poissonized versions. In fact, we even show that the stronger strict monotonicity holds.

Theorem 3.4.1 Let X1,...,X,, € R, n > d+ 1, be independent and identically
distributed according to either the Gaussian distribution, a beta-type distribution, a

betd -type distribution or the uniform distribution on the sphere. Then,
Efs-1(P) > Efg_1(Pn-1) and Efi-1(Sn) > Ef3-1(Sn-1)-

We emphasize that strict monotonicity of n — f;_1(P,) cannot hold pathwise (except
for the trivial case n = d + 1), since the addition of a further random point can
reduce the facet number arbitrarily as the additional point might "see” much more
than d vertices of the already constructed random convex hull. For this reason, the
expectation in Theorem 3.4.1 is essential. Furthermore, also the expected facet number

of the Poissonized versions of these polytopes are strictly monotonous.

Theorem 3.4.2 Let Xi,...,Xn € R? be independent and identically distributed ac-
cording to either the Gaussian distribution, a beta-type distribution, a betd -type distri-
bution or the uniform distribution on the sphere and let N be Poisson distributed with

intensity t. Then,
Efa-1(P) and Efa-1(8¢)

are strictly monotonously growing in t.
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Remark 3.4.3 As already argued in Remark 3.2.12 and Remark 3.3.10, it follows from
Theorem 2.2.3 that these monotonicity results also hold for the expected number of
(d — 2)-dimensional faces Efy_o(P,), Efq—2(S,), Efs_2(P;) and Ef;_o(8;) due to these

polytopes being almost surely simplicial.

Remark 3.4.4 We want to mention once more that the strict monotonicity of the
expectation of the whole f-vector of Gaussian polytopes was previous already shown
by Kabluchko and Théle [60]. Furthermore, postdating this work Kabluchko, Théle
and Zaporozhets [61] also showed the strict monotonicity of the whole f-vector for beta-
and beta’-type polytopes, as well as for polytopes coming from the uniform distribution
on the sphere. However, these result do not apply to the symmetric versions of the

polytopes.

Proof of Theorem 3.4.1. We start by considering the beta’-type distribution on R
where > d/2. From Theorem 3.2.10 we know

Efor (Pla) =BT (PL)

B C@ / (L+ )T DR, o () d

—00

~(1) e st (1= Ry )™ an

—00

where, for the sake of brevity, we collected all constants independent of n into the new
constant c¢. Furthermore, we define f(h) := fmf%(h) and F'(h) := wa%(h).

Write now s = F(h) and L(s) = f (F~'(s)) /1 + (F~1(s))* to obtain

1

Efy (Pﬁd) - c(Z) /(1 — )4 (s) 1 ds.

0

Thus, this yields the representation

Ef, <P§d> CEfi, (P,f_w)
A [ ) TR N PR
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3.4. MONOTONICITY OF EXPECTED FACET NUMBERS

In order to apply Lemma 2.6.1, we have to verify that L(s) is strictly concave on (0, 1).
We prove this by showing that the first derivative of L(s) is strictly decreasing. From
the definition of [ it follows that

(F'(s) = = (3.21)

Clearly, (1 + (F*I(s))2>75 is strictly decreasing, as well as, (¢ —3)F~!(s), and,
hence, L(s) is a strictly concave function.

As a consequence, we can apply Lemma 2.6.1 to deduce that

Efa1 (pf,d) —Efi (pf—l,d>

[ (5 e
(MY () /< et (- -2

d) (B(d,n—d+1)— n;dB(d,n—d))

I
(@)
VR
=
e
~
Tz
N——
o9
L
VR
3

where we used the well-known relation B(d,n — d + 1) = =2B(d,n — d) for the beta

function.
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Let us turn now to the symmetric polytope Sf’d. By Theorem 3.2.10 we have

0

We define the function G(h) = F(h) — F(—=h). Set s = 1 — G(h) and L(s) =
f(GH(1—5)) \/1 +(G-1(1 - S))Q. Hence, we have as before.

Efa- (§5d> —Efi <§5—1,d>

TG o

One easily computes

L'(s) = —Cy g i1 (g — ﬂ) (1 + (G (1 - 3))2)‘5 G (1 —s).

1
Again, since G~!(1 — s) and <1 + (G711 - s))2> * are both strictly decreasing, L(s)
is strictly concave and the assertions follows with Lemma 2.6.1.

As the next case we consider the class of beta-type distributions on the unit ball
B? with density fss for some 8 > —1. In this case the proof follows almost line
by line the proof of the beta’-type case, up to some minor modifications. Let now
f(h) = f1,6+%(h) and F'(h) := FL/H%(}L)' For the polytope P;id (3.20) stays the
same except that now L(s) = f (F~'(s)) /1 — (F~1(s))*, while for Sﬁyd we have that
(3.22) with L(s) = f(G71(1 — s)) \/1 — (G=1(1 —s))?, where G(h) = F(h) — F(—h).

Finally, we consider the case of the uniform distribution on S¢~!. Recall that we can
take b = —1 in Theorem 3.2.8 to obtain the values of the expected T-functional for

this case. Hence,

B (Pa) =) [0 17 ) (1= F o) an
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and
1
Ef, (S ):c(”> /(1—h2)d§1f o5 (h)? <F ss(h)—F o (—h))”d dh
d—1 n,d d 1,423 1,4=3 1’73 .
0

From here on out the result follows from the beta-type distributed case.

The Gaussian case was successfully solved by Beermann [21, Theorem 5.3.1] as already
mentioned before. However, these results only prove monotonicity. For the strict
monotonicity one has to apply Lemma 2.6.1 as was done above. To obtain the result
for symmetric Gaussian polytopes one has to follow along the lines of Beermann’s prove
and adapt it to the symmetric case. Since a blueprint for such an adaptation has been

given in the proof of Theorem 3.2.8, we refrain from working out the details. m

Proof of Theorem 3.4.2. We have

Efi1(P) = ZP MEfa (P =3 B f (P

n=0

and, hence,
Aty a@) = § L (et — o) Bfy 4 (P)
dt n!

—ttn >
Efd 1 n+1 ) Z

n=0

—ttn

T Efa-1(Pn)

e_tt"

:Z v (Efs—1(Pn) — Efi—1(Pot1))

where the last inequality follows from (Efy_1(F,) — Efq—1(Pn+1)) > 0, for alln > d+1,
as implied by Theorem 3.4.1, and (Ef;—1(FP,) —Efi—1(Puy1)) = 0, for all n < d + 1.
The case of the polytope §; follows analogously. n
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3.5 Particular values for special cases in low dimen-

sion

We close this chapter by collecting some particular mean values for the random poly-
topes Pﬁd and Sf’d for d =2, d = 3 and with § = 0 (uniform distribution in the unit
ball) and 8 = —1 (uniform distribution on the sphere).

0 0 0 0
n—3 35 35 128 512 104704
- 481 127 157 157 157572
n =4 35 35 _ 2816 256 _ 11075584 1024 _ 88604672
- 241 61 13573 157 16537573 157 16537573
n=>5 175 23023 175 23023 256 _ 5537792 1024 _ 88604672 + 204130238464
727 691273 187 43273 97 3307573 97 3307573 3820162574

TABLE 3.1: Mean area and perimeter length of a random polygon and a
symmetric random polygon generated by n points uniformly distributed
in the unit disc.

EVOIQ(PTLQ) EVOIQ(Smg) ESl (ng) ESl(SnQ)
n=3| 2 o 2 5w
us s T s s
_ 3 12 48 24 96 96 768
n=4 - T F -
— 5 _ 15 20 _ 120 40 _ 240 160 _ 3840 , 7680
n=>5 ™ 273 ™ 3 ™ 3 ™ 3 + md

TABLE 3.2: Mean area and perimeter length of a random polygon and a
symmetric random polygon generated by n points uniformly distributed
on the unit circle.

0 0 0 0 0 0
]E%(Pn,S) E‘/E‘(Sn,S) ES2<Pn73) ES2<Sn,3) ]EW3(pn,3) EW3(Sn,3)
4 120 96r 36m 1357 666 6408
715 715 77 112 715 5005
n = 5 6 1957 114487 240487 1044 2421
- 143 1024 17017 17017 1001 1792
n==6 20707 774721 13147 56611 33102 454140
- 29393 323323 1547 3584 29393 323323
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TABLE 3.3: Mean volume, surface area and mean width of a random
polytope and a symmetric random polytope generated by n points uni-
formly distributed in the 3-dimensional unit ball.
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EV3(Pn3) | EV3(Sn3) | ES2(Ps) | ES2(Sns) | EWs(P,3) | EW5(S,,3)
R

TABLE 3.4: Mean volume, surface area and mean width of a random
polytope and a symmetric random polytope generated by n points uni-
formly distributed on the 3-dimensional unit sphere.

Efi(P),) Efy(Sy ) Efy(P3) | Ef2(S)3) || f2(Pas) | f2(Sns)
n=3 3 6— 22 - 8 - 8
n=4 4— 35 8 — 7% 4 &1 4 12
n=>5 B — g 10— 35 + %% 5 5 6 16
nolo- e apmle-pegn| w | W [ s |

TABLE 3.5: Mean number of edges and facets of a random polytope
and a symmetric random polytope generated by n points uniformly dis-
tributed in the unit ball. The last two columns collect the a.s. number
of facets of a random polytope and a symmetric random polytope gen-
erated by n random points uniformly distributed on the 3-dimensional
unit sphere.

Efl(pr?,z) Ef2(p£73) Efg(PSA)
n=3 3 - _
n=4 —i_g 4 B
n=>5 10—% %_% 5
n=6 15— 5 + 2 10 — 35 15 — 209
n="7 21 — 420 4 2% 14— 79 4 105 35_%
n—28 | 28 — 842()+10080 4(;% %_173204_420 70_%4_%

TABLE 3.6: The mean number of (spherical) facets of a random polytope
generated by n points uniformly distributed on the 2-/3-/4-dimensional
upper half-sphere.
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Chapter 4
Random polytopes on half spheres

In this chapter, we turn our attention to a certain class of random polytopes on half-
sphere which are tightly connected to beta’-type polytopes. This class of random
polytopes are generated as spherical convex hulls of n independently and identically
distributed random points on a d-dimensional half-sphere. Their distribution follows a

power-law density with respect to the uniform distribution on that half-sphere.

We make use of the correspondence between spherical polytopes on half-spheres and
polyhedral cones. Namely, we intersect these cones with the tangent hyperplane at the
north pole of the half-sphere and, after appropriate rescaling, show weak limit theorems
of these intersections, in the space of compact convex subsets, as the number of points
generating the spherical polytopes tends to infinity. As it turns out, these intersections
are beta/-type polytopes and the limiting polytope is generated by a Poisson point
process with power law intensity. Similarly, a weak limit theorem for the f-vector of

the spherical polytopes is uncovered.

This allows us to carry over monotonicity results form beta’-type polytopes, find lim-
its for the moments of the number of faces of these spherical polytopes as the num-
ber of points goes to infinity, give an Efron-type identity for all expected Grassmann
angles and expected number of faces, and give the asymptotics for expected conic in-
trinsic volumes, Grassmann angles and conic mean projection volumes of these spherical

poyltopes as the number of points tends to infinity.

Furthermore, we investigate the expected T-functional, volume, intrinsic volumes and
facet numbers of the limiting polytope coming from a Poisson point process with power

law intensity as well as its symmetrized analogue.
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4.1. PRELIMINARIES

4.1 Preliminaries

We fix a space dimension d > 2 and let ji4~, v > —1, be the probability measure with
power-law density fq,(z) = ¢4.2) T E S¢, with respect to the uniform distribution
04—1 on the d-dimensional upper half-sphere Si. Let Uy, Us, ... be independent random
points distributed according to fiq. The constant ¢4, is easily calculated and satisfies
Cary = Cq s, with ¢ 445341 88 introduced in (3.3). We are interested in the random

convex cone in R, defined as the positive hull of Uy, ..., U,, n > d + 1, that is,

Cn~ =pos({Uy,...,U,}).

As already discussed in the introduction, the random cone, or, more precisely, the
random spherical polytope C,, N S%, has been studied in [16] for the special case
v = 0. Some of their results concern the expected f-vector of C,, o, that is, the expected
number Ef;(C,, o) of k-dimensional faces of C, o, k € {1,...,d}. Recall that the f-
vector of the cone C, , is related to the f-vector of the spherical polytope C;, 5 N S‘i
by £:(Cy) = fx—1(Cny N'SL). For our purposes, it is more convenient to work with
cones rather than with spherical polytopes. Let us briefly state a few known results
of relevance. By [16, Theorem 3.1], the expected number of facets Ef;(C,, o) of C,p is
explicitly given by

E£,(C, o) = -2 (Z) ] (1—9)”_dsin(a)d—1 da. (4.1)

Wd+1 ™

Moreover, it has been shown in [16, Theorem 3.1] that

lim Efy(C, o) = 27%d!x3. (4.2)

n—oo

Regarding the expected number of one-dimensional faces, i.e., edges, of C,, o (or, equi-
valently, vertices of Cj, o N'S?), [16, Theorem 7.1] says that

d+1
lim Ef; (Cyo) = C(d)r* <i> » (4.3)

n—oo wd—‘—l

for a certain positive constant C'(d) given in form of a multiple integral, see [16, Equa-
tion (22)]. Let us also mention that cones generated by random points with uniform
distribution on the whole sphere S were studied in [36] and [56].
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In our investigation, we heavily employ the so-called gnomonic projection, that is, the
map P : S N {zy > 0} — R%, defined by

xXr €T
Plxo, 21, ..., 34) = (?lx_d) (4.4)
0 0

We need to know the image measure of the measure fig, under P, which is a con-
sequence of [23, Proposition 4.2] and, in a more general set-up, has been proved in the

argument of [26, Theorem 7).

Proposition 4.1.1 Let (&, ...,&) be a random vector distributed according to fig .
Then, the vector P(&y, &1, -+, &) = (&1/&o, - -, €a/&0) has the betd -type density

T > xr € R%

Proof. Note that the inverse of the map P is given by

1
,P71<y) = ( xl xd ) )'
VIl VI VT ]

Let DP~! be the Jacobian matrix of P~ and put Jp-1(x) := y/det DP~1(z)'DP~1(z).
Then, it holds that

d
Jp-i(z) = (14 ||z]|?)~F,

see [23, Proposition 4.2]. Moreover, for a measurable subset A C R? and a measurable
function f: A — R, the area formula [43, Theorem 3.2.3] says that

/ﬂmmz/wamewlmwx
A (A)

Next, we notice that 1+ ||P(y)||* = y;, and apply the formula with f(z) = [y araen (2):
)

_ytd+l

/éd’w+2d+1 1+ |z "2 dz = /5d,7+;‘+1 yzﬂ aq(dy).
A 9(A)

As a result, we see that the density fd77 of fig~ with respect to the uniform measure
G4-1 on S is the push-forward of the density f g a+a+1 Of [i, y+a41 With respect to the
k) 2 k) 2

Lebesgue measure on R? under P~ O
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This proposition immediately implies a result on the monotonicity in expectation for
the f-vector of the spherically convex polytope C,,,NS%. By Theorem 3.4.1, the result
follows for the expected number of facets and (d — 2)-dimensional faces of C,, ., N S%.
However, since the monotonicity in expectation of all the components of the f-vector

for beta’-type polytopes was shown in [61], we even have the following theorem.

Theorem 4.1.2 Let Xy,...,X,, n > d+ 1, be independent and identically distributed

random points distributed according to the distribution fiq.. Then,
Efk (Cn;y N Si) > Efk (Cn—L'y N Si) .
forallk=0,1,...,d—1.

Proof. Let g = %‘”1 and let Pﬁ ; be the random convex hull in R¢ generated by n
independent points with density fdﬂ. Then, the push-forward of Pﬁ 4 has the same
distribution as the spherical random polytope C,, , N Si and their facets are in one-to-
one correspondence. As a consequence, the mean number of k-dimensional faces of the
spherical random polytope C,, , N Si is the same as the mean number of k-dimensional

faces of the random convex hull Pﬁ g 1€,
Efy, (Cony NSL) = Efy (P ).

Thus, the monotonicity follows from Theorem 3.4.1 for the expected number of facets

and (d — 2)-dimensional faces, and from [61, Theorem 1.14] for general k. O

Secondly, Proposition 4.1.1 also allows us to extend equation (4.1) to arbitrary v > —1.

Theorem 4.1.3 Let v > —1 and put = %(”y +d+1). Then,

™
~ ytd+1

Efy1 (Chy N Si) =Efy (pf,d) =G4 ! / Siﬂ<h)7d+dflﬁ1,g+1(cot )"~ dh.

0

In particular, iof v =0, then,

~ d+1 n 2CL) A h n—d '
Blas (Cn,o " Si) = Bfa (P"’Z ) - (d) wd—‘:ll / (1 a %) sin(h)?~" dh.
0

For v = 0 this formula coincides with (4.1).
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Proof. The first formula follows from Theorem 3.2.10 with b = 0 there together with
the substitution h = coty and, then, by renaming y by h. The second formula follows

~ ~dil

from the first one by observing that Fy1(coth) =1 —2 h € [0,7], and that C,2 0 =
n\ 2w

(d) Kﬁl u

The remainder of this section will be devoted to stating a number of auxiliary lem-
mas regarding properties of the uniform distribution 541 on S% and the beta’-type

distribution fi, ++4+1 from the previous proposition.
T2

Lemma 4.1.4 Let U := (§,&1,-..,&a) be a random wvector with distribution fig .
Then, & has probability density function

oI (4L
t M(l — )21y, t€0,1], (4.5)

vl (3)

with respect to the Lebesque measure on R.

Proof. The result follows similarly as Lemma 2.3.5 by using fiq, (du) = Cq ), 04(du)
and the fact that the uniform measure o4 on S% and 4 on Sﬂlr are related via g4(A) =
204(A) for any measurable A C S?. O

Lemma 4.1.5 Let U = (&,&1,...,8) be a random wvector with distribution [ig
on the d-dimensional half-sphere S‘i. Then, the distribution of the vector P(U) =

&1/, ..., /&) is reqularly varying in R and we have the vague convergence
nP(n_#P(U) ) —v() (4.6)

on Mga (o3, asn — 00, where v is a measure on R\{o} with density ﬁ||a:||*(d+7“),
2l

z € R4\ {0}, with respect to the Lebesque measure on RZ.

Proof. From Proposition 4.1.1 we know that the distribution of P(U) is spherically

symmetric in RY. Whence, (4.6) is equivalent to

. __1 W41 dx
hmnP<n 1 |P(U >r>:y r €RY: |zl > r}) = 2FL / S
Tim IP@)] { el > r}) el 0 s
x||>r

for every r > 0. We have

nlP (n_ﬁHP(U)H > r) =nP (6% o+ > n#ﬁﬁg) =nP <1 — &> nﬁﬁfg)
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T (d+’2y+1) 1

(y+ DT (9T ()

=nP <§0 < (n%ﬂ + 1)_1/2) —

as n — 00, having utilized formula (4.5) in the last passage.

On the other hand we obtain by transformation into spherical coordinates:

o0

Wry1 / dz Wry41W4 / ds
d 1 2

Wa+y+1 ]|+ Wapygr S 87

{llzll>r} T

Wy1W4 1
(7 + Dwyga 7

d+v+1

L (%35) 1

(v+ DU ()T ()
where we used the definition of wy. O

Lemma 4.1.6 Fiz co,...,eq € {—1,+1} and let £ = (&1,...,&1) € R? be a random
vector with betd -type distribution as in Proposition 4.1.1. Then, for all r > 0 and

1
n € N with rn>+ > 1 we have

P (Ll €A, gd(r)) > (l)d <1+r2n%>

e G+

_ o+l
2

Proof. Every coordinate of ¢ is beta’-type distributed with density & 31 (1 + t2) "2t
t € R, see Lemma 3.1.3. Hence,

¢ 1\ %! .
P - Ae,y . ey = | = P F+T
(nw € . (7’)) <2> (fl >rn )

1\ 41 o
~ _
= (§> €1,2+1 / (L+¢*) 2" dt

2 _’Ygl
1\ (147207
2 (5) ’
G+
where the lower bound is provided in [25, Remark 2.3]. O
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Lemma 4.1.7 Let €, ... ¢™ ¢ R? be independent random wvectors with a betd -
type distribution as in Proposition 4.1.1. Then, there exist constants ci,co > 0 only

depending on d such that, for all r > 0 and n € N with rnT > 1,

(1) (n) 41
P(rel¢[5l 5 )Sclexp(—02<r2+n_w2+1> )
n+ N+

~1
Proof. We let ¢y = (2d, /T (% + 1)) be the constant from Lemma 4.1.6. Combining
Lemma 2.2.6 with Lemma 4.1.6 yields

(1) (n) (1) (n)
(e [ ) cor({E0 L o)
ny+1i ny+i ny+i n~y+1i
¢a " 2 =3\
=2 <1—P( = € A, +1('f’))) <2 (1—62 (TQnWJrl) )
N+l

d 9 _2 777“
< 2%exp [ —con (7‘ ny+t + 1> ,

where the last inequality follows since log(1 — x) < —x, for x < 1. Putting ¢; := 24
completes the proof. O

Lemma 4.1.8 Let €M ... ™ ¢ R? be as in Lemma 4.1.7. Then, there exist constants
1, co,c3 > 0 only depending on d such that, for allr > 0 and n € N with PR > d’%,

P({ 5(11) e 5(?) } 2 B% (o, r)) < ¢y exp (— (c2r2 + an_wil)_v;l) .

nA+1i ny+t

Proof. Recall that ey, ..., eq is the standard basis of R?. For all 7 > 0 the cross-polytope
Conv{j:d%rej,j =1,...,d} contains B%(o,r). Then,

IP’([ 5(11) ey 5(?} zﬁIB%d(o,r)>

ny+t na+t
L €M £
S]P(sd?rej ¢ [ — ., — ] for some j =1,...,dand ¢ € {—1—1,—1})
ny+i n+i
. e)) n)
§2d]P’<d2'r’el ¢ [gl,..., 61]).
ny+i ny+i
The claim now follows from Lemma 4.1.7 with d27 in place of r. [
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4.2. WEAK CONVERGENCE OF THE RANDOM CONE

4.2 Weak convergence of the random cone

The weak convergence theorem

In what follows, we shall present a weak limit theorem for the random cone C,, . It
is clear that, for large n, the cone C,, , is close to the half-space {zy > 0}, so that in
order to obtain a non-trivial limit for (), , we need an appropriate rescaling. This is
achieved by the linear operator T}, ., : R4 — R4 defined by

B
Ton(xo, @1, ..., Tq) = (nv+1x0,x1, o ,xd) .

Let H; be the hyperplane {zy = 1} in R, Note that H; is tangent to the half-sphere
Si at its north pole. We shall prove that the random polytope (75, ,C, N Hy) — e,

which can be viewed as the “horizontal” section of the cone T, ,C, ,, converges in

Y
distribution on the space of compact convex subsets of H; — ey that we identify with

R

To describe the limit, take some v, ¢ > 0, and let I1;,(c) be a Poisson point process on
R?\ {o} whose intensity measure is absolutely continuous with respect to the Lebesgue

measure and whose density function with respect to the Lebesgue measure is given by

v iww v e R\ {o}. (A7)
Note that the number of points of I, (c) outside any ball centered at the origin having
strictly positive radius is almost surely finite (because the intensity is integrable near
00), while the number of points inside any such ball is infinite with probability one
(because the integral of the intensity over such balls diverges). Even though I1,.(c)
almost surely consists of infinitely many points, the random convex set conv(Il,,(c))
turns out to be almost surely a polytope, see Corollary 4.2.7 below. The next theorem
identifies the weak limit of the rescaled random polytopes (T}, ,C, N H;) — e in terms

of a Poisson point process of the type just discussed.

Theorem 4.2.1 As n — oo, the random polytopes (T, ,C, N Hy) — ey converge in
distribution to conv(Ilg.41(w,11)) on the space K¢ of compact convex subsets of RY

endowed with the Hausdorff metric.

Proof. Recall the gnomonic projection P : Si N{zo > 0} — R? defined by equality
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(4.4). For each i € {1,...,n}, let ¢; be the line in R passing through the origin
and the point U;. This line intersects the hyperplane H; := {xy = 1} at the point
(1,P(U;)) € H;. This observation implies that

CnyNHy =conv({(1,P(U;)):i=1,...,n})
and, therefore,
(T0~Cn~ N Hy) — ey = conv ({n_ﬁP(Ui) ti=1,... ,n}) . (4.8)
Hence, it is enough to show that
conv ({n_ﬁP(Ui): i=1,... ,n}) — conv (g1 1(wyi1)) (4.9)

on the space K. To prove this, we first note that as a consequence of Lemma 4.1.5

and [93, Proposition 3.21] we have

n

Z; 5n,#P(Ui) = My yi1 (wy), as n — 00, (4.10)

weakly on the space N]Rd\{o}. Now, we can use the Skorokhod representation theorem,
i.e., Lemma 2.4.4, to pass to the a.s. convergence on a new probability space, and,
then, apply Lemma 2.4.5 pointwise. Going back to the original probability space, we
get the required convergence (4.9). The proof of Theorem 4.2.1 is thus complete. [

Remark 4.2.2 For d = 2 the convergence (4.9) also follows from [38, Theorem 3.1].

Convergence of the f-vector

From Theorem 4.2.1 we derive the following result on the distributional convergence
of the f-vector of the random spherical polytope C,, , N Si. We remind the reader that
£,(Cry NSL) = fis1(Chy).

Theorem 4.2.3 Asn — oo, we have that
£ (Cpy NST) -5 £ (conv (Mgqss (wyi1))) s

d o
where — denotes convergence in distribution.
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4.2. WEAK CONVERGENCE OF THE RANDOM CONE

Proof of Theorem 4.2.3. Let k € {1,...,d}. From (4.8) we obtain the almost sure
equality

fi_1 (Cry N Si) = £.(Chry) = o1 (T Cry N Hy) — €9)
=1, (conv ({n_ﬁP(Ui): 1=1,... ,n})) )

Passing in (4.10) to the a.s. convergence by the Skorokhod representation theorem,
i.e., Lemma 2.4.4, using Lemma 2.4.5 pointwise, and returning back to the original

probability space, yields

f (conv ({n_ﬁP(Ui): i=1,... ,n})) N f(conv(Ilyqt1(wyt1))),
which proves the desired statement. O]

The following Theorem generalizes a result from [16] discussed above and answers - in

an extended form - a question raised in [16, Section 9].

Theorem 4.2.4 For every k € {1,...,d} and every m € N, we have

hmEﬂW%w:ig&Eﬁgﬂkﬁﬂﬁ):Eﬂh@mﬂﬂwﬂwmﬂﬁ.

n—o0

For m =1 the limits of the expectations are

. . 2
nh—glo Efk(C’nﬁ) = nh—{{olo Efk,1 (Cn,'y N Si) = Efkfl(COHV(Hdﬁ+1 (w,erl))) = EB%kyd,
where By 14, ..., By a4 are constants given by
1/ 2w k
Brsa =3 (o)
Wd4~y+1

k
d.’L'Z'
X / P(conv(Ily 11 (wys1)) Naff({z1, ..., 2x}) = 9) H Ta < oo. (4.11)
(R =

Remark 4.2.5 We shall prove at the very end of this chapter that

d—1)(y+1)¢! I (fid L
ny,d,d — ( ) (fy + ) (W7+2> ( 2) (412>

N3
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CHAPTER 4. RANDOM POLYTOPES ON HALF SPHERES

which in the special case of v = 0 simplifies to

d+1\?
Boaa = (27)'T (%) . (4.13)
In the case of v = 0 this recovers, together with Theorem 4.2.4 and Legendre’s duplica-
tion formula, equation (4) of [16], where it was proved that lim,, ., Ef;(C,,) = 27¢d!k2.

In Proposition 4.2.11, we shall compute the value of By 4, yielding the formula

. 1/d+1\ ,
nh_g)lo EfQ(Cn,o) = Bo,z,d = 5( 3 )7T .
Proof of Theorem 4.2.4. In view of Theorem 4.2.3, we need to show that the sequence

(f"(Ch) )nen is uniformly integrable for every k = 1,...,d and m € N. This is equival-

ent to
sup Ef]"(C,, ) < o0 (4.14)
neN

for every k = 1,...,d and m € N, since, for a fixed m, (4.14) implies uniform integ-

rability of (f£(C,.))nen for 0 < £ < m.

To prove (4.14) we note that for an arbitrary (spherical) polytope P, the number fi.(F,)

of its k-dimensional faces satisfies

fO(Pn) k
f.(P,) < < Y p k=0,...,d—1.
k( n>_(k+1)_0 (n)7 Oa )

From this observation it follows that (4.14) is equivalent to

sup Ef)" (C,,, NST) < oo, (4.15)

neN

for every m € N. Recall that P : S2 N {zg > 0} — R? is the map defined by (4.4).
Clearly, f5(C,, N'S%) coincides with the number of vertices of the convex hull of

P(U,),...,P(U,) in RL Write
gy (Cu 167

=E (Z 1{P(U;) ¢ (conv{P(U;),j #1i,j=1,... ,n})})

— Z ZP(P<Uik) ¢ conv({P(U,),j #ir,j=1,....n}),k=1,...,m)

i1=1 im=1
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4.2. WEAK CONVERGENCE OF THE RANDOM CONE

< Z . Z P(P(Ui,), P(Us),...,P(U,) ¢ conv({P(U;),J & {i1,02,- - ,im}}))-

i1=1 im=1

In view of this representation, the inequality (4.15) follows once we can show that
P (P(Uh), P(Ua),- .., P(Ux) & [P(Uis1), .., P(Un)]) = O(n™"),

as n — oo, for every fixed k € N, where the constant in the Landau term O( - ) might de-
pend on k. Denote by K,, C R? the convex hull of the random points P(U;), ..., P(U,).
Fix k£ € N and let Y1,Y5, ..., Y, be independently and identically distributed accord-
ing to the beta’-type distribution described in Proposition 4.1.1. Assume also that
Y1, ..., Y, are independent of K,,. We are going to show that, as n — oo,

n*P(Y1,..., Y & K,) = O(1).
Note that the left-hand side can be written as

n"P(Yh,..., Yy ¢ K,) = n'E (P (V) ¢ K,|K,,))

k
nF(d+g+1) dx
e ) ar e
2/ Ra\k,,
Thus, it suffices to show that
k
nD (44741) A
Feren S a7
2 /T Ri\K,

as n — 0o, because P(o ¢ K,,) = O(e”") by Lemma 4.1.8, with r | 0. To bound the

latter integral, introduce the random variable

bn = min |z

and note that
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where B%(0,0,,) is the ball of radius 6,, centered at the origin 0. From now on, for the

sake of brevity, any constants only depending on d and k will be denoted by c;, ¢; etc.

Passing to polar coordinates in the expression for the above expectation, we obtain

k o f
5 / dx - cm/ rd=ldr
d 'Y_‘H 1 9 dt+y+1 1 2 dt+y+1
AR L S ()™ ] e
Note that
rd=1 1 0
>
Gr ™ w70
and, therefore,
/ ri=dr </ dr ) I =0 0,51,
N = | max{r+2,1} 1
g L)y t J Grogr > L
k
2
I(n) < (1

(m)k“m”l




4.2. WEAK CONVERGENCE OF THE RANDOM CONE

_n_\k

(“H—l 1
K, —1/kN 1
+c / IP’( 125]B%d<o,<x > ))dx.
nA+I 7+1
0

We want to apply Lemma 4.1.8 to both summands. For the first summand we have

_ 1 1 —1/k \ v+1
r =mn 7+ and, therefore, rn>+7 = 1. In case of the second summand r = (%)

k
and, since r < (#) , we have that rna > 1. Now we can apply Lemma 4.1.8 to

bound both summands to conclude that

(#)k y+1
[(n) S C2nk exp(—C:m) +cy / exp (_ <C5x_ﬁ+1) + sz—%) 2 ) Ao,

0

The first summand, clearly, converges to zero and it remains to show that the in-

tegral on the right-hand side is bounded by a constant not depending on n. If

yFL _afl N\ K 2 2 \
2 2 Tk GID -7\ 2 L 1/k
x < (c5® cg > n) ,then, (csz *0FD 4 cgn 7+1 < (2¢5) 2 x and we have

yil il k
(05 Ce n)

v+l
__2 2\ "z
exp (— <c5x KO+ + cgn 7+1> ) dz

o

S T BN k
On the other hand, if =z € (<c52 cg n) ,( - > ] (provided this interval is not

empty), we have

Y1
2 _2 \"2
/ exp (— <c5x FOFD + cn v+1> ) dx
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v 1
.
cgn—+ +csn—
141

_ O(nke—n/(cg—i—c;,))’

as n — 0o. This completes the proof of the moment convergence.

The formula for Efy_;(conv(Ils,41(wys1))) in Theorem 4.2.4 follows from the Mecke
equation (2.38) applied with f(z1,..., 25 11) = 1{(xy,...,2x) € Fr_1(conv(Il))}. The
proof of Theorem 4.2.4 is complete. O

Conic intrinsic volumes

We start off with a theorem about the distributional convergence of the solid angle
a(Cy~). Clearly, we have that «(C, ) almost surely converges to 1/2, as n — oo.
Theorem 7.1 in [16] provides for the case v = 0 a more delicate asymptotic result,

namely,

E (% - a(Cmo)) _ ()t <i>d+l wa 1 om2), (4.16)

Wd+1 Wd+1 1

as n — 00, where C'(d) is the same constant as in (4.3). We show the distributional

counterpart to this formula for general v > —1.
Theorem 4.2.6 As n — oo, we have that

1 d Wrt1 / dv
S (G ) s v
" (2 i ”>> Yom o

R4\ conv(ITg,y+1(wy+1))

Before we prove this theorem let us briefly observe that for each v > 0 and ¢ > 0,
conv(Ily,(c)) is an element of the space N, and, therefore, Lemma 2.4.5 immediately

yields the following result.

Corollary 4.2.7 For each v > 0 and ¢ > 0, conv(Il;,(c)) is almost surely a convex

polytope containing the origin o in its interior.
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4.2. WEAK CONVERGENCE OF THE RANDOM CONE

Proof of Theorem 4.2.6. We shall use the following alternative definition of the solid
angle. For a convex cone C' C {zy > 0} C R¥*!, the solid angle equals

a(C):%IF’(UECﬂSi),

where U is a random vector with the uniform distribution on the half-sphere Si. We

have

on (% - a(@W) (1= B (U €Coy NS [Cn)) = nB (U & Coy NEL[Cn)

where U is independent of C,,, and P(- |-) denotes conditional probability. Further,
nP (U ¢ CpyNSY|Chy) =nP((1,P(U)) ¢ Crpy N Hi|Chrpy)
=nP(P(U) ¢ coov({P(U;) : i =1,...,n})|U1,...,U,)
= fin~ <Rd \ conv ({n_ﬁP(Ui) ci=1,... ,n})) :

where the measure fi, , is given by fi, () := nP (n_ﬁP(U ) € ) As a consequence

of Proposition 4.1.1, the Lebesgue density of fi,  is given by

[y

A D) sk
fnv(x) = "3 27+1 2 o 7T
w2 (557) (14 nai )22

N

Denoting the random polytope conv ({n_ﬁP(Ui) i=1,... ,n}) by L, we can
write .
n (5= a(C) = (1= 1u, @)funfa)d
Rd

Let also Lo, := conv(Ilg41(2wy41)). From (4.9), we know that L,, , converges to Ly,
weakly on the space K¢. By the Skorokhod representation theorem, i.e., Lemma 2.4.4,
on a new probability space we can define random convex sets (Lj,  )nen, such that Lj
has the same distribution as L, ,, for all n € Ny, and with probability one L; ., — L,

holds in the Hausdorff metric. Let us fix some outcome w in the new probability space

!/
0,y

containing the origin o in its interior. The probability of this exceptional event is zero;

outside the event where the convergence fails to hold or where Lj , is not a polytope

see Corollary 4.2.7. With this convention, the deterministic polytopes L;, (w) converge
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to Lj,,(w) in the Hausdorff metric. From Lemma 2.4.3 it follows that

lim ]lL/n,'y(w) ($) = ]ILGN(UJ) (33'), for all x € Rd\ﬁLgﬁ(w).

n—oo

Note, that the Lebesgue measure of dLy . (w) is zero because L (w) is a polytope. The

density f,(z) satisfies

.o Wry+1 1 p Wy+1 1
1 — d <
n1—>n;olo fn:’Y (‘T) wd+7+1 Hde+7+1 an fnﬁ ('T) — der’erl H:L_Hd+,y+1 )

for all z € R¥\{o}. Combining everything, we obtain that for Lebesgue-a.e. z € R,

Wry+1 1
Wiyt |||+

lim (1 -1z )(2)) fan () = (1= 1p_)(2))

n—oo

Also, we have the integrable bound

- Wra1 1
1—1, (X)) fns(z) < 1{||z|| > r(w t ,
( Ly, ( )( ))f KY( ) — {H || = ( )}Wd—&-w-i—l ||£L‘||d+7+1

where r(w) > 0 is the distance from the origin o to the boundary of L (w). The

dominated convergence theorem yields

~ Wn41 dx
-1 (o) — [(1=1. ik
/( Ly, ( )(:L‘))f 77(1‘) x /( Lo,,y( )<x))wd+'y+1 ||fL‘||d+7+1
R4 Rd
Wy / dx
Walty+1 |||+
RNLG _ (w)

as n — 0o. We recall that this convergence holds for every outcome w outside some
event with probability zero. In particular, it implies the distributional convergence of
the corresponding random variables. Returning back to the original probability space,

we can replace L;, . by L, for all n € Ny, thus obtaining

1 R d
on (3 -alCun)) = 0= tu, @D funfre 5 2 [ G0

Wdr+1
Re R\ Lo,

as n — 0o. Recall finally that L, = conv(Ilj,11(wy4+1)), which finishes the proof. [

The next result relates the expected Grassmann angles hy, of the random cone C,,  to

its expected f-vector.
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Theorem 4.2.8 For all k € {1,...,d}, we have

n+d+1-Fk\ /1
2( d+1—k ) <§ - Eh’”l(C"’O)) = Efs—ts1(Crari-ko)-

The above formula should be compared to the well-known Efron identity [42] that
states that for random points ()1, ()2, . .. sampled uniformly and independently from a
convex body K C R? and all n > d + 1 we have

EVOId([Ql?“'aQnD _ EfO([Qla"'in—i—l])

pr— 1 .
VOld(K) n+1

Buchta [30] obtained an analogue of this identity for higher moments of the volume,
but no identity relating the expected f-vector of random polytopes to their intrinsic
volumes is known in the Euclidean case, to the best of our knowledge (however, we
refer to [53, 97] for results in this direction for the zero cells of Poisson hyperplane

tessellations).

Proof of Theorem 4.2.8. We shall derive formulae for the expectations of Grassmann
angles and the f-vectors of C,, o and, then, obtain Theorem 4.2.8 by comparing these

formulae.

STEP 1. We are interested in the expected Grassmann angle

Eh[ﬂ,l(Cn,()) - %P(Cn,o NL # {O})7

where L € G(d+1,d+ 1 — k) is a random subspace with distribution v441_x, and k €
{1,...,d}. Recall that C, o = pos({Uy,...,U,}), where Uy,...,U, are i.i.d. random
points distributed uniformly on S‘fr. Observe that L can be generated as a linear hull
of d4+ 1 — k ii.d. random points Vi, ...,V i1 &, are distributed uniformly on Sﬁlr and
independent of the U;’s.

Applying the mapping P defined by (4.4), together with Proposition 4.1.1, we see that
1
Ehyi1(Cryo) = §IP([P(U1), PO Naf({ 24, ... Zaga—k}) # 9).

Here Z; := P(V1),..., Zas1- = P(Vyy1_1) are independent random points in R?
distributed according to the beta’-type distribution described in Proposition 4.1.1 with
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v = 0. Thus,
% — Ehi1(Chp) = % / Plaff({z1,...,2411-}) N [P(U1), ..., P(U,)] = D)

(Re)d+1—k
d+1-k

L e

i=1 (1 + H%HQ)?

STEP 2. We now derive a formula for Efy(C), ) or, equivalently, the expected number
of (k — 1)-dimensional faces of the random polytope K, := [P(U1),...,P(Uy,)]. We

have

Efk(Cn,O) = Efkfl(Kn,O> =E Z ]1{[7)([]1)7 s 7P(Un)] € kal(Kn,O)}'

1<i1 <. < <n

Since P(U4),...,P(U,) are independent and identically distributed according to the
beta’-type distribution described in Proposition 4.1.1 with v = 0, we have that

n

Ef.(Cho) = (k

) / P([z1,. .., 24]) € Foot(Kp) | P(UL) = 21, ..., P(Uy) = )

(Re)F
k

2/wgi1) dz;
[ e

d+1 °

i=1 (14 [Ja|?) =

Observe that conditionally on P(U;) = xy,...,P(Ux) = zg, we got [z1,...,x] €
Fi—1(Knp) if and only if aff({z1,...,z}) N [P(U1),...,P(U,)] = @. Therefore,

n

w1 - (1)

! /P(aff({xl,...,:z:k})ﬂ[P(Ul),...,P(Un)]:®)

(Re)F
k

X H M_ (4.17)

d+1

i1 (L4 [lzl?) =

STEP 3. Comparing the formulae obtained in step 1 and step 2, we arrive at

n+d+1—-Fk\ /1
2( d+1—k ) (5 - Ehk+1<cn,0)) - Efd—k+1(Cn+d+1—k,0),

which completes the proof. n
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4.2. WEAK CONVERGENCE OF THE RANDOM CONE

The next result identifies asymptotically the expected conic intrinsic volumes, the
Grassmann angles and the conic mean projection volumes of the random cones C, .
As already mentioned, this completely settles in an extended form the conjecture of
Barany et al. stated in [16, Section 9.

Theorem 4.2.9 For every k € {0,1,...,d}, we have

. Al
lim ndH k(g - Ethrl(Cn,O)) = BO,d+1fk,d7 (418)

n—oo

where By 14, ..., Boaad are given by (4.11), and By 4414 = 0. Moreover, for all {,r €
{0,1,...,d — 1}, we have

hm nd_l_ﬁ EU@(Cmo) = BO,d—l—é,da (419)
n—oo
and
lim ’I”Ld—H_T (1 - Ewr+1(C’n70)) = BO,d—i—l—r,d- (420)
n— o0

Remark 4.2.10 Note that v4(Cp ) = ha(Cno) = 1/2 and vg41(Cho) = hat1(Cro) —
1/2, as n — oo. Hence, we have restricted ourselves to the conic intrinsic volumes
v (Cryo) of orders ¢ € {0,...,d — 1} in (4.19). Similarly, wgy1(Chno) = ha+1(Chyo),
which is why we omitted the case r = d in (4.20).

Proof of Theorem 4.2.9. We first prove the asymptotic formula for hs,;. For k = 0,
the result is trivial since hy(Cy ) = 1/2, so let k € {1,...,d}. We use Theorem 4.2.8
together with Theorem 4.2.4 to obtain

d+1-k

1 1 n
d“*’“(— — Ehy (C )) = Ef, . (C )
n E+1\Un0 n — d—k+1\Un4d+1-k,0
2 2" (4.21)

— Bo.d—k+1,d;

as n — 0o. To deduce the result for the conic intrinsic volumes, recall the conic Crofton
formula (2.22) and note that it implies, for ¢ € {0,1,...,d — 1},

1

1
Evy(Cno) = Ehe(Ch o) — Ehpro(Chyo) = (5 - Ehuz(@w)) - (5 - Ehe(Cn,o))-
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CHAPTER 4. RANDOM POLYTOPES ON HALF SPHERES

So, we get that

1 1
lim n¢ ¢ Evy(Chp) = lim ndil*e<— — Ehuz(Cn,o)) — lim p4=17* (— — Ehz(cn,0)>-

n—00 n—o0 2 n—oo 2

According to (4.21), the first limit equals By 4—1-s4, while the second one is zero (in-

1

deed, the sequence goes to zero like a constant multiple of n~!, as n — o).

Finally, the asymptotic formulae for the mean projection volumes can be deduced in a
similar way from the conic Kubota formula (2.24). Namely, for all » € {0,1,...,d—1},
we have w,11(Chno) = hri1(Cho) + hri2(Chyp), hence

lim ndH_’”(l — Eer(Cmo))

n—oo
. (1 _ 1
= Jim 17 (G = B (Guo)) + fim n (5~ EveialCuo)).
By (4.21), the first limit equals By 411-r4, Whereas the second one is zero. O

Proposition 4.2.11 For all d > 2, we have

1/d+1
BO,Q,dZE( 3 )7’[‘2.

Proof. For the expected surface area, i.e. (d — 1)-dimensional Hausdorff measure, of

the spherical polytope C,, o N'S?, it was shown in [16, Theorem 5.1] that

ESy 1(ChoNS?) = wy <1 — <d§ 1) wn"? + (’)(n3)> ,

where Sy_1(K) denotes the surface area of the spherical polytope K. On the other
hand, the relation 2wqhq(Cho) = 2wqva(Cho) = S (Cn,o N Sd) and Theorem 4.2.9 with
k=d—1 yield

IESd_l (C’mO N Sd) = Wy (1 — 230727dn_2 + 0(7’L_2)) .
Comparing both asymptotic relations, we obtain the required formula for By 4. n

Let us consider the special case d = 2, where Bys9 = %7‘(’2 and, hence,

lim Ef() (On,O N Si) = lim Efl (Cn,O N Si_) = Efo(COIlV(HZl(C)))

n—00 n—00
1 2

= Ef; (conv(Ily;(c))) = 3T
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4.2. WEAK CONVERGENCE OF THE RANDOM CONE

with ¢ > 0 being arbitrary. For d = 3, the identities By33 = A7? and Byos =
272 (following from (4.12) and Proposition 4.2.11) combined with the Euler relation
fo — fl + f2 =2 yleld

lim (Efy (Cpo NS}, Efy (ChoNSY),Efy (CrpNS2))

n—0o0

= (Efy(conv(Il3;(c))), Ef (conv(Il; 1 (c))), Efy(conv(Ilz1(c))))

2 4
= (2 + §7T2, 272, §7r2> .

Remark 4.2.12 Using the same methods as in the proof of Theorems 4.2.9 and 4.2.6,

it is possible to prove the following distributional convergence for all k € {0,1,...,d}:

1 1 2 d+1—k
nd+1_k(— _ hkﬂ(on,o)) =
2 2 \Wdt1

d+1-k
diEi

X / 1{conv(Ily1(2)) Naff({z1, ..., 2411-1}) = D} H W’

(Re)d+1—k

as n — 00. Observe that since hgi1(C o) coincides with the solid angle a(C,, ), we

recover the case 7 = 0 of Theorem 4.2.6 as a special case of this relation with k = d.
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4.3 Convex hulls of Poisson point processes

We start by stating the following projection stability. It says that the projection of
a Poisson point process with a power-law intensity measure as in (4.7) onto a linear
subspace is again a Poisson point process of the same type within this subspace. We

will make heavy use of this fact.

Lemma 4.3.1 Let v,c > 0 and k € {1,...,d — 1}. The orthogonal projection of

4. (c) onto any k-dimensional linear subspace L of R? has the same law as 11, (c),
where we identify L with RF.

Proof. First suppose that k = d — 1. By rotational symmetry, we may assume that we
project onto the hyperplane {z; = 0}. The intensity of the projected Poisson point

process at (0, y,...,x4) with 22 + ... + 22 = a? equals

—+00 —+00

c dxy c ady cat=d dy
dty J (a? 4 x7) 2 dty J at™(1+y?) 2 dty (1+y2)z
—00

where we used the change of variables y = x;/a. Applying the substitution y? = t, the

last integral equals
o0

/( dy)cﬁ”:/(lfé“"dt:ﬁ%

1492

by definition of the beta function and its relationship to the gamma function. Hence,

the intensity of the projected Poisson point process is

cal=r _T(H=) c 1
v dJer - dty—1
Wty I'(=2) Wey—1 A7

by definition of wg;, and wqiy—1. Arguing now inductively, we arrive at the desired

claim. =

Expectation of the T-functional

We are now going to state explicit formulae for the expected values of some functionals

of the random polytopes conv(Ily,(c)). The results are most conveniently expressed via
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4.3. CONVEX HULLS OF POISSON POINT PROCESSES

the T-functional which we already used in Chapter 3. The next theorem provides an
explicit formula for the expected T-functional with k = d — 1 of the random polytopes
conv(Ily,(c)).

Theorem 4.3.2 For every v,¢ > 0 and all a,b > 0 such that (y —b)d+b—a > 0 and
v —b >0, we have that

a—b+(b—~)d

ET " (conv(Ilyy (c))) ¢ ( ¢ > ’ F((7—87)cl+la—a

- ydlwd iy \ YWyt
L r(dety) (TE)) prr ()
@y I (%2d) (r(vﬂ)) HW

If (v =b)d+b—a <0 ory—>b<0, then, the expectation equals +00.

Before we prove this, let us take a closer look at special values for the parameters a
and b which lead to some interesting consequences. We relegate all proofs to the end

of this section.
Expected number of facets
Recall that for a = b = 0, it almost surely holds that

Tgf’élfl(conv(ﬂdﬁ(c))) = f;_1(conv(Ily,(c))).

After simplification, this yields the following result for the mean number of facets of
conv(Ily(c)).

Corollary 4.3.3 For every v > 0,c > 0, we have that

B2 (conv(lTgs (0)) = w7 FF<£> ( P@))) |

2

independently of the parameter ¢ > 0.

Remark 4.3.4 Again, all faces of the polytope conv(Il;(c)) are simplices with prob-

ability 1. Hence, the Dehn—Sommerville relation, i.e., Theorem 2.2.3, implies
dfy_1(conv(Ily,(c))) = 2f4_o(conv(Ily,(c)))
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for the expected number of (d — 2)-faces of conv(Il,,(c)). However, computing the

expected number of k-faces for general k remains an open problem.

In particular, for v = 1 we obtain

Ef;_1(conv(Il;;(c))) = : =qir 2 0

for all ¢ > 0. Using Legendre’s duplication formula for the gamma function, this can

be rewritten as follows:

oy (Y 0 T(H) T+ §)  de'a T(HI()
T 4 =7 d ZAYR )2
r(1+5%) r1+4)r1+5%) I(1+4)
= T(d)y2r 27t 27dpdgt
= = s = 27k,
2 I(1+ 2)2 I'(1+4)

This coincides with the limit in (4.2) and is consistent with Theorem 4.2.3. More

generally, for any a € [0, d), we have the explicit formula

_ d=a  T'(d —a)
ET% " (conv (I 1(c))) = 222" <z> _—
Another special case in which the formula from Corollary 4.3.3 simplifies is v = 2.

After similar transformations as before, we obtain

Ef, 1 (conv(TTaa(c))) = @l).

In dimension d = 2 this means that the expected number of edges (or vertices) of the
convex hull of the Poisson point process with intensity ||z||™* in R? is 6, a fact due to
Rogers [94]. For d = 3, we obtain that the expected number of faces of the convex hull
of the Poisson point process with intensity ||x| = is 20. Since the faces are simplices
a.s., the relation 3f, = 2f; holds, which together with the Euler relation fy — f; +f, = 2
yields that the expected number of edges (respectively, vertices) is 30 (respectively, 12).
To summarize, the expected f-vector of conv(Ilss) is the same as the f-vector of the
regular icosahedron. Finally, observe that in the case d = 2 and for arbitrary v > 0,

Corollary 4.3.3 can be written as

+3)

l
27

)
B (5. %)

wl»—t

Ef (conv(Ily,(c))) = Efy(conv(Ily,(c))) = 4m 2(
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4.3. CONVEX HULLS OF POISSON POINT PROCESSES

where B denotes the beta function. This formula is due to [38, Theorem 4.4], see also
[34], where a similar formula is derived for convex hulls of i.i.d. samples with spherically

symmetric regularly varying distributions.

Expected volume, intrinsic volumes and the symmetric convex
hull

Let us compute the expected volume of conv(Il;(c)). Since the origin is a.s. in the

interior of conv(Il,;(c)), we have that

Voly(conv(Ily,(c))) = éT{i”{i_l(conv(Hdﬁ(c))),

which together with Theorem 4.3.2 leads to the following result for the mean volume
of the convex hull of II,,(c).

Corollary 4.3.5 For every v > 1 and ¢ > 0, we have that

d(y=1)
o5 7 (1 +d - G
I( '

T a5 \ T

E Vol (conv(Ily,(c)))

For 0 <~ <1, we have E Voly(conv(Il;(c))) = +oo.

In the special case v = 2, the formula becomes especially simple, namely:

E Voly(conv(Ilz2(c))) = % (g)d/2.

Next, we compute the expected values of the intrinsic volumes Vi (conv(Ily.(c))), k €

{0,...,d}, of the random polytopes conv(Il4,(c)).

Corollary 4.3.6 For everyy>1,¢>0 and k € {1,...,d}, we have that

k(y=1)

kg ch T+ k- Bk
EVi(conv(Ily,(c))) = (Z) & (F(£)> d+ 7) (7)) )

KieRd—k 2k(1+;)ﬂ_ﬂ P(l + g)

For0 <~ <1andalke{l,... d}, we have EVj(conv(Ilz1(c))) = +oo.

Finally, we give a theorem that evaluates the expected T-functional of sconv(Ilz(c)).
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Theorem 4.3.7 For every v,c¢ > 0 and all a,b > 0 such that (y —b)d+b—a > 0 and
v —b> 0, we have that

]ETLZ})d_l(sconv(Hdﬁ(c))) = ETif_l(conv(Hdﬁ@c))).

It is now straightforward to state the formulae for the expected facet number, volume,

and intrinsic volumes of the symmetric convex hull of Iy, (c).

Proofs of Theorems 4.3.2, 4.3.7 and Corollary 4.3.6

Proof of Theorem 4.3.2. To simplify the notation, we shall write I1 -, for I, ,(c) in this
proof and keep ¢ > 0 fixed. Recall that conv(Il,,) denotes the convex hull of all points
of the Poisson process I1;,. By Corollary 4.2.7, conv(Il, ) is almost surely a convex
polytope. We denote by H = H(z1,...,x;) € A(d, k—1) the (k—1)-dimensional affine
subspace spanned by the points x1,..., 2. Let also n(H) be the distance from H to
the origin. By the multivariate Mecke formula for Poisson point processes (2.38), we

have

1

ETif_l(conv(Hdﬁ)) =4

/ Az_l(xl, ) nY(E)
(RE)k
k

x P <[:B1, T € ]:k—l(COHV(ﬂdn))> H

=1

cdx;
Watpy ||| 44

where 1210577 = 1lg~ + Zle 0z,. Recall that H L is the orthogonal complement of H and
Py. the orthogonal projection onto H+. Note that Pyizy = ... = Pyixy. Clearly,
the simplex [z1,...,zx] is a (k — 1)-dimensional face of conv(f[dﬁ) if and only if Pyix;

is not contained in Py conv(Il;,). Define the non-absorption probability

Pa(R) :=P(Rey ¢ conv(lly,)), R >0, (4.22)
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where e; is any vector of unit length in R?. By Lemma 4.3.1, Py.11,, has the same

distribution as I14_g41,, where we identify H L with R***1. Hence,

_ 1
ETj,f 1(COHV(Hd’,y)) =4 / A (2, ) (H)
(=" ) (4.23)
cdx;

X Pd—k+1,(N(H .

+14(n(H)) 1} ooz

Next, we use the affine Blaschke-Petkantschin formula (2.31):
k E—1 | d— Ic+1b
ETif_l(conv(Hdﬁ)) _ ¢ ( k:)w dk—1 / /Ab+d My, x)
d+vy

A(d,k—1) HF

X N*(H) pa—k+1,(n(H)) (H ijdﬂ) AN (21, o) e (AH),

Writing

k
h(n(H)) := /Azﬂi—lﬁ—l Ti,...,T (H T ||dﬂ) AN (zy, ... 2y), (4.24)
H* !

we arrive at

Ck(k‘ _ 1)!dik+lbd,kz—1

1,k
k.wdﬂ

x / 0 CH) Pt o (1)) B (H)) prr (A,
A(dk—1)

ETif_l(conv(Hdﬁ)) =

Let 8:=b+d— k+ 1. We compute

h(r) = / Ak1yla---7yk )dﬂ

k k:—ld
= / rEVEAD (2, H zi

oy (L )

k
_ r(kfl)kf(dJr'y)kJrﬁ(k*l) / AB 1 21, RN H

(RE-1)E
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where we have used the change of variables y; = rz;. Thus, the function h satisfies the

scaling property
h(T) _ r(k—l)k—(d-ﬁ-’y)k-&—ﬂ(k—l)h(l)‘

To compute the value of h(1), let Zi, ..., Z, be independent random variables on R¥~1
with the beta/-type density fd aty (), that is,
)

~ Wq—
Fag () = TR (14 o) F, R
2 Wty

Recall that Ag_1(Z1,...,Z) is the volume of the simplex with vertices Zi, ..., Zy.

Then, we can interpret h(1) as follows:

k

w
h(1) = ——TEA; (Z1,..., Z).
Wa—k+1+4~
The moments of Ay_1(Z1,...,Z;) are just the ones in Miles’ formula, i.e., Lemma

3.1.6.

Let us consider the case k = d. Then, § = b+ 1 and the above formulae simplify to

h(r) = r&=0T0= (1) (4.25)
and
—b dg—1
h1) = <Wd+'y>d 1 [(Ghd+8) (T(5h) H T (%5) (4.26)
wity/ ((d=1)Hr T (VTJ)d) % i=1 %
provided that v — b > 0. We also have h(r) = +oo, r > 0, if v < b. Since
; wy w2
dd—1 — 5 — >
2 I(3)
the above formulae yield
_ ct(d—1)lw
BEA conv(Tlag)) = S [ ) G 1)
Y a1
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Now, recalling the definition of p; ,(R) from (4.22), we obtain

P14(R) = P(R ¢ conv(Il,)) = P(II, 4 [R, 00) = 0)

__c oo dx _ c — (427)
= @y 'R T — g ey
Hence,
dd—1)lw
ET% (conv(IL,,)) = 0= Dy g
 coms(lla)) = S ()
: / gty oy (a),
A(d,d—1)

The properties of the measure g1 imply

o

/Ia =1+ 71 Qg (4.28)

0

cd( -1 'wd

ETH! M,)) =
o (conv(Ilg,)) Aot

Evaluating the integral, we get

a—b+(b—~v)d

ET,; ' (conv(Ily,)) = ed = Dl ), ( ¢ ) 7 7 ((7 —b)d+b— a)

d
dlwg,, YWyt1 v

under the condition (y—b)d+b—a > 0. Otherwise, the integral equals +00. Applying
formula (4.26) completes the proof. O

Proof of Corollary 4.3.6. Lemma 4.3.1 implies that for any L € G(d, k), the projected
random polytope Pp, conv(Il;,) has the same distribution as conv(Ily ), if we identify
L with R¥. Using this together with the definition of intrinsic volumes and Fubini’s

theorem, we get

Rq

EVi(conv(Ily,)) = (Z) E / Vol (P (conv(I1y,))) vi(dL)

G(d,k)

_ ( )m k / E Vol (P, (conv(TTa.))) vi(dL)

G(d,k

d
= (k;) . kEVolk(conV(Hk )5

RrRd—k

since v, is a probability measure. Now, Corollary 4.3.5 can be used to complete the
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proof. O

Proof of Theorem 4.3.7. We keep the notation II;, for II;,(c). By Corollary 4.2.7,
sconv(Ily,) is almost surely a convex polytope. Its (k — 1)-dimensional faces have
the form conv{ejz1,... ez}, where xq,...,z; are distinct points from I, and

£1,...,6x € {+1,—1}. We can write

3 1 a
ET " (sconv(Ilyy,)) = i > > n*(aff({erz, - enmid))
(51 ~~~~~ Ek)€{+1771}k (931 7777 xk)ens,w,?ﬁ

x AY (e1xy,. .. epxp) U [e1my, . . . Enan] € Fr—1(sconv(Ilyz,))}

Interchanging the expectation and the sum over (ey, ..., ;) and using the Mecke for-

mula (2.38), we obtain

3 1
ETY, ™ (sconv(Ily,)) = o > E / n*(aff({erzy, ... exn}))

(et €L gy

k
~ cdz;
x AY_(e121, ... exxp)1{[e121, . . ., exn] € Fro1(sconv(lly,))} H w—ldﬂ’
it Way [l

where ﬂd77 = Iy + 0z, + ... + 0y, Interchanging the integral and the expectation
and noting that the expectation of an indicator function is the probability of the

corresponding event, we get

- 1
ETgy  (sconv(las) = o D 7' (aff({erz, - ran})
G 5k)6{+17_1}k(Rd)k
k

cdx;

x Ab_ (e121, ..., exzy) P ([51:1:1, . ERTE] € Fk_l(sconv(f[dﬁ))> P P ek
i=1 i

Now, observe that
sconv(Ily,) = sconv (Il + 0y + ... + 02, ) = sconv(Igs + Ocyoy + - oo + Ocap)-

Noting that the integral remains invariant under the change of variables 127 +—

T1,...,ETE — T, We arrive at
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% / n(aff({xy,...,zx}))

(RE)F

ETi’f_l(sconv(Hdﬁ)) =

cdx;

k
X A2_1($1, oo ap) P ([I1, Sy € fk_l(sconv(f[dﬁ))> H

=1 Wa ||yl T

From now on we can argue exactly as in the proof of Theorem 4.3.2, but an additional
factor of 2% appears throughout and the non-absorption probability pg.(R) has to be

replaced by its symmetrized version
qan(R) :==P(Re; ¢ sconv(Ily,)), R >0.

In particular, in the special case k = d, we arrive at

(2¢)4(d — 1)lwy
2d! wgﬂ

ET% (sconv(IL;,)) = / () oy (0 (D) (FD)) ras ().

A(d,d—1)

The non-absorption probability can easily be calculated as follows:
G17(R) = P(R ¢ sconv(Ily)) = P(Il 4 [R, 00) = I ; (—00, —=R] = 0)

__2c oo dx 2c R

- ]P)(HLFY[R? OO) = 0)2 = e “rtl R v+l __ e_'yw,y+1

By the definition of the measure u4_1, we obtain

oo

2 - 1 ! 2¢c =7
ETj’:il(SCOIlV(Hdﬁ)) _ ( C)d(‘ Wd /Ia b—1+(b—v)d e R d.T, (429)
7 wd—i—v

0

where h(1) is given by (4.26). Now, a comparison of (4.29) with (4.28) completes the
proof. O]

It remains to calculate B, 44 as provided in (4.12).

Proof of (4.12). We compute the constant B, 44 (where we use « instead of v to avoid
a clash of notation). Using the Blaschke-Petkantschin formula (2.31) with £ = d — 1,

we see that

1 o d
Buga = 5(2) g ) / / P(conv(Igo1 (Was1)) N H = 2)
Witart/ 2 A(d,d—1) Hd
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d
dl’i
X Ag_1(r1,...,Tq) H T et pra—1(dH).
i=1 1"7*

The probability has already been computed in (4.27):
Wa e

if 7 > 0 denotes the distance of H to the origin. Thus, using the definition (4.26) of
h(1) and the scaling relation (4.25) (with b =0 and v = a+ 1), we conclude that

Wat1 T—(cx—i—l)) p—((a+D)d+1) 4,

Wart1 )dﬂ(d— 1)!h(1)0/eXP (‘m

(@ + Dwapa " 1 7 d—1
— d
( o ) exp(—s)s s
0
d 1 ¢
Wait "W gy ppy ((@F e (d—1)!
Wa+1

(
(e )d%(d— 1)!A(1)
(

(@ D))o+ 1! (w

where in the second equality we have used the transformation s = —2etl__p—(e+1) apd
(a+1)waqt2

in the last equality simplified the expression. In the case of o = 0, we obtain

md=a (L) d+1\2
=(d—1)—2 7 _ d=1p( 2~
Boaa = (d = DI —pvt= = (20) r(=-)-

=

where we have used Legendre’s duplication formula. This completes the proof. O
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Chapter 5
Empty simplices

5.1 Preliminaries

Let d > 2and n € Nwithn > d+ 1. Let X = {1,...,2,} C R? be a finite
point set in general position. Denote by [g] the set of all d-element subsets of X. For
{i, ..., @i} € [5] we define the degree of that subset, denoted by deg(z,, . .., z;,; X),
as the number of (d+ 1)-element subsets {z; ,...,%;,,,} C X\ {z;,...,2;,} for which
the property int([z;,,..., %, ,]) N X = @ holds. This definition can be written as

deg (s, ...,z X) = > int([ziy, ..., 2,,]) N X = 2} (5.1)

xd+1EX\{xi1 ..... xid}

The degree of X, denoted as deg(X), is defined as the maximum of the degrees of the

d-element subsets of X i.e.,

deg(X) = max __deg(x;, ..., 2, X). (5.2)

{@iy iy Y[ ]

An illustration of these definitions is given in Figure 1.7 and 1.8 in the introduction.

Up to this point all the definitions are of deterministic nature. As already mentioned
in the introduction Erdés originally asked the question whether the degree of a determ-
inistic point set X C R? in general position goes to infinity as the number of points
go to infinity. Although Barany and Valtr in [19] gave a prescription how to construct
a set X C R? in general position for which deg(X) = 4v/n(1 + o(1)), the general case
remains open. However, if we let X be a random set of independently and uniformly

distributed random points from a compact set K we can confirm this conjecture.
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Let in the following ¢(...) denote a generic constants, only depending on what appears

in the bracket and which may vary from line to line.

Theorem 5.1.1 Let &, = {X1,..., X} be a set of n independently and uniformly
chosen random points from a compact set K C R® with Voly(K) > 0. Then,

(a) c(d, K)n < Edeg(&,) < n, for some positive constant c(d, K).

(b) deg(&,) — oo in probability, as n — oo.

Remark 5.1.2 Numerical computations by M. Meckes and by the author suggest that
even the constant may be surprisingly large. For K = B? or the planar square the

results suggest that

Ed
%@”) € [0.70,0.95].

Remark 5.1.3 By Jensen’s inequality, Theorem 5.1.1 implies the asymptotic behavior

of all the moments of deg¢&,,. Namely, as n — oo, we have

E deg(&,)* = O(n').

The upper bound for E deg(¢,,) in Theorem 5.1.1 (a) follows trivially from the fact that
one can form at most d — k simplices with nonempty interior from a d-element subset
of an n-element point set. Furthermore, Theorem 5.1.1 (b) can be shown just as it’s
2-dimensional analogue was shown in [18]. All one has to do is to replace the mesh in

1

the plane with mesh width n='/2 by a mesh in R? with mesh width n='/¢ and every

instance where n — 2 appears by n — d.

For the lower bound we present two proof approaches. The first approach was given
by the author in [105] and generalizes the two-dimensional approach from Béarany,
Marckert and Reitzner [18]. In this proof we will show a lower bound for all the
moments of deg(§,) and not make use of Jensen’s inequality for the higher moments
as suggested in Remark 5.1.3. However, this proof only provides the lower bounds
Edeg(&,)F > c(d, k, K)n*(logn)~* and only works for convex bodies. An alteration of
the proof idea and certain functionals that are involved, presented by Reitzner and the
author in [90], will be the content of the second approach. As it turns out, these modi-
fications allow to uncover the correct asymptotic behavior of E deg(¢,), significantly
simplify the proof and extend the result to arbitrary, not necessarily convex, compact
sets. It will also allow us to invoke Remark 5.1.3 to get the correct asymptotic behavior

of all integer moments of deg(¢&,,).
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5.2 Prove approach 1

We start by defining two functionals. So let X = {zy,...,7,} C R% be a deterministic

point set in general position. Let ¢ > 0 and define

N(X):= > 1{Fjeld:{mi, ..z} CB (z;,,1)}

and

Ft(k)(X) = Z ]l{EIjE[M]:{xil,...,xid}CIB%d (xij,t)}deg(xil,...,xid;X)k
{Tig 50 xzd}E[d]

for all £k € N.

The core idea of the proof will be to use the inequality
F(X) < Ni(X) deg(X)", (5.3)

which holds for all K € N and ¢ > 0.

From now on let X =¢, = {X,..., X, } be a random point set of n independent and
uniformly chosen point from a convex body K C R?. Hence, if we take the expectation

on both sides of (5.3) and rearrange, we get

A FP(E,)

I{Ny(&n) = 1}> :
This in turn implies for any 7" > 0

1
Edeg(&,)F > =
eg(én) z 7

E (£ (6)1{0 < Ny(&) < T}) . (5.4)
Before we go on, note that the degree deg is invariant under non-degenerate affine
transformations. By John’s Theorem, see [98, Theorem 10.12.2], there exists an ellips-
oid E such that ¥ C K C dF. First we apply an affine transformation so that the
area of K becomes equal to one, making the Lebesgue measure thereon coincide with
the uniform measure, and second, we apply a volume preserving affine transformation
that carries E to rB? and dE to drB?. Assume from now on that K is in this position,
i.e., Voly(K) = 1 and rBY C K C drB?, where rB? is the maximal volume ellipsoid
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contained in K. We refer to this property by saying: K is in appropriate position.

Reconsider now (5.4). As we can see, the idea is to average only over the degrees of
a small subset of Fg]. Clearly we want to choose the parameter t in N;(§,) in such a
way that EN;(,) is as small as possible, but at the same time does not converge to

zero as n goes to infinity. Let us determine this particular choice of t:

Proposition 5.2.1 Let d > 2 and K C R? be a convex body in appropriate position.
For all t > 0 we have

ct4@-D(1 1 O(t)) < ENy(,) < edt™@D(1 + O@1)), (5.5)

ast — 0, wherec-mg 1(d)

Proof. We have

]ENt(gn) =E Z 1 {HJ € [d] : {Xiu .- Xid} - Bd (le’ )}

_ d(Z) / (ﬁnﬂmu < t})

()"
X /]l{xd eKog—m €K,...,0qg— 241 € K}drgday ... deg

R4

n
= d(d) / g (1, ... xqq)day .. drg

(Bi(o,0))"

o) [ (M)

[0,gd-1 N

/ rlul, e ,rd_lud_l) O'd_l(dul) Ce O'd_l(dud_l) d?”l e d?“d_l,

Sd 1)d 1

where we introduced polar coordinates in each of the d — 1 integrals. For a fixed vector
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u = (uy,...,uq_1) € (Sd_l)d_l the Taylor expansion of the generalized covariogram
g (riug, ..., Tg_1ug—1) inr = (ry,...,rq-1) = (0,...,0) gives
gr (r1us, - Tg1Ug-1)
-1 g
= o) + Ti = TIUL,y - ooy Tag—1Ug— +o(ry,...,rqg—1).
gx(0) ZZ1 8TigK( 1U1 d—1Ud—1) r—(0...0) (11 1)

Recall (2.43), i.e., the invariance of the covariogram under permutation of its argu-
ments. We can conclude that the integration of the Taylor expansion is possible since
due to (2.43) and Proposition 2.6.8 (ii) the partial derivative of g (riuy,...,rqa—1uq—1)
with respect to r; at 7 = (ry,...,74-1) = 0 exists and is finite for each i =1,...,d — 1.

We integrate term by term. First, due to gx(0,...,0) =1,

/ g (0) oq_y(duy) ... og_1(dug_1) = (dkq)*.

(Sd71>d—1

Second, again by (2.43) and Proposition 2.6.8, we have

0
/ 8’["igK<TIUh e ,rd_lud_l) r—(0,... 0) crd_l(dul) e ad_l(dud_l)

(Sdil)d—l

= —kg_1(drg)* 2 Per(W)

for each i« = 1,...,d — 1. From (2.43) we know that gk(o,...,0,ru;0,...,0) =
gk (riug,0,...,0) = g3 (r;) is a Lipschitz function in r;. By Proposition 2.6.7 its
Lipschitz constant is half of the bounded directional variation V,,,(K) of K in direction
u;, which, by Remark 2.6.9, is, due to the convexity of K, the (d — 1)-dimensional
Lebesgue volume Voly_(F,1 K). Hence,

|grc(r1ua, .. Ta-1ua—1) — g (0)| = gr(0) — gr (r1us, ..., T 1Uq-1)
d—1 d—1
= Vol (U K\ (riu; + K)) < Volg(K\ (riu; + K))
=1 =1
d—1 d—1
= (9x(0) — gk (0, ...,0,15u;,0,...,0) < Lip(g%) 7
=1 =1
d—1

VOld,l (PUL K)

1

<.
Il
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Therefore, 1 > gx(riug,...,rq_1uqg_1) > 1—2?:_11 Voly—1 (P, K)r; holds. Furthermore,

by Cauchy’s surface area formula, see (2.27), we get

(drg)*! Volg(K) > / grc(rug, .o g qug1) og-1(duy) ... og_1(dug_q)

(Sd*l)d_l
d—1
> (drg)™' — (dkq)* 2kq_y Per(K) Z T
i=1

Thus, the o(ry, .. ., 7q_1)-term is positive and bounded by (dkg)? 2k4_1 Per(K) Y0 7,

allowing us to infer the relation

gr (T, ..., Ta—1Ug—1) oq—1(duq) . .. og—1(dug_1)
(qu)d—l
d-1
= (drg)™? (dmd — Kq_1 Per(K) Z ri> +o(ry,...,rq-1)
i—1

for all Lebesgue measurable sets K with finite perimeter. Thus, integration gives

() [ (1)

o,a-1 N

X / gK(rlul,...,rd,lud,l)ad,l(dul)...ad,l(dud,l)drl...drd,l

(gd—1)d*1
n d—1
~i(y) [ @ I
0,541 i=1
d—1 d-1
5 Pe(0) S T ol
=
_ (" d_1td(d—1) B 0o (d— 1)td(d—1)+1 o
a0 - g e o (7))
= d(g) (/ig_ltd(dfl) _ ;l; 1/’id1"§§_2 Per(K)td(dfl)Jrl 4o (td271> )

= dk?? (Z) @D (1 + O(1)).
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Hence, as t — 0,
EN (&) < e ()11 + O()

Since 1{{x1,...,xq} C B4 (xy,t)} = 1implies 1{Fi € [d] : {x1,..., 24} C B(z;,t)} =1

one can show with the same proof, that

BN (&) 2 i ()11 + ()

ast — 0. O

Remark 5.2.2 We immediately see that for the choice of ¢t = n=/(¢=1) we have that
kA1 (Z) n" 14+ O(t)) <EN,-1/w-n (&) < drd™! (Z) n~%(1+ O(t)),
as n — 0o, and therefore that EN,,1/w-1)(&,) behaves asymptotically like a constant.

So let from here on out t = n~/(@=1 and reconsider (5.4). We have

—E (Fé’“)@n)ﬂ (0 < N <))

T
~Wp(1{3ic i (. Xa) < B n00))

x deg(X1, ..., X gn)’“]l {0 < N(&n) < T}> (5.6)
_ %/ 1{3i€[d: {x1,.... 24} C B x;,n )}

x E (deg(xl, oxg € ) 1{0 < Ny(&) < T}) dxy ...dxg,

where £, = &,—q U {z1,...,24}. By the elementary equality E(X1{A}) = E(X) —
E(X1{A}), which holds for any random variable X with E|X| < oo and any event A,

we can further bound this by

E (deg(z1, ..., 24 &) 1{0 < N,(&,) < T})

=E (deg(z1,...,24&,)") — E (deg(z1, ..., 24;&,) L{N,(&,) € {0} U (T, 00)})

> E (deg(z1, ..., 24&,)") —n"E(L{N,(&,) € {0} U (T, 00)}) (5.7)
(deg(z1, ..., z4;€,)%) — n*P (Ny(&],) € {0} U (T, 00))

(deg(z1, ..., 24;€,)%) — n*P (N(&,) > T) — n*P (Ny(&,) = 0).
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Let p = r/2. Then the ball pB? is contained in rBY C K and every point of pB? is
farther than p away from the boundary of K. Hence,

d
N(&) < Ni(6na) + ) _n-a N B @i, )] + 1

i=1
< Ni(€n—d) + dNay(€na) + 1
< (d+1)Ngy(€na) +1
< (d+1)Noy(&n) + 1,

where we used the fact that, if d points lie in B¢(x;,t), then their pairwise distance is

at most 2¢t. Choose now T'=T,, = 2(d + 1) logn to get
P(N:(&,) > T) S P((d+ 1) Nat(§n) +1 > Tp) < P(Nu(én) = logm),

from which, with the choice of t = n~(@=1) Markov’s inequality and Proposition 5.2.1,

we have
E(Noy (&
P(N:(&,) > Kp) < P(Nyg(&n) > logn) < % < c(logn)™*, (5.8)
for some constant ¢ > 0. Furthermore, one sees that 1{3i € [d] : {z1,...,z4} C

B?(z;,t)} = 1 implies that N;(£,) > 1, and subsequently, that P(N;(£,) = 0) = 0.
Recalling (5.7) it remains to bound E (deg(z1, ..., z4;&,)") from below. We have

Proposition 5.2.3 Let d > 2, K C R? be a convex body in appropriate position and
p > 0. If there exist ani € {1,...,d} such that {x,... 24} C B(z;,n""@) and
{21,...,24} C pB?, then

d_ld! 2d—1 k
E (deg(xl, cee, Xd; 57/1)k) > n <p2d1 (1 - exXp (_ d! p)))

for all k € N and sufficiently large n.

Proof. Let p > 0 and zy,...,74 € pB? be fixed vectors such that there exists and
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i € [d] with {zy,...,24} C B4(z;,n"Y/@"D). Then,

E(deg(z1,...,24:&,)) =B | Y 1{& Nint([zy,...,24,2]) = @}

Ze&nfd

= (n—d)P (& Nnint([zy,...,2q4,Y]) = D),

where & =&, 41 U{21,...,24, Y} and Y is a uniformly distributed random variable

in K independent of &, 4 1. This gives

E (deg(z1,...,24E,)) = (n—d) / (1= Volg([z1, ..., zq,y]))" ™" dy. (5.9)

Let Q(x1,...,74) be the d-dimensional cube with side length p, centered at x; € pB,

with one side parallel to the hyperplane spanned by x1,..., 4. Instead of integrating
with respect to y over K, the integration will be restricted to the cube Q(z1, ..., xq).
Due to the fact that zy,...,z; € B? (:cl-, n_l/(d_l)), the pairwise distances between the

points a1, . . ., x4 are less than 2n~/(4=1 " Additionally, it holds that Voly_([z1, ..., 24])

is smaller than the (d— 1)-dimensional volume of the regular d-simplex with side length

2n /(@1 " which can be estimated from above by %n_l. Hence, the estimate
Volg_1([z1, ..., 24)) < %n‘l can be used to get the lower bound

/ (1 — Voly([z1, ..., a4, y]))”_d_l dy

> / (1= Voly([z1, -, a y]))" " dy

Q(z1,...,zq)
1 B - n—d—1
> / ( _ Yol 1([2’ 2] yd) dyg ... dy
[0,p]¢
1 B N n—d—1
= Pd_l/ <1 _ Yol 1([$c1l’ 7)) yd) dya
0
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d—1 d—1
P ind! (n—d)2%'p
> _F " (g e P
— 241 (n —d) (1 P ( nd!

d—1 d—1

P nd! 2% p
> £ 77 (1= -
—2*wn—@< “p( d!))

for large enough n. Combining this result with

k

E [deg(z1,.., 20 §)"] > (n = d)f /u—wumww%mwdlw ,

which follows from (5.9) by applying Jensen’s inequality, finishes the proof. ]

Now we plug the result from Proposition 5.2.3 and (5.8) back into (5.7), which we in
turn invoke in (5.6). We have

R ( k>(gn)1 {0 < Ni(&) < T}>

1,
1) 2d-1, k nk
> —exp | — —cC
2(d+1 logn ( 2d-1 ( ( d! ))> logn

/ /{EIZ € d] :{z1,..., x4} c B¢ (wi,n_l/(d_l))} dz; ...dz,.

ple

The value of the integral is ¢/n?, for some constant ¢ > 0. Therefore, we conclude
Edeg(&,)" > en®(logn) ™!,

for n large enough, with some constant ¢ > 0. O

130



CHAPTER 5. EMPTY SIMPLICES

5.3 Prove approach 2

Let again X = {x;,...,2,} C R? be a deterministic point set in general position. Let

t > 0 and redefine now the two previously used functionals by

N(X):= > 1{Vikeld: a, -2l <t}

and

F(X):= Y 1{Vjkeld: |z, — x|l <t}deg(w;,,... 2, X).

Similarly, the core idea of the proof will be to use the inequality
F(X) < Ni(X) deg(X), (5.10)

which holds for all ¢t > 0. Again, by considering X = ¢, = {X1,...,X,} to be a
random point set of n independent and uniformly chosen point from a compact set

K C R and taking expectations on both sides, we arrive at

Fi(6n)
Ni(én)

Edeg(c.) > E ( V(6 > 1}) > B (Fi€)1{N(E) = 1).

We write this as an integral and obtain
(n)d : .
T (5.11)
xE (deg(a:l, cee 7xd7§;L>]l{Nt(£’:'L) = 1}) d‘rl s d‘rdv

where &, = &,_gU{z1,...,24}. Next, we need to lower bound the expectation in the

integral. We have

E (deg(z1, ..., xq; &) I{N(E,) = 1})

=E > 1{int([xs,...,ze, X)) NE, =@} L{N,(,) = 1}
T (5.12)

n—d .
- VOld(K) /]P(lntqmla cee 7xdaxd+1]> mf;{ =J, Nt(f;:) = 1) dxd+17
K
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where £ = &,_4-1U{x1,..., 2411} Now set

d+1
A(mh s 7xd+1> = ([xb s 7md+1] U U Bd (,’L‘“t)> nK.
i=1
The base [x1,...,24] of the simplex [z1,...,z4:1] has edge length bounded by ¢ and
thus is contained in BY (z;,t), it’s height is bounded by diam(K), the diameter of K.
This implies

1
Voly(A(zy, ..., 2q11)) < 8/<;dtd’1 diam(K) + (d + 1)kqt? < c(d, K)t* !,

for sufficiently small . Hence, for sufficiently small ¢, the probability that at least one

point of &, 41 is contained in A(xy,...,z411) can be estimated via

P(&n-a-1 Nint(A(z1,..., 24+1)) # D)
VOld ZL’I, .. .Z‘d_|_1)) n-d-1
VOld(
o(d, K)td=\"" d !
( VOId >

c(d, K)t* *(n —d — 1).

—_

(5.13)

| /\

1—

In the next step we will need to know what P(Ny(&,_q—1) = 0) is. We will do this by
first calculating EN;(€,) and determining a t such that this expectation converges to

a constant for ¢t — 0. Let us introduce two lemmas for this.

Lemma 5.3.1 Let &, be a set of n independent and uniformly chosen random points

from a compact set K C R?. Then,

EN(6:) = 7o paat” / [ I - y]\<1}Hn{uyzm}ﬂdy@dxd,

K (ka1 1<i<j<d 1<i<d
where K' = t(K — xg).

Proof. We have

EN,()=E > /{Vj,k € [d: |1X;, — X, [l <t}
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%/H{Wake [d] : ||z — a;]| <t} day ... dza. (5.14)

Kd

For i € [d — 1] we transform x; = ty; + x4 and use the notation K’ = t(K — x,4), to

obtain
EN:(&n)
- / / I - yj|r<1}Hn{nyznﬂ}nd%dxd (5.15)
Ha- 1<i<j<d 1<i<d
finishing the proof. m

Remark 5.3.2 Let t = (yn)~'/(4~1) with some v > 0. Then, K’ — R% as n — oo, if

T4 is in the interior of K, this shows that

i EN v (€)=~ Vola() 4 [ T 1l - yj||<1}dez,

(Bd)d 1 1<Z<J<d
which is also clearly an upper bound for EN,,-1/w-1)(&,).

So let from now on t = (yn)~/(@=1) We turn now to bounding P(N,(£,_4_1) = 0).

Lemma 5.3.3 Let &, be a set of n independent and uniformly chosen random points
from a compact set K C R?. Then,

P (Niymy-1/a-1 (&) = 0) > 1= ¢(d)y~* Volg(K) =Y.
Proof. Since N,,-1/a-1(&,) > 0, we have

P (N1 () =0) =1 => P (N0 (&) = k)

k>1

>1- Z kJ]P (yn)~1/(d- 1)(571) = k)
k>1

=1- ]EN(,yn)—l/(dfl)(Sn).

combining this with Lemma 5.3.1, respectively Remark 5.3.2, concludes the proof. [
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Now we return to the probability in (5.12). Using (5.13) and Lemma 5.3.3 we obtain

P (int([z1, ..., T4, Ta11]) NE = D, Nigy-1a-n (&) = 1)
> P (&g Nint(A(z1, .. a41)) # Dy Niymy-1/6-0 (&) = 0)
> P (Neymy1/a0 (&) = 0) = P (&g Nint(A(z1, . .., Tas1)) = D)
> c(d)y~ dVold(K) =1 4 ¢(d, K)(yn) " n—d —1).

Because the term in brackets decreases to zero for increasing 7, there exists a 7' € R

such that .
IP) (N(’y’n)_l/(d_l)(gn) - 0) 2 5
Plugging this into (5.12), we obtain for v = +/
E (des(1, . . 2 €)IIN(E)) = 1}) /ldx d
g\ L1, .-, Td;Spy t\Sn) — VOld 5 d+1 = .
K
Thus, we can conclude by using (5.14) with t = (yn)~/(@= into (5.11)
. _1yn—d
E deg(&,) > (n)d/]l {Vz,j eld: |z — x| <v dil} dzy . ..dzy
Kd
n—d . .
= (n)g | 1 {Vz,] € ld:||lx; —xj|| <~y @ 1} dzy...dxy
Kd
n—d

== Volg(K)"EN (171 (&)
> c(d, K)n,

to finish the proof.
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Ga1, 17

50 40 45

50 40 45
TeY, 56
T 5T
Ty, 94

Ti, 17
e, 45
07 ;45

vp, 22

Vg, 22

V(f,U), Vu(f,U), 18
Vu(K,U), V,(K), 18
Vi, 21

Voly, Voli, 16

Wit1, 23
W, 21
W, 24

¢,, 123
! 127,131
€. 129
€ 132

¢, 34
¢(B), 34
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Solid angle, 23
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Distributions
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Beta-type, 44
Gaussian, 44

Uniform on the sphere, 44

Formula

Blaschke-Petkantschin

Affine, 27

Linear, 27

Spherical affine, 28
Campbell, 34
Cauchy’s surface area, 26
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Conic Kubota, 24
Dehn-Sommerville, 21
Gauss-Bonnet, 23
Kubota, 26
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Slice integration, 28

Gamma function, 16

Grassmannian
Affine, 26
Linear, 26

Hausdorff distance, 19
Intrinsic volumes, 21
Landau notation, 18
Minkowski sum, 19

Perimeter, 18
Point process, 34
Campbell’s formula, 34
Intensity measure, 34
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Poisson point process, 35
Projection
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Metric, 17
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