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Abstract
Numerical modeling and simulation is central to modern industrial design.
Virtualization of the whole product life cycle will increasingly require the intensive use of high- delity CFD simulations. The relevance of non-ideal gas
effects in modern turbomachinery applications increases continuously with
the demand for innovative net-zero power supply technologies, like ORC, supercritical CO2 Brayton Cycles or geothermal steam applications, in addition
to traditional steam turbines.
The design of computational methods for the accurate, robust and ef cient prediction of ows in such devices is very involved and subject of the
presented work. In addition to a state-of-the-art solution method for general
application for the prediction of non-ideal gas ows, including scale resolving simulations of shocked condensing multi-phase ows, a solution method
for highly accurate numerical experiments in terms of direct numerical simulation of geometrically simple con gurations is presented.
These solution methods are thoroughly validated for their application in
scale resolving computations and the capabilities are demonstrated showing
a range of results for wet steam, ORC and supercritical CO2 applications.
This includes the presentation of the rst large eddy simulation in the eld
of condensing wet steam ows, which is demonstrated to reproduce the experimental data much better compared to state-of-the-art computation techniques in this eld.
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1 Introduction
But we shall not satisfy ourselves simply with improving
steam and explosive engines or inventing new batteries; we
have something much better to work for, a greater task to
ful ll. We have to evolve means for obtaining energy from
stores which are forever inexhaustible, to perfect methods
which do not imply consumption and waste of any material
whatever.
Nikola Tesla, 1897
Numerical modeling and simulation is central to modern industrial design and optimization. Virtualization of the whole product life cycle (design,
production, repair, maintenance and overhaul) by means of virtual prototypes will not only allow for better design but also for accurate predictions
of life-cycle duration, enhanced overhaul and maintenance cycles, supported
by a prediction of failure scenarios, and an overall reduction of production
and maintenance costs. This requires intensive use of high- delity computational uid dynamics (CFD) simulations at all stages of the industrial process.
However, the design of predictive CFD methods is especially challenging as
soon as thermo-physical characteristics of the uid ow like supercritical,
dense-gas and two-phase effects impede the use of idealized gas laws.
The relevance of such real gas effects in modern turbomachinery applications increases continuously. In addition to traditional steam turbines,
with challenging condensation effects in the low-pressure stages, innovative
cycles for the ef cient exploitation of low temperature heat sources, like the
Organic Rankine Cycle (ORC) and the supercritical CO2 Brayton Cycle or
steam in geothermal applications, gain in importance. In general, operating pressures in modern propulsion and energy systems are continuously
increasing to attain higher ef ciencies such that the working uid reaches
conditions close to and above the critical point, where strong real gas effects
arise. Other examples are humid air effects in the intake of a jet engine or
ingestion of water into gas turbines. The high technical relevance of such
non-ideal gas effects renders the ability to accurately forecast their behavior
in technical devices of paramount importance.
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1 Introduction
To date, the design process of technical systems is primarily based on
the solution of the Raynolds-averaged Navier-Stokes (RANS) equations. For
turbomachinery applications with high ow speeds, density based solution
methods, adapted to the hyperbolic nature of compressible ows, are particularly suited. However, these methods are characterized by a strong coupling
of underlying ow physics to numerical discretization, necessitating not only
the ef cient inclusion of real gas thermodynamics but also the adaption of
the solution method to the particular formulation of the employed state equation. Furthermore, upwind schemes and boundary conditions, frequently derived based on idealized gas behavior assumptions, must be extended to account for real gas properties.
In this context, this work presents a newly developed turbomachinery optimized, density-based CFD solver targeted to the application in compressible
non-ideal gas ows based extensively on tabulation techniques and with a
hybrid CPU/GPU parallelization to exploit the computational power of modern computer architectures. On this basis, a wide range of real gas applications in turbomachines is presented including condensing wet steam ows
in low-pressure steam turbines, a radial supercritical CO2 compressor and
a supersonic axial ORC turbine (an analysis of humid air effects in an axial compressor operated at ambient conditions is presented in [76]). After its
validation based on RANS, the solution method is extended to large eddy
simulation (LES), where special care is paid to the choice of the numerical
discretization especially in the presence of shock-waves, because the energy
transfer process is strongly affected by the dissipation properties of the numerical scheme. This implementation is used to present the rst LES in the
eld of condensing wet steam ows. Results indicate that the inherent unsteady nature of the condensation process and its interaction with other unsteady ow phenomena is much better captured by LES compared to RANS
and unsteady RANS (URANS).
The accuracy of the involved LES and RANS closure models in real gas
ows has not been properly assessed up to now due to the lack of experimental and numerical reference data. To assess and potentially improve existing
models in non-ideal gas ows a wide range of reliable direct numerical simulation (DNS) results are needed, for which a high-order nite difference
method (FDM) solver with a hybrid energy-consistent weighted essentially
non-oscillatory (WENO) scheme aimed for future detailed numerical investigation of shock-turbulence interaction (STI) in real gas ows is also presented. The highly optimized implementation on GPUs is demonstrated to
allow the direct use of the very involved Span-Wagner equation of state for
CO2 for DNS computations in [134].
The work will be organized as follows: After this initial motivation for re-
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search in the eld of compressible non-ideal gas ows in turbomachines, the
mathematical model of a single-phase real gas ow with general expressions
for state equation and constitutive relations is introduced in chapter 2. On
this basis, RANS and LES approaches to turbulent ows are discussed and
an overview of relevant equations of state and techniques for their tabulation
is given. Formulations in a rotating frame of reference, relevant to turbomachinery applications, are presented next. Finally, details of the current stateof-the-art modeling of condensing wet steam ows are presented. Chapter 3
describes numerical solution strategies to solve the introduced systems of
partial differential equations in initial-boundary value problem (IBVP) settings. Following the method of lines approach, the spatial discretization is
introduced rst, containing descriptions of a 2nd order nite volume method
(FVM) and a high-order nite difference method (FDM) targeted at highspeed compressible ows of non-ideal working media. For the computation
of the advective uxes, real gas extensions of Roe and AUSM+ schemes are
discussed, followed by details about the solution strategy for scale resolving
computations, like DNS and LES. After the spatial discretization, time integration and real gas extensions of boundary conditions are presented, as
applied in this work. Chapter 4 reports results of wet steam computations,
starting with classical nozzle test cases for validation and RANS results of a
turbomachinery con guration. On this basis, the rst scale resolving computation in the eld of condensing wet steam ows is presented. As further examples of the application of the presented solution method to real gas ows,
results of a partially admitted axial supersonic ORC turbine for heat recovery in automotive applications and a radial compressor test case operating
at supercritical CO2 conditions are described in chapter 5 and chapter 6, respectively. This work closes with concluding remarks in chapter 7.
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2 Mathematical Model
There is a physical problem that is common to many elds,
that is very old, and that has not been solved. It is not the
problem of nding new fundamental particles, but something
left over from a long time ago over a hundred years. Nobody
in physics has really been able to analyze it mathematically
satisfactorily in spite of its importance to the sister sciences. It
is the analysis of circulating or turbulent uids.
Richard Feynman (Nobel laureate)
The Feynman Lectures on Physics Vol. 1
The rst step towards the development of ef cient numerical methods for
non-ideal compressible uid ows in propulsion and power is the de nition
and selection of a mathematical model, for which then a solution method
can be developed. The mathematical model de nes the level of approximation to the real physical process under consideration and casts it into a form,
that can be solved applying mathematical solution strategies. The equations
describing the dynamics of uid motion, well known since the second half
of the 19th century from the work of Navier and Stokes in particular [67],
are extremely complicated (section 2.1). They form a system of nonlinear
partial differential equations (PDEs), where the nonlinearity leads to the existence of turbulence, shock waves, spontaneous unsteadiness of ows, such
as the vortex shedding behind a cylinder, possible multiple solutions and bifurcations [67]. The physical properties of the considered working uid are
introduced by additional constitutive laws, i.e., thermodynamic equations of
state (section 2.1.1) and equations for transport properties like viscosity and
heat conductivity (section 2.1.2). For non-ideal uid ows, the conventionally
applied assumption of idealized gas behavior is not applicable, increasing
the overall complexity of the mathematical model and in consequence their
numerical treatment enormously.
The complexity of the mathematical description of the Navier-Stokes equations in rotating domains of turbomachinery applications can be strongly
reduced, formulating the Navier-Stokes equations in the rotating rather than
the absolute (inertial) frame of reference (section 2.1.3).
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Most technically relevant ows are in the turbulent ow regime characterized by the presence of statistical uctuations of all the ow quantities
(section 2.2), where their complete resolution, referred to as direct numerical simulation (DNS), is impossible in almost all relevant cases, even with
modern computational resources. Consequently, appropriate modeling assumptions and simpli cations have to be introduced to deal with turbulent
ows. Considering the turbulent uctuations as superimposed on mean or
averaged values gives raise to the so-called Raynolds-averaged Navier-Stokes
(RANS) equations (section 2.2.2). A reduction in complexity, more appropriate to retaining the basic three-dimensional unsteady nature of the NavierStokes equations, can also be achieved performing a spatial ltering, introducing a certain cutoff in size below which the turbulent uctuations are not
resolved. This is the basic idea of the large eddy simulation (LES) technique
(section 2.2.1).
Adding to this basic ow description more complex phenomena of nonideal gas ows like multiple phases and species, with effects of condensation,
evaporation or chemical reactions, requires additional modeling in terms of
physical laws. Describing these processes often involves physically justi ed
trade-offs between accuracy and simpli cations to their complexity. As relevant to this work, speci cs to the description of condensation in turbomachines (section 2.3) are discussed.

2.1 Single-phase gas ows
The governing equations of uid dynamics are based on the continuum assumption and consist of conservation and constitutive laws. Balancing mass,
momentum and total energy results in the three fundamental principles of
uid dynamics: conservation of mass, conservation of momentum (Newton's
second law) and conservation of the total internal energy (a generalization of
the rst law of thermodynamics). The resulting three-dimensional NavierStokes equations can be cast in differential (weak) conservative form
∂t w + divF (w) = s (w) ,

(2.1)

with the source term s and the vector of unknowns comprising the conservative variables density, speci c momentum and speci c total internal energy
density

w (x, t) := %, %u, %E .
(2.2)
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2.1 Single-phase gas flows
It is convenient to split the non-linear ux tensor in advective and diffusive
uxes
(2.3)

F (w) =F a (w) − F d (w)
a

F (w) := %u, %u ⊗ u + p (w) I, %u (E + p (w) /%)

F d (w) := 0, τ (w) , τ (w) · u − q (w) ,



(2.4)
(2.5)

where I denotes the identity tensor. For the density-based solution approach
pursued in this work, advective and diffusive uxes are solved separately taking into account their distinct physical nature: transport by bulk motion and
transport by molecular agitation, where only the latter can be present when
the uid is at rest [67]. When diffusion effects are neglected F d ' 0, i.e.,
F = F a , eq. (2.1) is referred to as the three-dimensional Euler equations.
There is some freedom in choosing a set of variables to describe the ow
under consideration [181]. Instead of the conservative variables w resulting
naturally from the fundamental conservation laws, it is sometimes convenient to express the Navier-Stokes equations in terms of the primitive variables density, velocity and pressure

(2.6)
wp := %, u, p .
However, computationally there are big advantages in expressing the governing equations in terms of the conserved variables, because formulations
based on variables other than the conserved variables (non conservative formulations) fail at shock waves [181] and do not guarantee the conservation
property of numerical methods, see chapter 3. Therefore, only conservative
methods are used in this work.
The stated system of governing partial differential equations (2.1) is insuf cient to completely describe the dynamics of compressible uid ows,
as it contains more unknowns than equations. Thus, closure conditions are
required, dedicated to the physical nature of the uid under consideration.
The rst class of additional constitutive laws is given by thermodynamic
equations of state, where the thermodynamic state of single-component ows
in thermodynamic equilibrium is uniquely determined by two independent
state variables. The natural choice for the employed conservative methods are
density and speci c internal energy (%, e); with the de nition of the speci c
total internal energy
E := e + u · u/2,
(2.7)
they can directly be calculated from the resulting state w
% (w) = %

(2.8)

e (w) = (%E − %u · %u/(2%)) /%.

(2.9)
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Therefore, the mathematical description of the advective uxes (2.4) is closed
by the generalized equation of state
p := p (%, e (w)) ,

(2.10)

resulting in

F a (w) := %u, %u ⊗ u + p (%, e (w)) I, %u (E + p (%, e (w)) /%) .

(2.11)

To close the diffusive uxes (2.5), the second class of closure condition
contains additional constitutive relations for viscous stress tensor and heat
ux vector. In this work, the viscous stress tensor is given assuming Newtonian uids and applying Stokes' hypothesis


T
τ (w) := µ (%, e (w)) grad u (w) + (grad u (w)) − 2/3 divu (w) I ,
(2.12)
where the dynamic viscosity of the uid µ (%, e (w)) depends on the thermodynamic state given by the independent state variables. Similarly, the heat
ux is computed applying Fourier's law
q (w) := −λ (%, e (w)) grad T (%, e (w)) ,

(2.13)

with the thermal conductivity λ (%, e (w)) in function of the thermodynamic
state and the generalized equation of state T (%, e (w)) for the temperature.
Equations of state and relations providing viscosity and thermal conductivity must be provided for the working uid being considered and are often not
directly formulated in terms of (%, e), necessitating an iteration procedure. A
whole range of different equations of state and equations for transport properties are used in this work, introduced in the following.

2.1.1 Equations of State
Experience from classical thermodynamics shows that the thermodynamic
state of a generic system is uniquely determined by n state variables Xn .
Therefore, a dependent state variable Y can be determined by the generic
relation
Y = Y (X1 , X2 , . . . , Xn ) ,

(2.14)

called equation of state (EoS). For single-component ows in thermodynamic
equilibrium, the thermodynamic state is uniquely determined by two independent intensive state variables
Y = Y (X1 , X2 ) ,

8

(2.15)

2.1 Single-phase gas flows
which are of arbitrary choice. State equations, which can also be given in
form of a diagrams or tables, cannot be derived from principles of classical
macroscopic thermodynamics. For gases, equations of state can be found on
the basis of speci c molecular models from statistical and quantum mechanics or by measurements.
Any relation involving only the thermal state variables, p, %, or its reciprocal, the speci c volume v = 1/%, and T , is called thermal equation of state.
A caloric equation of state refers to every relation including caloric state variable, like internal energy e, enthalpy h or entropy s. Thermal and caloric
equations of state for a given uid are closely related and necessary for the
complete thermodynamic description, where the choice of a thermal EoS
only restricts the choice of a caloric EoS but does not determine it [181].
The essential step from classical thermodynamics of reversible homogeneous processes to the thermodynamics of irreversible processes of uid dynamics is the assumption that exactly the same equations of state govern
uids at rest as uids in motion [169]. I.e., the thermodynamic state does not
depend on the uid motion and, although it changes from place to place, it
is not dependent on the gradients of the state variables [169].
In this sense, we are concerned with macroscopic properties of a uid
without appealing to the individual molecular and atomic particles of which
it is composed, where the macroscopic properties represent suitable averages
over microscopic properties [5]. However, the real gas behavior is a manifestation of these microscopic properties and will be brie y discussed in the
following as to understand the underlying assumptions of idealized gas behavior and why this assumption does not hold in the uid ows considered
in this work.
One can imagine a uid to be made up of molecules in random motion, frequently colliding with neighboring molecules. Each molecule is surrounded by a force eld, produced by electromagnetic action of the electrons
and nuclei of the molecule [5]. This force eld governs the interaction of
the molecules and is hence referred to as the intermolecular force. A qualitative representation of the variation of the intermolecular force of a single
molecule with distance is given in g. 2.1. At small distances, the force is
strongly repulsive, tending to push molecules away from each other, while
the intermolecular force rapidly decreases with distance, even becoming a
weak attractive force [5]. At a distance of approximately 10 molecular diameters away from the molecule, the magnitude of the intermolecular force is
negligible [5]. I.e., intermolecular forces generally affect the molecular motions, which in turn in uences the macroscopic thermodynamic properties
of the uid under consideration and, therefore, the intermolecular forces in
real gases must be accounted for [5]. Only if the molecules are spaced ap-
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force
repulsive
force
(+)
distance from molecule
attractive
force
(-)

Figure 2.1: Qualitative representation of the variation of the intermolecular force of a single molecule with distance on basis of [5]

proximately more than 10 molecular diameters apart, the magnitude of the
intermolecular forces are very small and can be neglected [5], referred to as
idealized gas behavior.

2.1.1.1 Idealized gas models
For many problems in aerodynamics the assumption of idealized gas behavior is very reasonable and simpli es the mathematical treatment of the
Navier-Stokes equations enormously. In general, there are two levels of idealization: a thermally and calorically perfect gas, which is in this work referred to as an ideal gas, and a thermally perfect but calorically imperfect gas,
termed thermally perfect gas, here. The ideal gas assumption is commonly
relied upon in the derivation and validation of numerical schemes.
A thermally perfect gas is de ned as a gas having no forces of intermolecular attraction. This assumption is justi ed especially at pressures considerably lower than the critical pressure and at temperatures above the critical
temperature, where the molecular motion and, therefore, the macroscopic
properties of the system are not affected by intermolecular forces. The thermal equation of state of a thermally perfect gas represents a generalization

10

2.1 Single-phase gas flows
of Boyle`s law, Charles`s law and Avogadro`s law
p = %Ru /M T ,

(2.16)

containing the universal gas constant Ru = 8.3143 kJ mol−1 K−1 . This equation can be derived from rst principles using the concepts of either statistical mechanics or kinetic theory. For a thermally perfect gas, it can be demonstrated mathematically (see [132]) and experimentally (Joule's law) that the
caloric equation of state for the internal energy is a function of the temperature only
e = e (T ) .
(2.17)
The same holds for the enthalpy, formally de ned as
h := e + p/%,

(2.18)

h = h (T ) .

(2.19)

i.e.,
With the de nitions of heat capacity at constant volume


∂e
cv :=
∂T v
and heat capacity at constant pressure


∂h
cp :=
,
∂T p

(2.20)

(2.21)

related to the gas constant by
cv = cp − Ru /M ,

(2.22)

the differential changes in internal energy and enthalpy of a thermally perfect
gas can be expressed as
de = cv (T ) dT

(2.23)

dh = cp (T ) dT .

(2.24)

Accurate analytical expressions for the heat capacities, based on direct measurements or gas kinetic calculations, are, e.g., available as the so-called
NASA polynomials [16, 106] and used in this work as basis for real gas computations with the Peng-Robinson EoS.
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A further simpli cation can be achieved by assuming constant heat capacities, irrespective of the temperature, reducing the caloric equation of state
for the internal energy to
e = cv T , cv = const.

(2.25)

The gas, for which thermally perfect (2.16) and calorically perfect (2.25)
equations of state hold, is referred to as the ideal gas model in this work.
Introduction of the heat capacity ratio
γ := cp /cv ,

(2.26)

allows combining eqs. (2.16) and (2.25) to the single caloric equation of state
for an ideal gas
p = (γ − 1) %e.
(2.27)
As previously mentioned, this ideal gas model is very convenient for mathematical examination of the Navier-Stokes equations and commonly used in
derivation and validation of new numerical solution methods. However, for
the considered non-ideal uid ows this conventionally applied assumption
is not applicable and real gas behavior has to be accounted for.
2.1.1.2 Real gas models
Whenever intermolecular forces in uence the macroscopic properties of a
uid ow, the perfect-gas equation of state is no longer valid. This is the case
at high pressures and/or low temperatures (compared to their critical values), when the molecules are packed closely together and move slowly with
consequent low inertia. To quantify the deviation from the thermally perfect
equation of state (2.16) and its underlying assumptions, it is convenient to
introduce the compressibility factor
Z :=

p
,
%Ru /M T

(2.28)

which is Z ≡ 1 for a thermally perfect or ideal gas. For real gases, Z can be
greater or less than unity and the deviation from unity quanti es the deviation from thermally perfect gas behavior. Based on reduced pressure
pr := p/pc

(2.29)

Tr := T /Tc ,

(2.30)

and reduced temperature
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Tr = 1

Z

Tr = 1.5
Tr = 5
1

1

pr

Figure 2.2: Outline of the generalized compressibility chart
with the critical pressure pc and critical temperature Tc , generalized compressibility charts can be created from experimental data of several substances,
as outlined in g. 2.2. I.e., this scaling allows many substances to be represented graphically in generalized form [130], where strong deviations from
thermally perfect gas behavior for all substances arise close to the critical
point (pr ≈ Tr ≈ 1) and large values of pr in combination with small values
of Tr . Here, real gas equations of state must be employed, of which there are
many versions. A detailed overview is given in [130]. Generally, real gas EoS
can be categorized into virial, analytical and purely empirical EoS.
Virial equations of state rely on a polynomial series expansion of the compressibility factor (2.28), which are for pure substances only functions of the
temperature
B(T ) C(T ) D(T )
Z =1+
+
+
+ ...
(2.31)
v
v2
v3
and can be deduced form molecular theory. Equation (2.31) is typically truncated at the second or third order term and is then able to represent modest
deviations from ideal gas behavior, but not liquid properties [130]. Alternative
EoS forms are more accurate, especially for dense uids [130].
Most prominent among analytical EoS are cubic equations of state of which
a very detailed overview is given in [130]. The basic idea of cubic EoS is the
theorem of corresponding states that there should exist an equation of state
valid for all substances. This principle is also manifested in g. 2.2. The simplest cubic EoS dates back to van der Waals [187], incorporating correction
factors for pressure and volume with respect to the thermally perfect gas
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assumption. Between the multiple cubic EoS, there appears to be no obvious choice [130], as all analytic models show deviations in the critical region.
Away from the critical point however, cubic EoS represent a good compromise between accuracy and computational speed. Another big advantage is
their straightforward extension to real gas mixtures based on mixing rules,
which is also made use of in this work. Especially the cubic EoS formulations
of Soave-Redlich-Kwong [166] and Peng-Robinson [124] are used for real gas
simulations in industry and academic applications [3]. Near the critical point,
the latter exhibits slightly higher accuracy, rendering it better suited for supercritical simulations [3]. Hence, the Peng-Robinson EoS with an appropriate
mixing rule is implemented and used in this work for the computation of a
real gas mixture. Its application to an ORC turbine is presented in chapter 5.
Strictly empirical equations of state are determined by mathematically correlated measurements and embodied in equations only valid for the considered substance within the measured phase space. Thus, the empirically determined coef cients do not physically consider the intermolecular forces or
the molecular structure but are based on a great number of measurements
to obtain high accuracy. In this work, multi-parameter equations of state are
used formulated in terms of the dimensionless Helmholtz energy
α := a (T , %) /(RT ) ,

(2.32)

which is split into an ideal and a residual part
α (1/Tr , %r ) = α0 (1/Tr , %r ) + αr (1/Tr %r ) ,

(2.33)

as functions of inverse reduced temperature Tr and reduced density
%r := %/%c .

(2.34)

Since the Helmholtz energy as a function of density and temperature represents a fundamental EoS, all other thermodynamic properties can be obtained as simple combinations of its partial derivatives, see, e.g., [180]. Final formulations of eq. (2.33) typically contain large numbers of parameters
whose values are obtained by regression on experimental data for many properties over wide ranges of conditions [130]. This fact, on one hand, renders
multi-parameter EoS often times the benchmark description of a pure substance with an accuracy that probably exceeds that of the underlying measurements [130], provided suf cient experimental data exist. One example is
the Span-Wagner formulation for CO2 [168], which is implemented and used
in this work. A large collection of multi-parameter EoS is also contained in
the NIST REFPROP [94] framework; an interface to this library is also implemented and used, e.g., for validation purposes. On the other hand, this

14

2.1 Single-phase gas flows
accuracy comes at very high computational costs connected with the evaluation of a vast number of complicated parameters, which renders the use of
multi-parameter EoS unfeasible in the computation of technical applications.
The only viable option to include the accuracy of multi-parameter EoS in
demanding computations is the use of tabulation techniques, rst published
in [41]. The basic idea is to precompute appropriate values employing an underlying EoS for storage in a lookup table. During the simulation, values are
interpolated from this precomputed table instead of a costly evaluation of
the EoS. This reduces the computational effort signi cantly, while maintaining high accuracy, provided appropriate table resolutions and interpolation
techniques are employed. Furthermore, such tabulation methods allow for a
universal interface to arbitrarily complicated and formulated underlying EoS.
An optimal tabulation method provides highly accurate and consistent thermodynamic data, with low storage requirements and a fast lookup. In this
work, the spline based table lookup method [87, 89] (SBTL) is used for H2 O
and CO2 computations. A version for humid air real gas mixtures is used
in [76]. This method employs a bi-quadratic spline interpolation on structured grids. More details on the SBTL method are also given in section 2.3.2.
Unstructured grid based techniques are also possible and published in the
literature [24, 42, 138, 150, 204].
In order to prevent an iteration process, the governing equations, introduced in section 2.1, require an EoS formulation in the independent state
variables density and internal energy (%, e), as these are the only state variables, which can be directly computed from the conservative variables, see
eq. (2.8) and eq. (2.9). Therefore, the SBTL tabulation is formulated in terms
of (%, e). Multi-parameter EoS and Peng-Robinson EoS are, however, formulated in (%, T ), necessitating an iteration process. Here, the Newton Raphson
method is employed to nd the roots of
f (T ) := e − e (%, T ) ,
%

with the derivative
df /dT = −cv (%, T ) .
%

(2.35)
(2.36)

Furthermore, boundary conditions, ux inversion and initialization process
require additionally the computation from (%, p), (T , p), (h, s) and (p, s). The
derivation of the necessary derivatives for the iteration process analogously
to eq. (2.35) and eq. (2.36) is very involved and not shown here for brevity.
Useful references in this context are [146] for the Peng-Robinson EoS and
[180] for the multi-parameter EoS. State equations for condensing wet steam
computations are introduced in section 2.3.2.
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2.1.2 Transport properties
In addition to equations of state, the transport properties viscosity and thermal conductivity must be provided for the working uid in dependence of the
thermodynamic state. The simplest expression for the viscosity, aside from a
constant viscosity assumption, is following power-law relation

n
T
µ (T ) = µ (Tref )
,
(2.37)
Tref
where the viscosity must be speci ed at the reference temperature Tref . A
more sophisticated approach is the use of Sutherland's formula [175]

µ (T ) = µ (Tref )

T
Tref

3/2

Tref + S
,
T +S

(2.38)

with the Sutherland temperature S. It is based on the kinetic theory of an
ideal gas with an idealized intermolecular force potential and is still commonly used with most often fairly accurate results with an error less than
a few percent over a wide range of temperatures. For air, the viscosity at
Tref = 273.15 K is µ (Tref ) = 1.716 × 10−5 kg m−1 s−1 , with a Sutherland
temperature S = 110.4 K. Given the viscosity, the thermal conductivity for
an ideal gas can be computed specifying a constant Prandtl number
λ (T ) = cp (T ) µ (T ) /Pr .

(2.39)

Analogously to the discussion in section 2.1.1.2, there exists a vast number of different options to compute the transport properties of a real gas;
an overview is given in [130]. For multi-parameter equations of state, corresponding formulations for viscosity and thermal conductivity are used, e.g.,
for CO2 the formulations of [39] for viscosity and of [156] for thermal conductivity. The most accurate formulations for other substances are, e.g., provided
in REFPROP. For the real gas mixture computation presented in chapter 5,
the low-pressure gas mixture variants of the corresponding state method of
Chung et al. [19] are used for the computation of the transport properties, as
presented in [130]. This method allows for a one- uid treatment, analogously
to the thermodynamic properties computed by the Peng-Robinson EoS.
At this point, the description of thermodynamically generalized singlephase gas ows is complete, at least for non-turbulent ows. However, for
the rotating sections of turbomachines, it is very convenient to reformulate
the governing equations in the rotating frame of reference, as described in
the following.
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2.1.3 Steadily rotating frame of reference
The complexity of the mathematical description of the Navier-Stokes equations in steadily rotating domains of turbomachinery applications can be
strongly reduced, formulating the Navier-Stokes equations relative to the rotating rather than the absolute (inertial) frame of reference. Employing a
formulation in the relative system renders the problem, which is unsteady in
the stationary (inertial) frame, steady with respect to the rotating frame and
allows obtaining steady-state solutions. Conducting unsteady computations
in the relative frame allows accounting only for unsteadiness due to a natural uid instability, like, e.g., vortex shedding from a rotor blade, rather than
relative motion with respect to an inertial system.
The Navier-Stokes equations in the relative frame of reference can be formulated in two different ways, in terms of the relative or absolute velocities.
In this work, the relative velocity formulation is solved and introduced in
the following. Absolute velocity u, relative to the inertial system, and relative
velocity urel , relative to the rotating frame of reference, are related by
u = urel + ue ,

(2.40)

where the entrainment velocity of the steadily rotating system is given by
ue = ω × r,

(2.41)

with the constant angular velocity ω around a given constant axis.
The continuity equation remains unchanged, since mass balance is invariant to system rotation. Forces of inertia must, however, be included in momentum and energy equation. The source term of the momentum equation
must account for effects due to Coriolis forces
fcoriolis = −2 (ω × urel )

(2.42)

fcentrifugal = −ω × (ω × r) .

(2.43)

and centrifugal forces

In the energy equation, only the work of the centrifugal forces must be added,
since the Coriolis forces do not contribute. Thus, eq. (2.1) is now formulated
in terms of the conservative variables

w := %, %urel , %Erel ,
(2.44)
with the relative total internal energy
Erel := e + urel · urel /2 − ue · ue /2.

(2.45)
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The advective uxes are given by

F a := %urel , %urel ⊗ urel + pI, %urel (Erel + p/%) ,

(2.46)

the diffusive uxes by

F d := 0, τ , τ · urel − q ,
with the altered viscous stress tensor


T
τ := µ (%, e) grad urel + (grad urel ) − 2/3 divurel I .

(2.47)

(2.48)

The following source term has to be added to the sources s of the governing
equations (2.1)

srel := 0, fcoriolis + fcentrifugal , 0 .
(2.49)
In the following, all equations and solution schemes are only presented
in the absolute frame of reference for brevity. The respective formulation
in the relative frame is straightforward to derive based on this section. The
treatment of turbulence is discussed next.

2.2 Turbulent single-phase gas ows
As mentioned in the introduction to this chapter, the Navier-Stokes equations form a system of nonlinear PDEs, which has major implications on the
whole physics of uid motion. This nonlinearity is dominantly caused by the
advective term of the momentum equation, which leads to the appearance of
turbulence, characterized by statistical (chaotic) uctuations of all ow quantities. For the considered turbomachinery ows in propulsion and power,
turbulence often dynamically interacts with shock waves and other discontinuities, which are result of the nonlinearity of the products of density and
velocity in absence of other mechanisms like condensation. This poses a considerable challenge for derivation, design and execution of numerical models
of uid ows.
Laminar ows can directly be solved based on the governing equations
introduced until now. However, once a critical Reynolds number
Re = % UL/µ,

(2.50)

with representative velocity U and length L scales, is exceeded, a turbulent
ow is encountered, which is the case for almost all technically relevant ow
con gurations. Turbulent ows are characterized by turbulent uctuations
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over a wide range of length and time scales, as indicated in g. 2.3, which
are dependent on the Reynolds number. The size of the smallest turbulent
eddies decreases proportional to ∼ Re 3/4 , as described by the Kolmogorov
length scale. The total number of numerical operation required for a complete resolution of the spectrum can be estimated to scale with ∝ Re 3 [67];
the number of time steps scales with ∝ Re 3/4 , the number of required grid
points with ∝ Re 9/4 in three dimensions. As Reynolds numbers in technically relevant con gurations are typically of the order 105 to 107 , a complete
resolution of the turbulent spectrum at these Reynolds numbers is impossible, also in the long term.
I.e., the complete resolution of the turbulent spectrum, termed DNS, is
only possible at reduced Reynolds numbers and is employed as a numerical experiment to better understand the fundamental mechanisms of turbulence and to improve and calibrate approximate models to the description
of turbulence, mainly LES and RANS. These approximations are needed for
the computation of turbulent high Reynolds number ows, where the basic
idea is to model the entire or at least certain parts of the turbulent spectrum
and only account approximately for the in uence on the resolved part of the
ow, as also indicated in g. 2.3. A reduction in complexity, appropriate to
retaining the basic three-dimensional unsteady nature of the Navier-Stokes
equations, can be achieved performing a spatially ltering, introducing a certain cutoff in size below which the turbulent uctuations are not resolved,
referred to as LES. I.e., the larger turbulent scales are completely resolved,
with the smaller scales being modeled. The RANS approach does not resolve
the turbulent uctuations and aims at calculating mean ow quantities, only.
Here, the whole turbulent spectrum is modeled by turbulence models. Application of this approach to unsteady ows is termed URANS. Overall, this
approach is currently the most widely applied approximation for turbulent
uid ows. More details on turbulent ows is found, e.g., in [131, 198].
All three methods, DNS, LES and RANS/URANS, are employed in this
work. The modeling approaches are introduced in the following with special
reference to real gas ows. It must also be noted that scale resolving computations, like DNS and LES, require advanced computational methods, especially when shock waves or other discontinuities are present in the domain.
These are presented in the next chapter.

2.2.1 LES
The basic idea of LES is to reduce the computational effort of turbulent ows
by removing small scale turbulent structures through ltering of the NavierStokes equations. The turbulent scales are separated using a scale high-pass
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Figure 2.3: Energy spectrum of turbulence with indication of the range of
application of the different turbulence modeling approaches
lter, which is also a low-pass lter in frequency [46], retaining the basic
three-dimensional unsteady nature of the Navier-Stokes equations. The inuence of the unresolved scales below the introduced cutoff associated with
the ltering on the resolved scales is only modeled, leading to a dramatic
reduction in computational effort compared to DNS.
The ltering in physical space can mathematically be expressed as a convolution product [46, 48, 129], where the resolved part of a space-time variable
φ (x, t) is given by
Z∞
φ̄ (x, t) :=

G (x − x0 , t − t0 ; ∆) φ (x0 , t0 ) dx0 dt0 .

(2.51)

−∞

The ltering is characterized by the kernel G and associated with a cutoff in
space ∆ and implicitly with a cutoff in time [46]. The lter can be explicitly
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speci ed; however, in practice the lter is given implicitly by numerical grid
and solution scheme [46, 151]. To prevent additional terms requiring closure,
it is common for compressible ows to introduce Favre- ltering: weighting
certain ltered variables by the density
1
φ̃ (x, t) :=
%̄

Z∞

G (x − x0 , t − t0 ; ∆) %φ (x0 , t0 ) dx0 dt0

(2.52)

−∞

eliminates correlations with the unresolved subgrid scale density from the ltered equations, without removing their effect on the turbulence [198]. Thus,
the resolved low frequency part of a Favre- ltered quantity is given by
φ̃ = %φ/%̄

(2.53)

and the unresolved, high frequency part follows as
φ00 := φ − φ̃.

(2.54)

Applying the ltering (2.51) to the governing equations described in section 2.1 and assuming that the ltering operator commutes with differentiation (see, e.g., [45, 54]) yields eq. (2.1) formulated now in terms of the ltered
conservative variables

w (x, t) = %̄, %̄ũ, %̄Ẽ ,
(2.55)
where the ltered total internal energy is given by

ũ · ũ tr τ sgs
Ẽ := ẽ +
+
.
2
2 %̄

(2.56)

The ltering leads to additional terms, combined in an additional subgrid
scale (SGS) ux
F = F a − F d + F sgs ,
(2.57)
where the individual uxes are given by



F a (w) := %̄ũ, %̄ũ ⊗ ũ + p (%̄, ẽ) I, %̄ũ Ẽ + p (%̄, ẽ) /%̄

F d (w) := 0, τ̌ (w) , τ̌ (w) · ũ − q̌ (w)

T
0




F sgs (w) := τ sgs + p (%, e) − p (%̄, ẽ) I − τ̄ − τ̌  .

q sgs + Dt + Dv + q̄ − q̌

(2.58)
(2.59)
(2.60)
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The additional SGS terms F sgs comprise, in addition to nonlinear terms
occurring in the viscous terms, the heat uxes and the pressure, SGS stress
tensor, SGS heat ux, turbulent and viscous diffusion


^
τ sgs = %̄ u
⊗ u − ũ ⊗ ũ
(2.61)


f − ũh̃
q sgs = %̄ uh
(2.62)

1
%̄^
uu · u − %̄ũũ · ũ − ũ tr τ sgs
2
Dv = τ · u − τ̌ · ũ.
Dt =

Computable stress tensor and heat ux are de ned as


T
τ̌ := µ (%̄, ẽ) grad ũ + (grad ũ) − 2/3 divũ I
q̌ := −λ (%̄, ẽ) grad T (%̄, ẽ) .

(2.63)
(2.64)

(2.65)
(2.66)

The additional SGS terms (2.60) require closure and the current modeling standard as given, e.g., in [46] is adopted in this work as follows: The
deviatoric part of the SGS stress tensor is modeled based on the Boussinesq
hypothesis



1
2
T
sgs
sgs
sgs
τ − tr τ
I'µ
grad ũ + (grad ũ) − divũ I ,
(2.67)
3
3
where the SGS viscosity µsgs is given by either the classic Smagorinski model
[165] with the standard constant Cs = 0.18 or the Wall-Adapting Local EddyViscosity (WALE) model [119] with the constant Cw = 0.325. The isotropic
part of the SGS stress tensor is neglected

(2.68)
tr τ sgs ' 0,
justi ed by the assumption that it assumes large values in areas of high compression/dilatation, where the underlying numerical scheme introduces a
large amount of numerical dissipation probably overwhelming the effect of
a model [46]. This implies


2
T
τ sgs ' µsgs grad ũ + (grad ũ) − divũ I
(2.69)
3
and
Ẽ ' ẽ +
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The SGS heat ux is modeled based on a constant Prandtl number
(2.71)

q sgs ' −λsgs grad T (%̄, ẽ) ,
with the SGS conductivity

(2.72)

λsgs = µsgs cp (%̄, ẽ) /Pr sgs

where Pr sgs is in interval [0.3, 0.9] [46].
The turbulent diffusion is modeled analogously to RANS (see eq. (2.98))
(2.73)

Dt ' τ sgs · ũ.

As common practice [46], the non-linear terms occurring in the viscous terms
and in the heat uxes are neglected
τ̄ − τ̌ ' 0

(2.74)

q̄ − q̌ ' 0,

(2.75)

Dv ' 0.

(2.76)

as is the viscous diffusion

The term describing the effects of SGS uctuations on the generalized state
relation is only immanent to real gas ows and is neglected at present time
(2.77)

p (%, e) − p (%̄, ẽ) ' 0,
where this relation holds exactly for an ideal gas, for which

(2.78)

p (%, e) = p (%̄, ẽ) = (γ − 1) %̄ẽ.

To the author's best knowledge, the effect of this assumption has not yet
been thoroughly investigated and the development of a real gas DNS code,
also presented in this work, is aimed to address this research need in the
future. In fact, very little is also known about the other previously mentioned
nonlinear terms [46], especially in compressible real gas ows.
With this modeling assumptions, the remaining SGS uxes can be merged
into the diffusive uxes, reducing eq. (2.57) to
(2.79)

F = Fa − Fd
where the diffusive ux
F d (w) := 0, τ ∗ (w) , τ ∗ (w) · ũ − q ∗ (w)



(2.80)
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contains effective shear stress tensor and effective heat ux vector


T
τ ∗ := (µ (%̄, ẽ) + µsgs ) grad ũ + (grad ũ) − 2/3 divũ I
q ∗ := − (λ + λsgs ) (%̄, ẽ) grad T (%̄, ẽ) .

(2.81)
(2.82)

Reynolds-averaging the Navier-Stokes equations formally leads to similar
terms, which are, however, of quite different nature. The resulting RANS
equations are introduced in the following.

2.2.2 RANS
A much higher reduction of effort in the computation of turbulent ows compared to LES is achieved by solving the RANS equations, which do not resolve
any turbulent uctuations and aim at calculating time mean ow quantities
only. Consequently, the whole turbulent spectrum has to be modeled by socalled turbulence models to account for their in uence on the mean ow.
Its comparably low expense renders this approach the most widely applied
approximation for turbulent uid ows in practice.
For stationary turbulence, the mean ow quantity of an instantaneous ow
variable φ (x, t) is given by its time average
t+T
Z

φ̄ (t) := lim

T →∞

φ (x, t0 ) dt0 .

(2.83)

t

Other formal de nitions of Reynolds-averages are also possible [131, 198], see
also eq. (2.104). This temporal averaging can be seen as a special case of
space-time ltering, eq. (2.51), for which the idempotence property holds [48].
Therefore, applying Reynolds-averaging to the Navier-Stokes equations yields
similar formal relations as in case of ltering, which can, however, be further
simpli ed due to the idempotence property of time averaging and the quite
different physical nature must always be adhered to. For compressible ows
it is convenient to introduce the Favre-average
1
lim
φ̃ (t) :=
%̄ T →∞

t+T
Z

% (x, t0 ) φ (x, t0 ) dt0 ,

(2.84)

t

which eliminates analogously to (2.52) for the ltering the density uctuations from the Reynolds-averaged equations, but does not remove the effect
the density uctuations have on the turbulence [198]. For Favre-averaged ow
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quantities, the same formal notation as in eq. (2.53) is adapted, the uctuating part is then formally given by eq. (2.54).
Applying Reynolds-averaging to the governing equations described in section 2.1 yields eq. (2.1) formulated now in terms of the Reynolds-averaged
conservative variables, formally given by (2.55) with the averaged total internal energy

ũ · ũ tr τ t
Ẽ := ẽ +
+
(2.85)
2
2 %̄
and an additional turbulent ux
F = F a − F d + F t,

(2.86)

with the other uxes formally given by eq. (2.58) and eq. (2.59), respectively.
The turbulent uxes are formally similar to the additional uxes due to ltering (2.60)
T



F t (w) := τ t + p (%, e) − p (%̄, ẽ) I − τ̄ − τ̌  ,

q t + Dt + Dv + q̄ − q t


0



(2.87)

some contained quantities can, however, be further simpli ed due to the
idempotence property of the Reynolds-averaging operator


00 ⊗ u00
^
τ t = %̄ u
⊗ u − ũ ⊗ ũ = %̄u^
(2.88)


00 h00
f − ũh̃ = %̄u]
q t = %̄ uh
(2.89)

1
1
%̄^
uu · u − %̄ũũ · ũ − ũ tr τ t = ũ · τ t + %̄u00^
u00 · u00
2
2

Dv = τ · u − τ̌ · ũ = τ̄ − τ̌ · ũ + τ · u00 .
Dt =

(2.90)
(2.91)

In this work, only turbulence model closure based on Boussinesq hypothesis



1
2
T
τ t − tr τ t I ' µt grad ũ + (grad ũ) − divũ I
(2.92)
3
3
and Spalart-Allmaras turbulence model [167] (SA) is considered (a comprehensive overview is, e.g., given in [95, 131, 198]). For this one equation model,
it is common to neglect the isotropic part of the turbulent stress tensor

tr τ t ' 0,
(2.93)
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which is a good approximation
for ows with Mach numbers below hyper
sonic speeds, where tr τ t  p (%̄, ẽ) in most ows of engineering interest
[198]. This implies


2
T
τ t ' µt grad ũ + (grad ũ) − divũ I
(2.94)
3
and

ũ · ũ
.
(2.95)
2
The turbulent heat ux is modeled based on a constant Prandtl number
Ẽ ' ẽ +

(2.96)

q t ' −λt grad T (%̄, ẽ) ,
with the turbulent conductivity

(2.97)

λt = µt cp (%̄, ẽ) /Pr t ,

where the turbulent Prandtl number is commonly set to Pr = 0.9.
In the turbulent diffusion term, the turbulent transport of the turbulent
kinetic energy is neglected
Dt ' ũ · τ t ,
(2.98)
t

as are viscous diffusion and the non-linear terms occurring in the viscous
terms and in the heat uxes
Dv ' 0

(2.99)

τ̄ − τ̌ ' 0

(2.100)

q̄ − q̌ ' 0.

(2.101)

As in the ltered case, the term describing the effects of turbulent uctuations on the generalized state relation is only immanent to real gas ows and
is neglected analogously to eq. (2.77), which holds exactly only for an ideal
gas. To the author's best knowledge, the effect of this assumption has not yet
been thoroughly investigated, as in the case of LES closure, and the development of a real gas DNS code in this work is aimed, among other things, to
address this research need in the future.
With these modeling assumptions, the turbulent uxes can be merged
into the diffusive uxes, reducing eq. (2.86) to a formally similar expression to eq. (2.79), with the diffusive ux (2.80). The contained effective shear
stress tensor and effective heat ux vector are given by


T
τ ∗ := µ (%̄, ẽ) + µt grad ũ + (grad ũ) − 2/3 divũ I
(2.102)

∗
t
q := − λ + λ (%̄, ẽ) grad T (%̄, ẽ) .
(2.103)
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Whenever RANS modeling is adopted to the computation of a time dependent solution, the term URANS has become common [43]. For unsteady
ows with some basic frequency, a phase average with a triple decomposition
can be introduced [43]. For some ows, the mean ow contains very slow variations with time that are not of turbulent nature and a nite-time temporal
average can be used [43, 198]
1
φ̄ (x, t) :=
T

t+T
Z

φ (x, t0 ) dt0

where

Tt  T  Tmean .

(2.104)

t

The time scale of the turbulent uctuations Tt and the time scale of slow
mean ow variations of non-turbulent nature Tmean must differ by several
orders of magnitude, as mean and uctuating components must not be correlated. Many unsteady ows of engineering interest do not satisfy this condition, which is often referred to as the spectral gap problem, while LES does
not suffer from this problem and thus represents a rigorous approach [198].
In the following, the mathematical model is expanded to describe condensing wet steam ows. Both turbulence modeling approaches, RANS and also
LES, are adopted to the computation of turbulent wet steam ows; respective
results are presented in chapter 4.

2.3 Condensing wet steam ows
During the expansion of pure steam in a steam turbine, condensation in the
mean ow does not commence once the saturation line is crossed. With no
solid surfaces present in the core of the ow to promote the condensation, a
free-energy barrier to form a vast number of extremely small liquid droplets
must be overcome. During this process, the steam is in a metastable state
and increasingly supersaturated (in terms of pressure or subcooled in terms
of temperature) until the energy barrier is transcended. An equilibrium state
is subsequently reattained via the formation and growth of liquid droplets.
This homogeneous nucleation process is well described in detail in [107, 108].
A state-of-the-art review is given in [6].
To account for the process of non-equilibrium condensation, the governing equations describing a single-phase gas ow, introduced in section 2.1,
must be extended. The modeling of turbulent wet steam ows is very involved and is based on different models describing the condensation process, the resulting second phase and the thermodynamic properties and
their complex interaction, indicated in g. 2.4. Consequence of this complexity can be regarded the fact that yet no universal wet steam modeling
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two-phase model:
• Euler
• Lagrange

condensation
model:

wet steam
model

• nucleation
rate

thermodynamic
model:
• EoS

• droplet growth

• surface
tension

• ...

• ...

turbulence modeling approach:
• RANS/URANS
• LES
• ...

Figure 2.4: Interacting modeling approaches in the description of turbulent
wet steam flows (see also [137])

approach has emerged for wet steam ows [171] despite research dating back
to as far as the 1880s [63]. Wet steam computations are still associated with
signi cant uncertainty and suf cient accuracy can only be achieved based on
thorough calibrations for the considered operating conditions [171]. The overall uncertainty of wet steam modeling results from the uncertainty associated
with each submodel.
The condensation modeling in modern wet steam solution methods is
based on the classical homogeneous nucleation theory [171], while heterogeneous condensation is most often neglected. Various combinations of adjustments to the description of the nucleation process and the subsequent
droplet growth are in use today [6, 171]. The classical nucleation theory is
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brie y introduced in the next section. Uncertainties of the thermodynamic
model include, among other things, the accurate description of metastable
states [159], for which no validation data is available, and the dependence of
the surface tension on the embryonic liquid cluster size [171], often incorporated by correcting factors to the planar surface tension of a at lm.
Two-phase treatment is challenging and can be based on Euler-Euler or
Euler-Lagrange approaches, connected with different modeling of the droplet
size distribution [70, 135, 171]. The classical approach of coupling the Eulerian gas phase calculation with an explicit droplet integration in a Lagrangian
frame of reference suffers when scaling to large con gurations and an ef cient parallelization is hard to achieve [51]. Another disadvantage is high computing times for steady state computations. Therefore, development has begun to focus on Euler-Euler models, where the most general two- uid model
in the context of condensing wet steam calculations is often simpli ed to
source term and even to mixture models [99]. For Euler-Euler models, the
simplest approach for modeling the continuous droplet size spectrum is to
assume a single, mean droplet size, allowing to approximate the droplet size
spectrum based on only two additional transport equations. These monodispersed models provide satisfactory results for straightforward nucleating expansions with a single nucleation event [70], which is the case for all presented test cases in this work. Therefore, only monodispersed models are presented here. More sophisticated, polydispersed approaches to the description
of the droplet size spectrum in Euler-Euler methods are possible with quadrature based moment methods like standard method of moments (SMOM) and
quadrature method of moments (QMOM), where the SMOM method is already implemented in the solver.
Some aspects of the complex interaction of these three submodels have
been investigated [135, 171], however, this does not yet include the effect of
turbulence and the modeling approach to it. With this work, the importance
of the turbulence modeling approach to the predictability of the wet steam
model is shown. This fact is apparent, for example, in classical nozzle test
cases, where the state of the boundary layers in the nozzle's throat in uences
strongly the results [170], though, classical RANS approaches are not capable of accounting for laminar turbulent transition. As is proven by the rst
scale resolving LES computation in the eld of wet steam ows presented
in chapter 4, classical RANS and URANS approaches con ne the inherently
unsteady nature of condensation and its interaction with the turbulent scales
due to their mathematical nature, see previous section. This work uses the
example of a typical low-pressure turbine ow, where relatively moderate
Reynolds numbers and the continuously increasing computational power allow the application of high- delity, unsteady, scale-resolving simulation tech-
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niques like LES.
In the following, the classical nucleation theory is brie y introduced. Popular EoS and transport property formulations for wet steam computations are
presented next. Finally, the wet steam formulations employed in this work
are described.

2.3.1 Classical nucleation theory
In this section, the relations to describe the nucleation rate and the growth of
the droplet used in this work are summarized. These are based on the classical nucleation theory. An overview of other models and detailed derivations
of the expressions can be found, e.g., in [6, 107, 108, 171, 208]. The formation
rate of critically sized droplets per unit volume in a supersaturated vapor at
pressure p and temperature TG is obtained by the classical nucleation rate
formulation
s


4πσ (TG ) 2
%G 2 2σ (TG )
Jc = qc
exp −
rc ,
(2.105)
%L
πmM 3
3kTG
with the non-isothermal correction of Kantrowitz [80]
J=
where

Jc
,
1+φ

γ (TG , p) − 1 hf g
φ=2
γ (TG , p) + 1 RTG



(2.106)
1
hf g
−
RTG
2


.

(2.107)

Source of much controversy is the capillarity approximation [6], i.e., the assumption that the surface tension of a small liquid droplet equals the surface
tension of a at lm. Here, accurate values are of paramount importance, as
small changes in the surface tension change the nucleation rate in orders of
magnitude, as demonstrated in [171]. If not otherwise stated, the planar surface tension of the IAPWS in the version given in [190] is used in this work.
The dependence of the surface tension on cluster size and droplet radius, respectively, remains an unresolved issue and Tolman length based approaches
as, e.g., introduced in [120], might be worth considering in the future. The
condensation coef cient qc is traditionally de ned as the fraction of actually
condensing molecules to the total amount of molecules impinging on the
droplet. The generally accepted value for water is unity [111], while its value
for many other substances is much lower [208]. Therefore,
qc := 1
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is used in this work.
The smallest size of droplets, which are in thermodynamic sense viable
and start to grow in the surrounding supersaturated vapor, are described by
the Kelvin-Helmholtz critical radius
rc =

2σ (TG )
.
%L RTG ln S

(2.109)

Often, the supersaturation ratio
(2.110)

S := p/ps
is expressed in terms of subcooling

(2.111)

∆Ts := Ts (p) − TG ,

where their relation is approximated based on the Clausius-Clapeyron relation
hf g ∆Ts
ln S ≈
.
(2.112)
RTs (p) TG
From the author's experience, this approximation signi cantly in uences
the results despite minimal deviations introduced by eq. (2.112), due to a
high sensitivity of the nucleation rate. Thus, the original expression (2.109)
is used, if not otherwise stated.
The subsequent droplet growth is computed based on Young's [208] droplet
growth equation
dr
λ (TG , p) (1 − rc /r) ∆Ts

,
=
−1
dt
%L hf g r (1 + 2βKn) + 3.78 (1 − ν) Kn/Pr

(2.113)

where
RTs (p)
ν=
hf g



1 2 − qc γ (TG , p) + 1 cp (TG , p) Ts (p)
α−
2 2qc 2 γ (TG , p)
hf g


.

(2.114)

Equation (2.113) contains two parameters α and β. The growth parameter α
stems from a linearization of the ratio of condensation and evaporation coefcients and is a constant to be determined empirically [208]. In [208], α := 9
is found suitable, however, the best choice is likely to depend on other wet
steam model parameters like the EoS [171]. The parameter β comes from
the simple Langmuir model to describe the intermediate Knudsen number
regime surrounding
 the condensing droplet with an arbitrarily situated interface at radius r + β ˜l separating the application of the free molecular
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theory close to the droplet's surface and the continuum theory outside this
region and enforced conservation through the interface. The mean free path
is computed from the kinetic theory formula
√
˜l = 1.5 µ (TG , p) RTG .
p

(2.115)

Values used in [171] are in the range 0 to 2. In this work, a value of β := 0 is
used.
The computation of nucleation rate and subsequent droplet growth requires accurate thermodynamic data in the metastable region. Common EoS
and transport property formulations used in wet steam computations are introduced in the following section.

2.3.2 Equations of state and transport properties
Due to its technical signi cance, many specialized equations of state for
H2 O have been developed over the years and the development of ever more
accurate EoS will remain subject of ongoing research, e.g., driven by the
IAPWS. The rst EoS for H2 O was presented by Clausius [21] in 1881 and
was essentially a generalization of the van der Waals EoS [187]. In 1906 Mollier [114] published his well known steam tables. These were superseded by
the VDI-Steam tables [157, 158]. To provide an international standard for industrial use, the International Formulation Committee (IFC) was founded.
In 1967 The 1967 IFC Formulation for Industrial Use (IFC-67) [75] was published. To achieve a higher accuracy, the phase space was split into several
distinct regions with one equation describing each. Simultaneously, a fundamental equation for water was developed by the IAPWS and published in
1995: The IAPWS Formulation 1995 for the Thermodynamic Properties of
Ordinary Water Substance for General and Scienti c Use [188] (IAPWS-95).
IAPWS-95 is a multi-parameter EoS and provides the most accurate description of the whole phase space of H2 O to date. However, the formulation is
computationally very involved.
In 1997 an improved formation for industrial use "IAPWS Industrial Formulation 1997 for the Thermodynamic Properties of Water and Steam" [86,
189] (IAPWS 1997 industrial formulation [189, 190] (IAPWS-IF97)) was published. In comparison to IFC-67, IAPWS-IF97 signi cantly improves accuracy and computational speed [190]. Between 2001 and 2005 so-called backward equations were adopted by IAPWS, which are all given in [190]. To
achieve a high accuracy, IAPWS-IF97 is coupled to the scienti c standard
[188]. Figure 2.5 outlines the different fundamental regions in p-T space,
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p = 0.000 611 MPa

T
Figure 2.5: Outline of the IAPWS-IF97 structure; for details see [190]
for which either a fundamental equation for the speci c Gibbs free energy
g = g (p, T ) or for the speci c Helmholtz free energy a = a (%, T ) is given.
The saturation curve is formulated in terms of saturation pressure and saturation temperature equations. The backward equations enable the direct calculation of the quantities without having to compute them iteratively from
the basic equations. A complete description of the IAPWS-IF97 is given in
[190]. In addition to thermodynamic properties, IAPWS also provides steadily
updated formulations for transport properties and also for the surface tension of a at water lm. These can also be found in [190], updated versions
are available on the website of the IAPWS.
In order to further improve the computational speed while maintaining
high accuracy, so-called table look-up methods can be employed, see section 2.1.1.2. For its application to H2 O, IAPWS issued the Guideline on the
Fast Calculation of Steam and Water Properties with the Spline-Based Table
Look-Up Method (SBTL) as an international standard [89]. It applies polynomial spline interpolation to reproduce the results of existing equations of
state, like IAPWS-95 or IAPWS-IF97, with high accuracy and low computing time [88]. The advantage of using spline functions lies in a continuous
representation of the thermodynamic properties over the whole tabulated
phase space in contrast to IAPWS-IF97 and, e.g., the Tabular Taylor Series
Expansion method [74, 113]. The SBTL method employs bi-quadratic spline
polynomials, which are continuously differentiable once and can easily be
solved analytically in terms of the independent variables to provide numerically consistent backward functions (inverse spline functions). Especially
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manufactured for the density-based solution approach, the spline functions
are formulated in (%, e) [87, 89]. Backward functions for the combinations
(p, %), (e, s), (h, s) and (p, s) are available. Details of accuracy and speed for
a tabulation of IAPWS-IF97 are given in [87, 89].
It is emphasized that the SBTL method is applicable to any available EoS,
providing a universal interface for every considered working medium. This
allows to use the same solver implementation with only minor adaptions. In
addition to SBTL library versions for H2 O an implementation for CO2 is also
used in this work, as published in [81]. Furthermore, the SBTL methodology
has been extended for real gas mixtures and applied in the presented solution
method to humid air computations in [76].
As previously explained, modeling and computation of condensing ows
requires properties at metastable conditions normally obtained by extrapolation. As no experimental data is available, state equations cannot be properly
validated in this region. The library adopted in this work for condensing wet
steam ows is based on the most accurate thermodynamic data available, using the IAPWS-95 state equation for liquid states and the Wagner and Pruÿ
gas equation [188] for gas and metastable states. It is well known that direct
extrapolation of IAPWS-95 into the metastable region leads to anomalous behavior [159, 189] (for this reason, the gas equation also serves as basis for the
IAPWS-IF97 formulation in the metastable region [189]).
For comparison of computational speed and accuracy, another popular
EoS for wet steam ows is implemented. Young's state equation from 1988
[207] is a virial EoS

p (%, T ) = %Ru T 1 + B(T )% + C(T )%2 ,
(2.116)
with additional formulations for the saturation curve ps = ps (Ts ) and an
expression for the liquid density %L = %L (Ts (p)). The additionally needed
properties surface tension, molecular viscosity and thermal conductivity coef cient are calculated in all presented computations based on according
IAPWS formulations, as presented in [190].
On basis of nucleation theory and the thermodynamic description of H2 O,
the wet steam model formulations used in this work are introduced in the
next section.

2.3.3 Wet steam model formulations
In the following section, monodispersed source term and mixture models
are presented and compared. The equations describing the condensing liquid phase are simpli ed by means of several assumptions speci c to the
considered wet steam ows [135, 136] (see also [99]):
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• Only homogeneous condensation is taken into account and modeled
based on the classical nucleation theory described in section 2.3.1.
• Both phases are at same pressure p.
• The condensed droplets are so small in size (in the considered test
cases in the order of ten nanometers) that they perfectly follow the
surrounding vapor. Neglecting the velocity slip, only one momentum
equation must be solved.
• Droplets do not appear at high mass fractions, therefore, the volume
occupied by the liquid can be neglected.
• The droplet distribution can be adequately represented by an equivalent monodispersion of a mean size. This is considered to provide
satisfactory results for straightforward nucleating expansions with a
single nucleation event [70].
To account for the condensed liquid phase, one additional governing equation for the liquid phase mass (wetness) fraction y must be formulated and
solved. Then, the monodispersed assumption allows to compute an approximate droplet size distribution based on only one additional transport equation for the droplet number per unit mass N . Assuming spherical droplets
with a mass
mD = 4/3 π%L r3 ,
(2.117)
in combination with a cell-averaged droplet mass
(2.118)

hmD i ' y/N ,
allows to compute a cell-averaged droplet radius
hri = (3y/(4%L πN ))

1/3

.

(2.119)

The condensing mass ow per unite volume is then given by
2

ṁc = 4/3πrc 3 %L J + 4π hri N %L %G d hri /dt.

(2.120)

On this basis, the mixture model and the source term model are introduced
in the following in a monodispersed formulation for brevity. Formulations
based on the moment method are straightforward extensions with additional
transport equations for the higher order moments and corresponding adaptions to the radius computation (2.119). Both formulations are compared in
chapter 4.
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2.3.3.1 Monodispersed mixture model
The most commonly used mathematical model for wet steam ows in the literature is the mixture model, which also represent the most often employed
formulation in [171]. Basic idea of the mixture model is to formulate the governing equations (2.1) in terms of mixture quantities of a gas-liquid mixture

(2.121)
w (x, t) := %m , %m u, %m Em , %m y, %m N ,
de ned by
%m −1 = (1 − y) %G −1 + y%L −1

(2.122)

em = (1 − y) eG + yeL .

(2.123)

and
The mixture's total internal energy is given by
(2.124)

Em := em + u · u/2.

As y  0 and %L  1, the simpli cation to neglect the volume occupied by
the condensed liquid is justi ed, allowing to compute the gas density simply
by
%G ≈ (1 − y) %m .
(2.125)
Then, the mixture pressure
p (w) = p (%m , em , y)

(2.126)

0 = em − (1 − y) e (%G , p) − y eL (Ts (p) , p) .

(2.127)

can be iterated from

I.e., that the advective
given in eq. (2.121),

uxes corresponding to the conservative variables,

F a (w) := %m u, %m u ⊗ u + p (w) I, %m u (Em + p (w) /%m ) ,
%m uy, %m uN ) , (2.128)
as used in the governing equations (2.1), contain an additional active scalar y,
which in uences the thermodynamic state. This complicates the derivation
and implementation of the numerical ux calculation, the reconstruction,
the boundary treatment and the derivation of the Jacobian of the advective
uxes. As the coupling of both phases is realized based on the de nition of
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the mixture quantities (2.122) and (2.123), the source terms to be used in
eq. (2.1) are given by

s (w) := 0, 0, 0, ṁc , J .
(2.129)
In the diffusive uxes, the diffusivity of the wetness fraction is neglected

F d (w) := 0, τ (w) , τ (w) · u − q (w) , 0, 0 .
(2.130)
Overall, the mixture model represents a straightforward extension to account for non-equilibrium condensation effects in wet steam ows, substantiating its popularity. However, it has the disadvantage of containing an active
scalar complicating derivation and implementation and also necessitating
the cumbersome iteration process (2.127) with negative implications on the
computational speed, see g. 4.3.
2.3.3.2 Monodispersed source term model
A viable alternative to the mixture model represents the source term model.
Assuming % ≈ %G and e ≈ eG allows to formulate the governing equations
(2.1) in terms of gas properties with two additional equations

w (x, t) := %G , %G u, %G EG , %G y, %G N .
(2.131)
The corresponding advective uxes are given by
F a (w) := %G u, %G u ⊗ u + p (w) I, %G u (EG + p (w) /%G ) ,
%G uy, %G uN ) , (2.132)
where
EG := eG + u · u/2.

(2.133)

With this formulation, the pressure can directly be computed from the gas
phase properties
(2.134)
p (w) = p (%G , eG )
and the wetness fraction y is a passive scalar without in uence on thermodynamic and transport properties, in difference to the mixture model formulation.
The phases are coupled directly through appropriate source terms

(2.135)
s (w) := −ṁc , −ṁc u, −ṁc (HG − hf g ) , ṁc , J ,
where the condensing mass ow ṁc and associated losses of momentum
and energy are subtracted from the transport equations of the gas phase. In

37

2 Mathematical Model
the energy equation source term, the latent heat release is accounted for. The
diffusive uxes are again given by eq. (2.130).
Overall, the source term model has the big advantage, compared to the
mixture model, that the wetness fraction is a passive scalar without immediate in uence on thermodynamic and transport properties. This allows for a
straightforward extension of the reconstruction and the boundary treatment
for the additional scalars and a straightforward derivation of the Jacobian
of the advective uxes. Also, no iteration process is necessary leading to enhanced computational speed as compared to the mixture model, see g. 4.3.
Therefore, this formulation is employed for all complex computations. The
Favre- ltered version of the monodispersed source term model is presented
in [137].
After the introduction of the governing equations in different formulations with increasing complexity, ranging from thermodynamically generalized single-phase gas ows in absolute and relative frames, their extension
to convenient descriptions of turbulent ows and the mathematical description to condensing wet steam ows, the development of numerical solution
strategies for these governing equations in concrete technical applications is
subject of the next chapter.
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The purpose of computation is insight, not numbers.
Richard Hamming, American computer scientist and
mathematician, 1973
In this chapter, we are concerned with nding the solution to a concrete
uid dynamical problem described mathematically by an initial-boundary
value problem (IBVP). It consists of a set of nonlinear PDEs, representing
the governing equation of a uid ow, here, with special emphasis on ows
including complicated gas properties as described in the last chapter, a set of
boundary conditions con ning and characterizing a nite domain in which
the ow is to be computed and an initial eld, as the starting point of the
time integration.
Until today, no general closed-form analytical solution to the Navier-Stokes
equations could be found [4] and so the only possibility to make an at least
approximate prediction of the ow solution to the considered IBVP is the
application of numerical methods. Such numerical methods for high speed
ows, possibly including shock waves and strong real gas effects, are developed and presented in this chapter. In fact, the only few known exact analytical solutions for very simple IBVPs are often employed for the validation
of numerical methods, which is otherwise based on experimental results.
Another source of validation data are validated numerical methods of high
quality, which can be employed for detailed numerical experiments . These
also allow insight into problems not realizable under laboratory conditions.
A high quality numerical method for such numerical experiments is also
presented in this chapter.
The development of a numerical solution method is concerned with nding a suitable transformation of complex mathematical equations into a representation, which can be solved via algebraic computation on digital computers, leading ultimately to a close approximation of the exact solution. Such
numerical solution methods for complex non-ideal gas ows, of which the
mathematical description is presented in the previous chapter, are described
in the following. Their implementation on digital computers allows nding
approximate numerical solutions, where the accuracy and the predictive na-
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ture of the numerical solution depends on the mathematical model and the
quality of the numerical solution method. Here, the ultimate goal is to account accurately for all relevant physical aspects as to create a full virtualization of the product a digital twin to attain optimized design and to reduce
production and life cycle costs.
The transformation of the continuously de ned IBVP into a discrete counterpart is termed discretization. As customary in computational gas dynamics [127], the method of lines approach is adopted in this work, where the
spatial discretization and the subsequent integration in time are separated.
In this work, we deal exclusively with density-based fully-coupled solution
schemes exploiting the physical properties of high speed ows. Pressurebased solution methods, devised originally for the incompressible NavierStokes equations, have also been extended to application in compressible
ows; however, it is not very likely that any pressure-based alternative could
compete with the existing density-based solvers in the case of compressible
ows [110]. Details about pressure-based solution methods may be found,
e.g., in [40, 67, 69], a detailed comparison of density-based and pressurebased solution methods over a range of ow speeds is, e.g., given in [110].
Following the methodology of the method of lines approach, the spatial
discretization of the governing equations is discussed rst. Here, the nite
volume method (FVM) is presented as the current standard and preferred discretization technique for general purpose technical numerical ow solvers.
In addition, the nite difference method (FDM) is introduced, as applied for
highly accurate simulations of simple geometries appropriate for numerical
experiments . Both discretization techniques result in ordinary differential
equations (ODEs), which are integrated in time by the schemes presented
in section 3.2. Accurate treatment of the boundary conditions of the IBVP is
essential and discussed in section 3.3. Finally, both solvers are validated for
their use in scale resolving computations in section 3.4.

3.1 Spatial discretization
In this work, we focus exclusively on structured grids, where complex geometries are conveniently treated applying the FVM up to second order accuracy,
while the FDM is suitable for arbitrary order discretizations of simple geometries. An introduction to both methods can be found, e.g., in [68, 181],
a comparison is given in [185]. High order methods for complex geometries
based on unstructured grids are focus of ongoing research. A vast number of
different approaches have been developed, including discontinuous Galerkin
(DG) [8, 22], Spectral Difference [84, 191, 195], Spectral Volume [194, 195], Flux
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Reconstruction [73, 200] and arbitrary accuracy schemes based on derivative
Riemann problems (ADER) [181] schemes. Reviews are given, e.g., in [35,
192, 193]. Extensions of these methods to application in real gas ows will be
subject of future research.

3.1.1 Finite Volume Method
The integral (weak) form of a conservation law is the basis of the FVM. In
this way, the FVM is constructed to automatically satisfy the discrete conservation property and deals naturally with complex geometries, allowing for a
discretization directly in physical space.
Let Ω ⊂ R3 be the computational domain and n̂ the outward unit normal
vector to the boundary S (Ω) of Ω. Integration of a governing equation of
the form (2.1) over Ω and application of Gauss's theorem yields the weak
conservative form
Z
I
Z
∂t
w dx +
n̂ · F dS =
s dx .
(3.1)
S(Ω)

Ω

Ω

By decomposition of Ω into n non-overlapping control volumes Ωi
Ω=

n
[

(3.2)

Ωi ,

i=1

eq. (3.1) can be given equivalently by n equations
I
Z
Z
∂t
w dx +
n̂i · F dS =
si dx
Ωi

by

S(Ωi )

∀i = 1..n.

(3.3)

Ωi

The continuous solution within each control volume Ωi is approximated
wi (t) ∼
= w (x, t)

,
x∈Ωi

(3.4)

which should be considered an approximation of the mean value of w over
the control volume Ωi [57]
Z
−1
wi (t) ≈ |Ωi |
w (x, t) dx ,
(3.5)
Ωi

where |Ωi | denotes the volume of Ωi . Formally assigning wi to the center
xi of Ωi , eq. (3.5) represents the second order accurate midpoint rule. I.e.,
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the solution of the IBVP is approximated with second order accuracy by n
discrete values
n
[
∼
w (x, t)
wi (t) .
(3.6)
=
x∈Ω

i=1

Introducing the second order approximation (3.5) into eq. (3.3) yields the
semidiscrete equation
X
d
−1
wi (t) = −|Ωi |
|S ij | Φ (wi (t) , wj (t) , n̂ij , . . .) + si (t) ∀i = 1..n,
dt
j∈N (i)

with the set of adjacent cells of Ωi


m


[
N (i) := j ∈ N | S (Ωi ) =
S ij , S ij := Ωi ∩ Ωj ,



(3.7)

(3.8)

j=1

where the m intersections (inter-cell boundaries) S ij are characterized by the
areas |S ij | and the outward unit normal vectors n̂ij . As the numerical solution is discontinuous on the inter-cell boundaries, the surface integral of the
ux has to be evaluated approximately introducing a numerical ux function
Φ (t) constructed from the adjacent states. Independent of the numerical
ux formulation, the physical ux given by the surface integral across S ij in
eq. (3.7) is approximated at most with second order accuracy, as the midpoint
rule is applied again.
The actual challenge is the proper design of the numerical ux function,
which has to account for the underlying nature of the physical ux. As advective and diffusive uxes, de ned in eq. (2.3), are of distinct physical nature,
their numerical uxes are independently designed
Φ (t) := Φa (t) + Φd (t) ,

(3.9)

where the advective ux is governed by hyperbolic and the diffusive ux
by parabolic behavior [68, 69]. The diffusive uxes are always centrally discretized [69], here with a second order approximation, and unaffected by real
gas behavior. In the developed solution method, the gradients are calculated
using nite differences applying a local transformation from Cartesian to
curvilinear coordinates to attain high accuracy. The appropriate construction
of numerical uxes for the advective part is much more involved and in uenced by gas properties, because commonly upwind schemes based on the
physical properties of wave propagation are employed. Special care has also
to be paid to their construction for application in scale-resolving simulations
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like LES. The construction of numerical uxes for the advective part is discussed in section 3.1.3. The FVM method has been validated and used for a
number of publications, ranging from wet steam ows [136, 137], supercritical real gas CO2 ows [81] to even real gas mixtures, like humid air [76] and
ORC ows [210].
To attain high order schemes for numerical experiments in simple geometry settings, another discretization technique is employed, as described
in the following.

3.1.2 Finite Difference Method
The FDM is applied directly to the differential form of the governing equations (2.1), where the derivative operators of the ux divergence, shown here
in Cartesian tensor index notation with Greek indices for convenience
∂t w +

3
X

êα ·

α=1


∂
F a − F d = s,
∂xα

(3.10)

are approximated by nite differences, typically of high order, as follows.
In this work, the FDM is applied only on three-dimensional uniform structured Cartesian grids, consisting of the discrete points
xi,j,k := x0,0,0 + i∆1 ê1 + j∆2 ê2 + k∆3 ê3 ,

(3.11)

with the space increments ∆i and the Cartesian unit vectors {ê1 , ê2 , ê3 } ∈
{êx , êy , êz }. An extension to general structured curvilinear grids is possible
by mapping to a regular computational grid [40]. The continuous solution at
each grid point is approximated by
wi,j,k (t) ∼
= w (xi,j,k , t) ,

(3.12)

such that the solution of the IBVP is approximated by the discrete values
w (x, t)
x∈Ω

∼
=

I [
J [
K
[

wi,j,k (t) ,

(3.13)

i=1 j=1 k=1

with I, J, K being the number of grid points in i, j, k direction.
Introducing the discretization of the derivatives of the uxes at xi,j,k in
direction êα adequately constructed from the available discrete values

 ∂ êα · F
∼
Di,j,k êα · F ; xi,j,k , . . . , t =
(xi,j,k , t) ,
(3.14)
∂xα
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yields the semidiscretization
3
X


d
wi,j,k = −
Di,j,k êα · F a − Di,j,k êα · F d + si,j,k ,
dt
α=1

(3.15)

which can be integrated in time by dedicated schemes for ODEs (see section 3.2).
To improve accuracy and robustness [127, 153], the diffusive uxes are discretized in non-conservative form, as follows: Introducing the Cartesian index notation with Greek indices for clarity, the diffusive uxes are given by



0
d
∂Fαβ
∂ êα · F d
∂ 
.
ταβ
(3.16)
=
=
∂xα
∂xα
∂xα
ταβ uβ − qα
The diffusive ux of the momentum conservation equation
 


∂ταβ
∂
∂uβ
∂uα
2 ∂uγ
=
µ
+
− µ
δαβ
∂xα
∂xα
∂xα
∂xβ
3 ∂xγ

(3.17)

is expended to


∂ 2 uβ
∂µ ∂uβ
∂uα
∂ταβ
=µ 2 +
+
∂xα
∂xα
∂xα ∂xα
∂xβ


1 ∂
∂uα
2 ∂uγ ∂µ
+ µ
−
,
3 ∂xβ ∂xα
3 ∂xγ ∂xβ

(3.18)

where dedicated second derivative approximations are used for the appearing
second order terms to avoid odd-even decoupling. The same applies to the
diffusive ux of the energy conservation equation
∂
∂ταβ
∂uβ
∂λ ∂T
∂2T
(ταβ uβ + qα ) = uβ
+ ταβ
+
+λ 2 .
∂xα
∂xα
∂xα
∂xα ∂xα
∂xα

(3.19)

The appearing derivatives are approximated by 6th order central differences

φi+3 − 9φi+2 + 45φi+1 − 45φi−1 + 9φi−2 − φi+3
+ O ∆6i ,
Di (φ) =
60∆i
(3.20)
and for second derivatives
(2)

Di (φ) =
2φi+3 − 27φi+2 + 270φi+1 − 490φi + 270φi−1 − 27φi−2 + 2φi+3
180∆i

+ O ∆6i . (3.21)
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Coef cients, optimized for behavior in wave number-frequency space, called
dispersion-relation-preserving schemes [13, 176], are also implemented. Implicit compact schemes [93] are not yet implemented, as their ef cient multithread parallelization is much more involved.
To ensure conservation, the advective uxes are discretized in local discrete conservative form [30]
3
X

 Φai+1/2,j,k (ê1 , . . . ) − Φai−1/2,j,k (ê1 , . . . )
Di,j,k êα · F a =
∆1
α=1
+

Φai,j+1/2,k (ê2 , . . . ) − Φai,j−1/2,k (ê2 , . . . )

+

∆2
Φai,j,k+1/2 (ê3 , . . . ) − Φai,j,k−1/2 (ê3 , . . . )
∆3

, (3.22)

with the numerical uxes Φa approximating the advective uxes at the uniformly spaced grid interfaces, as presented in the following section. High order central, upwind or hybrid ux functions are employed in the FDM solver.
The FDM solver is thoroughly validated for ideal gas as well as for CO2 real
gas ows in [134].

3.1.3 Numerical ux functions for the advective Fluxes
The advective uxes represent the Euler-part of the full Navier-Stokes equations (see chapter 2), a set of hyperbolic PDEs [68, 181]. This fact has certain
implications on the construction of the numerical ux functions, as hyperbolic systems are associated with wave propagation and admit wave-like solutions [67]. Numerically, it is generally accepted that the hyperbolic part poses
the most stringent requirements on the discretization techniques [181]. However, the theory of hyperbolic systems is much more advanced than that for
the full Navier-Stokes equations, which are of parabolic-hyperbolic type [68].
I.e., the solution of the full Navier-Stokes equations in density-based solution
methods, as presented in this work, can be regarded as an extension of the
solution method to the hyperbolic Euler-part represented by the advective
uxes by addition of the centrally discretized diffusive uxes. This is often
done without sound mathematical basis, but experience shows that satisfactory results can be obtained as long as one is not concerned with ne details
of the ow [181], as, e.g., in numerical experiments .
When shock waves associated with hyperbolic behavior enter the solution, all methods for smooth turbulent ows governed by parabolic behavior suffer from spurious Gibbs oscillations near shock jumps, which may
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lead to nonlinear instabilities [127]. The onset of oscillations in the proximity
of shock waves can be avoided or at least limited by either shock- tting or
shock-capturing approaches, whereas only the latter is feasible for general
application [127]. Shock waves are extremely thin regions of the order of the
mean-free molecular path length of the uid molecules; this suggests that
the continuum hypothesis, applied in the derivation of the governing equations, is not appropriate to resolve their physical structure [79]. To achieve
an accurate and stable resolution of shocked ows on a computational grid
without special shock tting, traditional shock-capturing methods rely on
two basic ingredients: formulation and solution of the governing equations
in conservative from to ensure the convergence to the correct weak solution
[181] and the addition of numerical dissipation in the vicinity of shock waves,
resulting in smearing the shocks over a certain number of grid points [79].
In this section, upwind ux shock-capturing formulations adapted to real
gas ows are presented.
Such traditional shock-capturing methods are, however, independent of
their order, not appropriate for numerical experiments or accurate scale resolving computations of shock-turbulence interaction (STI) smooth turbulence in presence of shock waves due to the inevitable numerical dissipation in smooth turbulence regions, leading to the depletion especially of important small structures, and their high computational demand. The proper
numerical treatment of STI is still subject to ongoing research [79, 90]. Its
accurate numerical treatment is challenging due to the contradictory requirements to minimize any numerical dissipation for a precise representation of
the turbulent spectrum, especially at the small scales, whilst providing stability in the presence of shock waves typically accomplished by introducing
numerical dissipation [90].
Even in absence of shocks, the straightforward central discretization of
the compressible Navier-Stokes equations in divergence form the form as
given in eq. (2.4) works only as long as nonlinearities are weak [127]. In
high-Reynolds number uid turbulence, numerical instabilities are encountered and upwinding, ltering, energy- or entropy-consistent schemes must
be used [127]. In this work, non-dissipative central discretizations in energyconsistent split form are described and employed.
To ensure the same dissipation-free treatment of turbulence in presence
of shock waves, an obvious idea is to combine a baseline spectral-like scheme
with shock-capturing capabilities through the local replacement with a classical shock-capturing approach forming a hybrid scheme. A similar strategy,
though not pursued in this work, is nonlinear ltering for the controlled addition of shock-capturing dissipation [127]. A key role in this class of schemes
is played by the shock sensor; this sensor must be de ned in such a way that
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numerical dissipation is effectively con ned in shocked regions, so that it
does not pollute smooth parts of the ow eld [127]. Overall, hybrid methods offer the potential for shock-turbulence calculations with substantially
reduced dissipation and computational times [90] and are here employed for
scale resolving simulations of complex real gas ows, including condensing
wet steam ows.
3.1.3.1 Central ux
To discretize the governing equations in smooth ow regions, the most obvious choice is the application of nite central difference approximations to
the divergence of the advecitve ux (2.4) [127], given here in Cartesian tensor
index notation with Greek indices for convenience,
∂%uα ϕβ
, ϕ = (1, u, H)
∂xα

(3.23)

and ∂p/∂xα . These approximations can be explicit or implicit (compact) [93]
with coef cients optimized for maximal formal accuracy (order) or behavior
in wave number-frequency space (dispersion-relation-preserving schemes [13,
176]).
In the present work, central ux formulations in energy-consistent split
form are employed of 2nd order in the FVM and of 6th order in the FDM
solver, respectively. Energy-consistent schemes attempt to replicate the energy preservation properties of the governing equations in the discrete sense
[127] by splitting the convective derivatives in the advective uxes. The presented split forms are often improperly referred to as skew-symmetric forms
[127]. Application of explicit central nite differences in these formulations
does not only allow a straightforward parallel implementation on GPU architectures, but also guarantees local discrete conservation contrary to compact
approximations [127].
Different split forms of eq. (3.23) have been proposed by Feiereisen et al.
[38]


∂%ui ϕ
1 ∂%ui ϕ
∂%ui
∂ϕ
=
+ϕ
+ %ui
,
(3.24)
∂xi
2
∂xi
∂xi
∂xi
preserving kinetic energy at the semi-discrete level [126], by Blaisdell et al.
[11]


∂%ui ϕ
1 ∂%ui ϕ
∂%ϕ
∂ui
=
+ ui
+ %ϕ
,
(3.25)
∂xi
2
∂xi
∂xi
∂xi
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minimizing the aliasing error [127], and by Kennedy and Gruber [82]


∂%ui ϕ
∂%ui ϕ
∂%ϕ
∂ui ϕ
∂%ui
=α
+ β ui
+%
+ϕ
∂xi
∂xi
∂xi
∂xi
∂xi


∂ϕ
∂ui
∂%
+ (1 − α − 2β) %ui
+ %ϕ
+ ui ϕ
(3.26)
∂xi
∂xi
∂xi
for additional robustness in the presence of strong density variations and
semi-discrete energy conservation for α = β = 1/4 [127].
For the split forms (3.24) and (3.25) [30] presented corresponding ux
formulations up to 6th order for the local discrete conservative form (3.22)
on uniformly spaced grids. E.g., the 2nd order central ux in direction n̂ for
split form (3.24) is given by

c,F,O(2)
Φi+1/2 (n̂, . . . ) = 1/4 ((%u · n̂)i + (%u · n̂)i+1 ) ϕi + ϕi+1 ,
(3.27)
and for (3.25) by
c,B,O(2)

Φi+1/2


(n̂, . . . ) = 1/4 (%ϕ)i + (%ϕ)i+1 ((u · n̂)i + (u · n̂)i+1 ) . (3.28)

The corresponding ux in convective form equals

c,O(2)
Φi+1/2 (n̂, . . . ) = 1/2 (%u · n̂ϕ)i + (%u · n̂ϕ)i+1 .

(3.29)

Later, Pirozzoli [126] extended these uxes and also the Kennedy and Gruber
split form (3.26) to arbitrary order. The latter yields for the previous example

c,KG,O(2)
Φi+1/2
(n̂, . . . ) = 1/8 (%i + %i+1 ) ((u · n̂)i + (u · n̂)i+1 ) ϕi + ϕi+1 .
(3.30)
All three split forms (3.24) to (3.26) are implemented in both solvers, the
Kennedy and Gruber split form (3.26) is used by default due to its improved
robustness. Obviously, these central ux formulations are invariant with respect to the underlying gas model, as the discretization does not account for
physical properties of the underlying terms (apart perhaps from the choice
of splitting). This is not the case in upwind terms, where the wave propagation properties of the underlying equations are taken into account in the ux
formulation.
3.1.3.2 Upwind ux
When shock waves enter the domain, all methods for smooth turbulent ows
suffer from spurious Gibbs oscillations near shock jumps. In this work, classic shock-capturing upwind schemes are employed for shocked ows on
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computational grids without special shock tting as long as the required accuracy of the computations admits this. Otherwise, a hybrid treatment is
used (see section 3.1.3.3). As mentioned in the introduction to this section,
traditional shock-capturing methods rely on two basic ingredients: formulation and solution of the governing equations in conservative from to ensure
the convergence to the correct weak solution [181] and the addition of numerical dissipation in the vicinity of shock waves to guarantee the stability
of the numerical method. Such shock-capturing upwind schemes are in literature generally formulated under the assumption of ideal gas behavior, a
comprehensive overview is given, e.g., in [69, 181]. Their extension to real gas
ows is the main subject of the discussion here, where the complexity of this
adaption depends strongly on the type of scheme.
Generally, classic shock-capturing schemes can be divided in two distinct
categories: Flux Vector Splitting and Flux Difference Splitting methods. Flux
Vector Splitting methods identify the upwind direction with less effort compared to the Flux Difference Splitting methods by splitting the uxes with
respect to the wave propagation of each underlying equation. This results in
much more ef cient schemes, however, with poorer resolution of discontinuities [181]. For non-ideal gas ows, their big advantage is the straightforward extension; often only the computation of the speed of sound has to be
adapted. In this work, two type of AUSM schemes [103] are implemented
and used for real gas ows based on a simple average of the sound speed, in
particular AUSM+ [101] and AUSM+-up [100] for low speed ows.
The Flux Difference Splitting methods rely on the Godunov approach [58].
The basic idea is based on the observation that for a rst order method at
each interface in isolation, two constant states wi and wj meet. In a local,
interface normal coordinate system this results in the (augmented) 1D Riemann problem


∂ n̂ij · F a


∂t w +
=0


∂ (n̂ij · x)
(
.
(3.31)
wi , n̂ij · x < 0 


w (n̂ij · x, t)|t=t0 =

wj , n̂ij · x > 0 
The numerical uxes can now be computed from the evolution of this Riemann problem in time at the interface position. In the original Godunov
method [58], this Riemann problem is solved exactly. However, this exact solution necessitates the very involved integration of the Riemann invariants
along isentropes [181] and all modern Flux Difference Splitting methods rely
therefore on approximate solutions to eq. (3.31), like, e.g., the approximate
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Riemann solver of Roe [148]. Other approximate Riemann solvers for ideal
gas can be found in [181]. Since the mid 1980s, the topic of adapting Godunov's method to real gas ows, including the exact solution of the Riemann problem for non-ideal gases, has been addressed by several authors
[23, 109, 140, 154]. In this work, the approximate Riemann solver of Roe [148]
is generalized for real gas ows in section 3.1.3.5, as the original Roe-type
linearization for ideal gas is not uniquely determined for a real gas.
For technical applications, rst order schemes are regarded as overly dissipative. For the FVM solver, Flux Vector Splitting and Flux Difference Splitting methods are extended to 2nd order accuracy by replacing the piecewise
constant approximations with a rst order linear reconstruction of both interface states prior to the numerical ux calculation, called MUSCL [183] approach. For detailed insight into the construction of higher order schemes,
see [67, 69, 181]. The slopes in this work are limited with the van Albada
limiter as presented in [12]. The MUSCL approach is directly applicable to
real gas ows; only the choice of the reconstructed variable set is adopted
for the respective real gas equation of state: for ideal gas, the standard primitive variables (%, u, p) are used, for the tabulation method (%, u, e) and for
all other implemented EoS (%, u, T ) are used. Higher order ux computations in this framework are possible in principle on the employed structured
meshes, however, the overall accuracy of the FDM formulation remains 2nd
order accurate, as the midpoint rule is used, and the scheme does not provide a compact support. For the FDM solver, a 5th order WENO scheme is
employed, as presented in section 3.1.3.6.
3.1.3.3 Hybrid ux
As mentioned in the introduction to this section, accurate scale resolving
computations like LES and DNS require essentially non-dissipative schemes
to prevent the depletion of especially the small scale motion. As long as no
shock waves are present in the domain, the ux functions described in section 3.1.3.1 can be employed. Whenever both, shock waves and turbulence,
are present in the ow, a hybrid ux treatment is adopted in this work, as
described in the following.
The hybrid numerical ux is based on the idea of distinguishing regions
of smooth turbulence from regions dominated by shock waves based on
a shock sensor and applying appropriate numerical uxes to the respective
regions [79, 90]. In this way, the numerical treatment re ects the diverse physical nature of turbulence and shocks and is mathematically formulated as a
linear combination of a non-dissipative central ux Φc and a shock-capturing
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upwind ux Φu


Φi+1/2 = Φci+1/2 + ψ i+1/2 Φui+1/2 − Φci+1/2 .

(3.32)

Such a hybrid scheme also guarantees optimal performance, as the computationally elaborate upwind ux is only used when necessary. The quality of
a hybrid discretization is largely dependent on the formulation of the shock
sensor ψ, which is dif cult to design for universal application [79].
In this work, a Ducros et al. [29] type dilatation-vorticity-sensor is used, as
presented in [79, 90]
−θi
,
(3.33)
χi =
√
|θi | + ω i · ω i + ε
with dilatation θi = divui , vorticity ω i = curl ui and a small real number
ε = 10−30 to prevent numerical divergence in regions where both, dilatation
and vorticity, are zero. On this basis, the uxes at the interface are switched
checking all neighboring points that are used in the central ux stencil to
ensure that central differencing is not done across any shocks, i.e. for the
FDM solver with a 6th order baseline central scheme

3
1 if max
χi+p > 0.65
p=−2
ψ i+1/2 =
.
(3.34)
0 otherwise
For the 2nd order FVM solver, only the cells adjacent to the interface need to
be checked. This formulation works well for traditional STI, but does not nd
contact discontinuities [90], fails entirely, whenever vorticity is not present
(degenerating in this case to a sensor of ow compression regions [79]) and
behaves inferior on very coarse grids, where the vorticity is poorly captured
[79]. To remedy, [79] suggest averaging the denominator of the shock sensor (3.33) in some sense (locally, or in homogeneous directions) in order to
prevent unnecessary switching in random regions of small vorticity; this is,
however, not employed in this work. A further analysis of shock sensors is
also given in [79]. For one-dimensional validation problems, the simple shock
sensor formulation of Visbal and Gaitonde [186] is implemented and used.
3.1.3.4 Flux Jacobian for real gas ows
The extensions to real gas ows of the Roe scheme in section 3.1.3.5 and
of the WENO schemes in section 3.1.3.6 rely on the construction of the Jacobian matrix of the advective uxes (2.4) and its Eigendecomposition, as
presented in this section. This is also important for the construction of other
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schemes and for the derivation of boundary conditions for application in real
gas ows.
For convenience, the conservative variables are de ned as follows in this
section


w := %, $,  = %, %u, %E .
(3.35)
The Jacobian matrix of the advective uxes in n̂ direction

A (w, n̂) := ∂w n̂ · F a

(3.36)

is derived here under the assumption of the general equation of state (2.10).
Therefore, the derivation is much more involved as for the ideal gas case
(2.27), which is contained as one special case. The interface normal projection of the advective ux vector (2.4), introducing the conservative variables
as de ned in eq. (3.35), is given by
T
n̂·F a (w) = n̂ · $, %−1 n̂ · $ $ + p (w) n̂, %−1 n̂ · $ ( + p (w)) . (3.37)
Derivation with respect to the conservative variables yields the Jacobian matrix (3.36)
A (w, n̂) =


n̂T
0
 −n̂ · u u + ∂% Π n̂ u ⊗ n̂ + n̂ ⊗ ∂$ Π + n̂ · u I
T
−n̂ · u (H − ∂% Π)
H n̂ + n̂ · u ∂$ Π


0
.
∂ Π n̂
(1 + ∂ Π) n̂ · u
(3.38)

The partial derivatives of the pressure function can be evaluated applying the
chain rule
∂w Π =: ∂w p(w) = ∂w p (% (w) , e (w)) ,
(3.39)
where

e (w) = %−1  − 2 %2

−1

$ · $.

(3.40)

This nally yields
∂% p (w) = ∂% p (%, e) − %−1 ∂e p (%, e) (E − u · u)
∂$ p (w) = −%−1 u ∂e p (%, e)
−1

∂ p (w) = %

(3.41)

∂e p (%, e) .

For the Eigendecomposition of the Jacobian matrix (3.38), let Λ denote the
matrix of the Eigenvalues and R the matrix of the right Eigenvectors, such
that

A (w, n̂) = R Λ R−1 (w, n̂) .
(3.42)
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The equilibrium speed of sound is expressed in terms of the state variables
(%, e) utilizing Gibbs' fundamental equation
2

a (%, e) = ∂% p (%, s) = ∂% p (%, e) + %−2 p (%, e) ∂e p (%, e) .
Then, the eigenvector matrix results in


n̂ · u I
0
0
,
Λ (w, n̂) =  0
n̂ · u + a
0
0
0
n̂ · u − a

(3.43)

(3.44)

the corresponding matrix of the right Eigenvectors reads
n̂T
R (w, n̂) =  u ⊗ n̂ + % [n̂]×
T
ϕ n̂T − % (n̂ × u)


where


α
α
α (u + an̂)
α (u − an̂)  ,
α (H + a n̂ · u) α (H − a n̂ · u)
(3.45)

−1

α := (2 %)

ϕ := H − (∂e p (%, e))

−1

a2 %

(3.46)

and with the cross-product matrix of the unit normal vector n̂ ∈ R3 de ned
by


0
− n3 n2
0
−n1  .
[n̂]× :=  n3
(3.47)
−n2
n1
0
The inverse is given by

σ n̂ + %−1 n̂ × u  a−2 φ n̂ ⊗ u − %−1 [n̂]
 ×
−1
R := β a2 (1 − σ) − a n̂ · u
−β φ uT − a n̂T 
β a2 (1 − σ) + a n̂ · u
−β φ uT + a n̂T
with
β :=

√


−a−2 φ u
βφ  ,
βφ
(3.48)

−1
2a%

φ := %−1 ∂e p (%, e)

(3.49)

σ := a−2 φ (H − u · u) .
In the ideal gas case, with
∂e pIG (%, e) = (γ − 1) %,

(3.50)
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such that
1
u·u
2
= (γ − 1)
1
= 1 − a−2 (γ − 1) u · u,
2

ϕIG =
φIG
σ IG

(3.51)

it can be easily veri ed that the given Eigendecomposition reduces to the
decomposition in [139] (it appears that in eq. A.11 a sign error occurs for
element (2,4) of the matrix).
3.1.3.5 Real gas Roe-type scheme
In this section, a Roe-type scheme for real gas ows is presented as implemented in the FVM solver. As will be shown, the Roe scheme cannot directly
be applied to real gas ows, as it is not uniquely de ned for the more general
system. The basic idea of the Roe scheme is to linearize the PDE of the interface Riemann problem (3.31). Therefore, the PDE is written in quasi linear
form
∂w
= 0,
∂t w + A (w, n̂ij ) ·
(3.52)
∂ (n̂ij · x)
which introduces the Jacobian matrix, as derived in section 3.1.3.4 for a general real gas ow.
We denote by Ă (wi , wj , n̂ij ) the Roe-type linearization in n̂ij direction,
when Ă meets following requirements de ned by Roe [148]:
i. Ă constitutes a linear mapping from w to n̂ · F a ,
ii. conservation:

n̂ij · F a (wi ) − F a (wj ) = Ă (wi , wj , n̂ij ) · (wi − wj ) ,

(3.53)

iii. hyperbolicity: Ă (wi , wj , n̂ij ) has real eigenvalues and a complete set
of eigenvectors,
iv. consistency:
Ă (wi , wi , n̂ij ) = A (wi , n̂ij ) .
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With this Roe-type linearization, instead of the exact Riemann problem (3.31),
the linearized Riemann problem

∂w
∂t w + Ă (wi , wj , n̂ij ) ·
=0



∂ (n̂ij · x)
(
(3.55)
wi , n̂ij · x < 0 


w (n̂ij · x, t)|t=t0 =

wj , n̂ij · x > 0
is solved with considerably less effort.
It is left to nd the Roe-type linearization Ă of the general EoS Jacobian
introduced in section 3.1.3.4. For the discussion it is convenient to de ne
an auxiliary vector q containing all explicitly occurring terms of the Jacobian
matrix (3.38)

q (w) := u, H, ∂w Π .
(3.56)
With this de nitions, the Jacobian matrix may be equally given by

A q (wi ) , q (wj ) , n̂ij .

(3.57)

For an ideal gas, q reduces to
q IG (w) := (u, H).

(3.58)

For this simpli ed ideal gas system, Roe [148] constructs ĂIG utilizing a parameter vector, of which both, the ux vector n̂ · F a,IG and the vector of the
conservative variables w, are homogeneous quadratic functions; see also [57,
97, 181]. With the parameter vector (3.58) a Roe-averaged, intermediate state
w̆IG is found, at which the exact Jacobian matrix is evaluated to yield the
Roe-type linearization




ĂIG (wi , wj , n̂ij ) = AIG q IG w̆IG (wi , wj ) , n̂ij ,
(3.59)
with

 

IG
q IG w̆IG (wi , wj ) = ŭIG (wi , wj ) , H̆ (wi , wj ) .

(3.60)

I.e., in the ideal gas case, it is suf cient to nd Roe-averaged velocity and
total enthalpy
ŭIG (wi , wj ) := α ui + (1 − α) uj
H̆

IG

(wi , wj ) := α H i + (1 − α) H j ,

(3.61)
(3.62)
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where
α :=

√

%i +

√ −1 √
%j
%i .

(3.63)

For the general Jacobian (3.38) considered here, the Roe-type linearization is no longer uniquely determined, as the number of explicitly occurring
quantities exceeds the number of conditions de ning the Roe-type linearization, see eq. (3.56). Furthermore, the construction by a parameter vector
is no longer possible, since there generally exists no parameter vector, of
which ux vector n̂ · F a and the vector of the conservative variables w are
homogeneous quadratic functions. Several approaches to generalize the Roetype linearization to the real gas case have been proposed, see [20, 118] for
an overview. Instead of a Roe-averaged state, most approaches de ne Roeaveraged quantities


q̆ (wi , wj ) := ŭ, H̆, ∂w Π ,
(3.64)
needed to construct the Roe-type linearization Ă. I.e., the averaged quantities ∂w Π (wi , wj ) are no longer the partial derivatives of the pressure function Π (w) evaluated at some intermediate state, but additional independent
unknowns of the linearization process [20]. The schemes based on that approach have been proven successful in the computation of chemically reacting hypersonic ows [60] and in different real gas applications. However, a
drawback lies in the fact that the intermediate quantities q̆ are arti cial unknowns without thermodynamic signi cance. This may lead to inconsistencies whenever these quantities are employed to derive other thermodynamic
variables such as the speed of sound. Especially in two-phase ows, these
approaches may lead to a non-hyperbolic Roe-type linearization [182].
To overcome this shortcoming, the approach due to [20] that is based on
the idea presented in [60] is followed here. In analogy to the ideal gas case
(3.59), a Roe-averaged state is searched such that the partial derivatives are
now considered to be dependent unknowns evaluated at the intermediate
state


q (w̆ (wi , wj )) := ŭ, H̆, ∂w Π (w̆) .
(3.65)
The Roe-averaged state is constructed by direct substitution into eq. (3.53).
De ning ∆ (•) := (•)j − (•)i and F a i := F a (wi ) and introducing eq. (3.65)
yields following underdetermined system of equations

n̂ij · ∆F a = A q (w̆ (wi , wj )) , n̂ij · ∆w,
(3.66)
de ning the Roe-averaged state. As the mass conservation equation reduces
to unity, we are left with only two equations. To construct a Roe-averaged
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state, additional constrains must be de ned to close the system. As it is desired that the Roe-average for the general system reduces naturally to the
ideal gas case, the obvious choice is to require
ŭ := ŭIG
H̆ := H̆

IG

(3.67)

,

which yields the additional pressure constraint
(3.68)

∆p = ∂w Π (w̆) · ∆w.

The actual number of constraints that have to be de ned additionally in order
to satisfy eq. (3.68) depends on the choice of the pressure equation of state.
As expected, eq. (3.68) reduces to unity in the ideal gas case.
For the EoS p = p (%, e), the additional pressure constraint (3.68) yields
∆p = ∂% p (%̆, ĕ) ∆% − %̆−1 ∂e p (%̆, ĕ) (∆ (%e) − ĕ∆%) .
Further assuming

(3.69)

∆ (% e) := %̆ ∆e + ĕ ∆%,

(3.70)

√
%̆ (wi , wj ) := %i %j
ĕ (wi , wj ) := α ei + (1 − α) ej ,

(3.71)

as in [102], satis ed by
(3.72)

the additional pressure constraint (3.68) holds if the pressure equation of
state satis es
∆p = ∂% p (%̆, ĕ) ∆% − ∂e p (%̆, ĕ) ∆e.
(3.73)
However, a Taylor series expansion reveals that the
 general equation of state
2

p = p (%, e) satis es eq. (3.73) only to within O k∆wk [20]. In order to
satisfy eq. (3.73), [102] proposes a projection step over the straight line, which,
however, might not yield a physically consistent state for a two-phase ow
[102]. This further motivates following the procedure suggested in [20] that
proposes to omit this projection step. This enhances the overall performance

and, in a 2nd order scheme, the introduced error reduces to O δx6 with the
mesh size δx. Furthermore, this ensures that the Roe-type like linearization
reduces naturally to the ideal gas case.
The described linearization is not truly a Roe-type linearization as condition (3.53) is generally not satis ed, but the results in [20] indicate that the
accepted error does not signi cantly affect the computational results. To prevent the resolution of nonphysical solutions, the entropy x due to Harten
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and Hyman [62] is implemented. Finally, the numerical ux vector of the
presented Roe-type scheme is given by
ΦRoe (wi , wj , n̂ij ) =


1
n̂ij · F a (wi ) + F a (wj ) − Ă (wi , wj , n̂ij ) · ∆w , (3.74)
2
where
Ă := R̆ Λ̆ R̆

−1

,

(3.75)

with corrected Eigenvalues, see [12, 69, 181]. The Roe-averaged speed of sound
is for consistency and in difference to [20] calculated with the Roe-averaged
pressure p̆ := p (%̆, ĕ), evaluated directly through the equation of state
ă2 := a2 (%̆, ĕ) = ∂% p (%̆, ĕ) + %̆−2 p (%̆, ĕ) ∂e p (%̆, ĕ) .

(3.76)

The presented Roe-type scheme for real gas ows is implemented in the
FVM solver. Applying the MUSCL reconstruction, the presented ux can be
extended to 2nd order accuracy. For the FDM solver, WENO schemes are
applied to achieve even higher order, as presented in the next section.
3.1.3.6 WENO schemes
For the FDM solver, different 5th order accurate conservative nite difference WENO (standard WENO-JS [77]) schemes are implemented to provide
a high order upwind ux. Used by default is the characteristic-wise Roe-type
implementation with entropy and carbuncle xes for minimal numerical dissipation, as described in detail in [161].
The used implementation follows the derivation in [78], shown here initially for the characteristic-wise ux splitting version in n̂ direction

ΦWENO
i+1/2 (n̂, . . . ) = 1/12 −fi−1,n̂ + 7fi,n̂ + 7fi+1,n̂ − fi+2,n̂



+
+
+
+
+ Ri+1/2,n̂ · −ϕN ∆gi−3/2,n̂
, ∆gi−1/2,n̂
, ∆gi+1/2,n̂
, ∆gi+3/2,n̂


−
−
−
−
, ∆gi+3/2,n̂
, ∆gi+1/2,n̂
, ∆gi−1/2,n̂
, (3.77)
+ ϕN ∆gi+5/2,n̂
with
fi,n̂ := n̂ · F a (wi ) ,

(3.78)

ϕN (a, b, c, d) := 1/3ω0 (a − 2b + c) = 1/6 (ω2 − 1/2) (b − 2c + d) (3.79)
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and the weights ω0 and ω2 given in [78]. The splitted ux differences in characteristic space


±
±
±
∆gi+1/2,n̂
= R−1
·
f
−
f
(3.80)
i+1,n̂
i−1,n̂
i+1/2,n̂

−1
wi+1/2 , n̂ ,
are projected based on the left eigenvectors R−1
i+1/2,n̂ = R
evaluated at the Roe-averaged face state wi+1/2 (using a simple mean is also
possible and currently used for real gas). The derivation of the Eigendecompositon of the real gas Jacobian matrix is presented in section 3.1.3.4. The
split- uxes


(s)
±
fi,n̂
= 1/2 fi,n̂ ± λ̂i,n̂ · wi , λ̂i,n̂ = λ̂i,n̂ δsj
(3.81)
are either computed by the global Lax-Friedrichs ux splitting (LF)
(s)

λ̂i,n̂ = max

0≤α≤N

(s)

λα,n̂ ,

(3.82)

(s)

with the s-th eigenvalue λn̂ of the ux Jacobian, or the local Lax-Friedrichs
ux splitting (LLF)
(s)

λ̂i,n̂ =

max

i−2≤α≤i+3

(s)

λα,n̂ .

(3.83)

The Roe-type implementation does not use splitted uxes but selects the
upwind stencil based on the respective eigenvalue
ΦWENO−Roe
(n̂, . . . ) =
i+1/2
5
 X
(s)
1/12 −fi−1,n̂ + 7fi,n̂ + 7fi+1,n̂ − fi+2,n̂ +
ri+1/2,n̂
s=1



(s)
(s)
(s)
(s)
−ϕN ∆g (s)
if λi+1/2,n̂ < 0
i−3/2,n̂ , ∆gi−1/2,n̂ , ∆gi+1/2,n̂ , ∆gi+3/2,n̂


.
(s)
(s)
(s)
ϕN ∆g (s)
otherwise
i+5/2,n̂ , ∆gi+3/2,n̂ , ∆gi+1/2,n̂ , ∆gi−1/2,n̂

(3.84)
To avoid an entropy violation, the entropy x due to [162] (algorithm 2.3)
is employed, reverting to the local Lax-Friedrichs ux splitting implementation if Eigenvalues change signs at the evaluated interface for the respective
component s. Furthermore, the H-correction carbuncle x of [152] is implemented as described in [142]. The numerical viscosity of the LF splitting is
larger than that of the LLF, which is in turn larger than that of the Roe-type
leading to increasingly less shock smearing and better overall accuracy [162].
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3.2 Time integration
The method of lines approach is adopted in this work, where the spatial discretization and subsequent integration in time are separated. Introducing
the spatial discretization into the continuously de ned PDE of the underlying IBVP yields semidiscrete equations, eq. (3.7) for the FVM solver and
eq. (3.15) for the FDM solver, which are ODEs in time. There are many numerical solution techniques available for solving ODEs, see, e.g., [67]. Generally, explicit and implicit methods can be distinguishing. Explicit methods
are only conditionally stable and are thus limited in the allowable time step
size, which is for advection dominated compressible ows quite small with
the Courant Friedrichs Lewy number (CFL number) in O (1) [67]. The computational costs per iteration is low, since no matrices have to be inverted
and the ef cient parallelization on GPUs is straightforward. However, the
low stability limit will require a large number of time steps compared to implicit methods [67].
For scale resolving simulations like LES and DNS, the acceptable time step
sizes to resolve the small scale motion are generally within the stability limit
of explicit methods. At the same time, explicit Runge-Kutta schemes allow to
achieve arbitrary high order accuracy in time. Therefore, an explicit classic 4th
order Runge-Kutta scheme is employ for DNS or LES computations in both
solvers, as presented in [67]. A global or a xed time step is implemented,
where the pure Euler time step is always used for real gas ows. For steady
state RANS computations, a low-storage Runge-Kutta scheme as presented
in [12] is available with local time-stepping. Further speedups are possible
with residual smoothing or multi-grid cycles [12], which are not yet implemented, as implicit methods for time integration are also available. However, for the GPU mode, especially the multi-grid approach seems promising
for future implementation. URANS computations are conducted based on a
dual time-stepping as given in [12]. Dual time-stepping with explicit inner
iterations can be ef cient, as long as the physical time step does not become
too large.
For larger physical time steps in URANS and steady state RANS computations, the implicit Lower-Upper Symmetric-Gauss-Seidel Method (LUSGS)
scheme, as presented in [12], is also available for real gas ows. Such implicit
methods are generally unconditionally stable and allow thus large time steps.
However, the computational costs per iteration is signi cantly higher compared to explicit methods, since matrices have to be inverted at each time step.
This inversion of matrices makes ef cient parallelization on multi-thread architectures hard to achieve. The implemented LUSGS scheme offers a comparable low numerical complexity and modest memory requirements com-
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pared to other implicit methods. A parallel treatment of the conducted swipes
is possible and implemented. However, the performance at block boundaries and other boundary conditions is inferior to the implemented explicit
schemes at the moment, as no implicit contributions of the boundary conditions are currently considered. This will be subject of future work; the focus
of this work is rather on highly accurate scale resolving computations based
on explicit time integration schemes.
Having introduced the full discretization of the governing equations as
part of the IBVP to be solved, the last part of the solution scheme is concerned with the treatment of the boundaries, con ning the computational
domain. This is the subject of the next section.

3.3 Boundary conditions
In this section, the numerical treatment of boundary conditions for real
gas ows is described. Here, the focus is on the FVM solver, as the FDM
solver currently only contains treatment for periodic and symmetry boundaries. The implementation is based on ghost cells, which are only allocated
in memory for the ux computation, as only limited memory is available on
the GPU architecture. The boundary treatment for the FVM solver is also
based on ghost cells, which are, however, allocated permanently. Solid wall
and symmetry treatments are implemented as described in [12] and are only
adapted to real gas ows in terms of the choice of variables for the extrapolation to the ghost cells. In the following, a set of simple in- and outlet boundary conditions as well as more sophisticated steady state non-re ecting inand outlet boundaries for real gas ows are presented. Non-re ecting boundary conditions for transient simulations based on an extension of the NavierStokes characteristic boundary conditions (NSCBC) methodology [128, 129]
are already implemented in the solver. Details about this development will
be published in the future. Speci c boundary conditions for turbomachinery
computations, like the frozen rotor or mixing plane interface for steady state
and the sliding interface for unsteady computations are also implemented.
Only the inversion of ux averages (also called mixed-out average [55])
has to be adopted to real gas ows. It denotes the computation of the ux
averaged primitive variables %̄, ū, p̄ , which represent the fully mixed-out
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state, from the ux average
N
P

f̄ :=

n̂ · F a (wi ) Ai



= f¯% , f̄ $ , f¯ ,

i=1
N
P

(3.85)

Ai

i=1

where N is the number of cell faces on the considered surface. This ux
average is the theoretically most rigorous averaging method [55] and the only
one that guarantees conservativity of the numerical scheme at the respective
interface. For a general EoS, the primitive variables may be given in terms of
f¯%
ū · n̂

(3.86)

f̄ $ − p̄n̂
f¯%

(3.87)

%̄ =

ū =
and the implicit function

0 = f¯ − %̄ū · n̂ (h (%̄, p̄) + ū · ū/2) .

(3.88)

These equations can be combined to following implicit function of the ux
averaged pressure
!
¯% 2
f
2
2
0 = p̄ − 2f̄ $ · n̂p̄ + 2f¯% h
, p̄ + f̄ $ · f̄ $ − 2f¯ f¯% , (3.89)
f̄ $ · n̂ − p̄
which generally contains multiple roots. To locate all real valued roots, a
complex global root nding algorithm is required; subsequently the correct
solution in the thermodynamic sense must be chosen based on the corresponding entropy change with respect to a reference state. This represents a
very cumbersome process and the stable and ef cient inversion for complex
EoS is subject of current research. For an ideal gas, eq. (3.89) reduces to a
quadratic function with a subsonic and a supersonic solution
!
r
2


1
f̄ $ · n̂ ±
f̄ $ · n̂ + (γ 2 − 1) f̄ $ · f̄ $ − 2f¯ f¯% .
p̄1,2 =
γ+1
(3.90)
I.e., the ux inversion is only simple for an ideal gas EoS and a robust area
average is used for the presented real gas computations at turbomachinery
interfaces in this work.
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3.3.1 Simple in- and outlet treatment for real gas ows
In order to solve an IBVP for the Navier-Stokes equations with a generalized
EoS described in chapter 2, a simple ghost-cell based boundary treatment
for in- and out ow boundaries is proposed here. More sophisticated nonre ecting boundary conditions will be described in section 3.3.2.
Objective of the boundary treatment is to determine the ghost-cells' ow
o
states (•) , such that a certain, user prescribed state on the boundary face
f
(•) is maintained. This boundary face state is computed for the cell centered
i
FVM approach by a simple average of the rst inner cell's state (•) and that
of the rst ghost cell. I.e., having determined the state on the face wp f , the
ghost cell state is computed by a rst order extrapolation
wp o := 2wp f − wp i ,
shown here in primitive variables. As for the reconstruction of the MUSCL
scheme, instead of the primitive variables, the set (%, u, e) or (%, u, T ) are
used for non-ideal gas ows, depending on the underlying state equation. For
every characteristic entering the domain a user-de ned condition must be
imposed on in- and outlet boundary faces [69]. Thus, the in- and outlet boundary treatment depends in the Mach-number regime of the ow through the
boundary face, that is determined by an appropriate face-average.
For a subsonic inlet boundary, total pressure pt f , total temperature Tt f
and the ow angles
tan α := uf · n̂f

−1

uf · êφ

tan β := uf · n̂f

−1

uf · t̂f

(3.91)

are imposed on the face, with the face-normal n̂f , face-tangential t̂f and faceazimuthal êφ unit vectors. Assuming
uf · uf ∼
= ui · ui ,

(3.92)

together with the ow angles (3.91), the velocity on the boundary face uf is
determined. Further assuming

sf = s pt f , Tt f ∼
(3.93)
= si ,
the thermodynamic state on the face is determined by

hf , sf ,

(3.94)
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where

 1
hf = h pt f , Tt f − uf · uf .
(3.95)
2
In the supersonic regime, corresponding to the additional upstream running characteristic, the static pressure pf is imposed supplementary. Assuming (3.93) holds, the thermodynamic state is determined by

pf , sf .
(3.96)

With


uf · uf = 2 h pt f , Tt f − h pf , sf

(3.97)

and the imposed ow angles (3.91), the boundary face velocity uf is determined.
For an outlet boundary in the subsonic regime, the static pressure pf is
prescribed. Assuming
sf ∼
(3.98)
= si ,
the static state on the face is determined by

pf , sf .
Further assuming

Hf ∼
= H i,

the kinetic energy on the boundary face can be computed

uf · uf = 2 H f − h pf , sf .

(3.99)
(3.100)

(3.101)

To determine the face velocity, the same ow angles as in the internal cell are
imposed.
As no characteristics enter the domain through an outlet in the supersonic
regime, no condition has to be prescribed and, only in this case, the state is
zero-order extrapolated from the interior.

3.3.2 Steady state non-re ecting in- and outlet treatment
for real gas ows
In turbomachines, computations must generally be performed on compact
domains such that, in contrast to external aerodynamics, generally no undisturbed ow states exist at the boundaries. Therefore, application of standard
re ecting boundary conditions may cause spurious, non-physical re ections
at the boundaries, which may not only invalidate the calculated ow eld but
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also result in its dependence on the position of the boundaries. To prevent
this, non-re ecting boundary conditions can be applied.
In this work, the steady state non-re ecting boundary treatment of Giles
[55, 56], extended by a quasi 3D treatment [155] and with a one-dimensional
characteristic reconstruction of boundary face values for cell-centered methods proposed in [147], is adapted to real gas ows. For the general equation
of state approach, the in ow boundary treatment must be extended, as presented in the following; the general theory is not repeated here for brevity
and can be found in the previously mentioned literature.
The changes of the circumferentially averaged characteristic values are determined by a one-step Newton-Raphson procedure
∆c = − ∂c/∂r · r ,

(3.102)



f
 p s (%, p) − s


f 
%a u · êy − u · êx tan αθ 



r :=  %a u · êy − tan αf
,
r


f


% H (%, p) − H
∆c5

(3.103)

with the residual de ned as


considering a Cartesian coordinate system and the tangential αθ and radial
f
αr ow angles. The boundary face values (•) are prescribed. In contrast to
the ideal gas case, the entropy s = s (%, p) is used instead of some entropy
related function and the total enthalpy is also treated by means of a general
equation of state H = H (%, p).
Neglecting several terms which are zero in the converged limit [55], the
Jacobian matrix in eq. (3.102) reads


−Γ1 Q
−Γ1 Γ2 tan αf

θ
∂c
= Q−1 
−Γ1 Γ2 tan αrf

∂r
 −2Γ1 Γ2
0

0
−M y tan αθf + Q
−M y tan αrf
−2M y
0

0
0
f
−M z tan αθ
tan αθf
−M z tan αrf + Q tan αrf
−2M z
2
0
0


0
(Γ3 − Γ2 ) tan αθf 

(Γ3 − Γ2 ) tan αrf 

2 (Γ3 − Γ2 ) + Q 
Q

(3.104)
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where

−1
Γ1 := a2 p ∂% s (%, p)|p
Γ2 := %a−2 ∂% h (%, p)|p
Γ3 := −% ∂p h (%, p)|%

(3.105)

Q := % ∂p h (%, p)|% + Γ2 + M x + M y tan αθf + M z tan αrf
M x := u/a.
For the correction of entropy and enthalpy related perturbations, a similar
Newton-Raphson method is applied. The corresponding matrix can be constructed analogously to eq. (3.104) and is omitted here for brevity. The rst
validation of the presented real gas adaption of the non-re ecting boundary
treatment of Giles is presented in [133].

3.4 Validation for scale resolving computations
In the following, the hybrid ux treatment of both solvers, i.e., the 2nd order FV solver and the high order FD solver, is validated for the use in scale
resolving computations using test cases as described in [79]. This allows a
direct comparison of the results and is ef cient due to the coarse grids used.
Since the aspired application of the solvers is the investigation of STI, most
of the test cases simultaneously involve smooth turbulence as well as sharp
discontinuities. The rst test case is the one-dimensional Shu-Osher problem containing a well-de ned shock wave disturbing a smooth eld. Next,
essentially incompressible problems with purely smooth broadband turbulence features are considered, with the inviscid Taylor-Green vortex test case
for the FD solver and the Comte-Bellot and Corrsin [26] (CBC) experiment
of decay of homogeneous isotropic turbulence (DHIT) for the FV solver. Finally, a compressible DHIT with broadband turbulence permeated with eddy
shocklets (weak shock waves) is presented for both solvers. The initial validation for real gas applications of the high order FD solver based on adaptions
of the presented test cases in the ideal gas limit is given in [134].

3.4.1 Shu-Osher problem
The rst test case is the Shu-Osher problem [162], a one-dimensional STI
idealization in which a normal shock front propagates into an arti cially
perturbed density eld with M = 3. With this test case, the capability of
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Figure 3.1: Evaluation for the Shu-Osher problem after ∆t = 1.8 (see also
[134])
a solution method to accurately capture a shock wave, its interaction with an
unsteady density eld and the waves propagating downstream of the shock is
tested [79]. The Euler-equations are solved within a domain x ∈ [−5, 5] with
a mesh resolution of ∆x = 0.05 for an ideal gas with γ = 1.4. The initial
state is given by
(
(3.857143, 2.629369, 10.33333) if x < −4
(%, ux , p) =
.
(3.106)
(1 + 0.2 sin (5x) , 0, 1)
otherwise
Figure 3.1 shows the evaluation of density, velocity and entropy change
∆s/cv = ln(p/%γ ) after ∆t = 1.8 for hybrid and upwind uxes within the
high order FD and the 2nd order FV solvers. For the FD solver, the WENO im-
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plementations with global Lax-Friedrichs (LF) and local Lax-Friedrichs (LLF)
ux-splitting and the WENO-Roe implementation with entropy and carbuncle xes are shown in addition to the hybrid ux, combining the Kennedy and
Gruber split form with the WENO-Roe implementation. For the FV solver,
hybrid and MUSCL upwind ux results are evaluated. Because this test case
is one-dimensional, the default shock sensor is replaced by the shock sensor of Visbal and Gaitonde [186] in both solvers. The reference solution is
computed with the FD hybrid ux on a mesh containing 1600 cells and validated against the results given in the original paper [162]. The interaction
between the shock wave and the entropy disturbance, as consequence of the
disturbed density eld, generates acoustic and entropy waves downstream of
the moving shock front. This complicates the interpretation of the density
plot, which is typically shown for this test case [79]. Therefore, as in [79], entropy and velocity are also shown separately to isolate each family of waves.
All ux formulations in both solvers predict the correct shock position at
x ≈ 2.39 and capture the shock reasonably well. Equally, the location of the
contact discontinuity at the leading entropy wave x ≈ 0.69 and the location of
the leading acoustic wave x ≈ −2.75 [79] are captured in all reported results.
Between the contact discontinuity and the shock front, the interpretation of
the density distribution is dif cult. All upwind methods of FD and FV solvers
show similar results. For the hybrid uxes, in addition to higher dissipation,
the FV solver shows signs of dispersion, which is not evident from the FD
solver. All results are similar regarding the velocity distribution in this area.
The most prominent differences between the results are evident from the
entropy wave evaluation. Downstream of the shock, the amplitudes of the
entropy waves decrease as they propagate downstream due to the numerical
dissipation. For the FD solver, the WENO-LF is more dissipative than WENOLLF, which nearly matches WENO-Roe. The FD hybrid method is much less
dissipative; even better results are reported in [79] using a more elaborate
shock sensor. In addition to increased dissipation, the 2nd order FV solver
shows for both ux formulation dispersion with respect to the FD solver
results. Already this simple one-dimensional test case demonstrates that in
addition to an accurate treatment of the shock the properties of the numerical
scheme away from the shock matter in order to achieve accurate results in
the entire domain [79].

3.4.2 Inviscid Taylor-Green vortex
To assess the effect of dissipation on purely smooth broadband turbulence
in absence of shock waves, the inviscid Taylor-Green vortex test case [179]
is considered for the FD solver. A similar test case for the FV solver is pre-
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Figure 3.2: Isosurfaces of p = 99.8 colored by Mach number for the FD
hybrid computation of the inviscid Taylor-Green vortex test
case (see also [134])
sented in the next section. The Taylor-Green vortex test case constitutes a nonregularized problem with no lower bound on the length scale [79, 90], where
the inviscid vortex begins stretching and producing ever smaller scales, starting from a well-resolved initial condition (see also g. 3.2). The test case is
solved without any regularization other than the numerical method and allows to test the preservation of kinetic energy, enstrophy growth and stability
in presence of under-resolved motions [79].
The Euler-equations are solved for an ideal gas with γ = 5/3 and the
3
periodic domain [0, 2π) is discretized by a uniform 643 grid. The initial
condition
%=1

u = sin x cos y cos z, − cos x sin y cos z, 0
(3.107)
(cos 2z + 2) (cos 2x + cos 2y) − 2
p = 100 +
16
is speci ed with a suf ciently high mean pressure to make the problem essentially incompressible. This allows a comparison to the semi-analytical results for the enstrophy growth of Brachet et al. [14]. As consequence of the incompressibility, the kinetic energy must remain constant, while the enstropy
grows rapidly [79].
The process of vortex breakdown is illustrated in g. 3.2 showing isosurfaces of pressure colored by the Mach number after t = (0, 5, 10) for the
FD solver with hybrid ux treatment. The general regimes through which
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Figure 3.3: Temporal evolution of space averaged quantities for the inviscid
Taylor-Green vortex on a 643 grid (see also [134])

the ow evolves in time are visible. From the smooth initial conditions at
t = 0, the structures begin to interact. At t = 5 the ow is still laminar-like
and dominated by large-scale structures. By t = 10, the ow has transitioned
to turbulence-like, in which smaller scale structures form due to nonlinear
interactions producing a range of length scales in the ow.
The temporal evolution of space averaged kinetic energy and enstrophy
is evaluated in g. 3.3, allowing to assess the in uence of the numerical
dissipation of the different FD ux treatments for this problem. For the
dilatation-based shock sensor of the hybrid scheme to work, the grid for this
test case must
 be chosen carefully, as, e.g., with a grid point located at point
x = 0, 0, 0 the vorticity in this point is 0 and the shock sensor fails. Therefore, the grid is equally shifted by ∆x/2 (alternatively, the shock sensor de nition can also be enhanced as proposed in [79]). On this grid, the dilatationbased shock sensor of the FD hybrid scheme never activates the WENO ux,
allowing the non-dissipative central scheme to preserve the kinetic energy.
The same is evident from the temporal evaluation of the enstrophy, where
FD hybrid and central schemes show an identical rapid growth, very similar
to the results of Brachet et al. [14]. Furthermore, these schemes also match
the spectral (F-SF-23N) results of Shu et al. [163] on the same 643 grid. Also,
the WENO5 results of [163] are similar to those of the FD WENO-LLF and
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WENO-Roe implementations.
All presented FD WENO schemes are certainly stable, but at the expense
of a large dissipation that causes depletion of both kinetic energy and enstrophy for t & 2. At this point, the FD WENO schemes begin to adapt
their stencils, which leads to a drastic increase of numerical dissipation [79],
where the FD WENO-LF is more dissipative than FD WENO-LLF, which
nearly matches the dissipation of the FD WENO-Roe implementation. All
FD WENO schemes agree reasonably with the semi-analytical results for the
enstrophy growth until t ≈ 3, where the in uence of the numerical dissipation is starting to become evident.

3.4.3 LES of the Comte-Bellot and Corrsin experiment
In this section, the Comte-Bellot and Corrsin (CBC) [26] experiment of decaying homogeneous isotropic turbulence (DHIT) is used as a benchmark test
case for the validation of the FV solver for scale resolving computations of
smooth turbulence. The spatial decay of relatively large scale isotropic turbulence generated by a mesh of spacing M = 5.08 cm at a mean ow velocity
U0 = 10 ms−1 with a resulting Reynolds number Re M = 34 000 is studied
at three different downstream positions tU0 /M = 42, 98, 171. The measurements clearly show the classical integral scales, inertial range and dissipative
scales in the spectra of the turbulent kinetic energy [184]. The Taylor-scale
Reynolds number decays from Re λ = 71.6 to 60.6 between the rst and last
measurement location.
For the computation, the Taylor hypothesis of frozen turbulence [178] is
invoked and the frame of reference is changed to move with the mean ow
speed
Z x
dx0
t=
,
(3.108)
0
0 U (x )
with the downstream grid distance x and the mean ow velocity over the
cross-section of the tunnel U (x). This allows to compare the spatial decay
of the experiment to a temporal decay in a stationary computational domain.
I.e., it is possible to initialize the problem with the spectrum from the rst
available upstream location and compare the temporal decay directly to the
available spectra at the two downstream positions. Furthermore, for computational convenience, the standard non-dimensionalization
[47, 112] for the
q
test case is adopted, scaling velocity Uref = 3U 0 2o /2, length Lref = L/(2π)
q
and time tref = Lref /Uref , where U 0 2o = 22.2 cms−1 represents the velocity
uctuations at the rst measurement position. With L = 11M , the numer-
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Figure 3.4: Contours of the Mach number after ∆t = 2 s for the CBC test
case solved by the FV hybrid scheme on the 1283 grid
ical domain contains approximately four integral scales [184]. With the rst
measurement location corresponding to t0 /tref = 0 the non-dimensional
times at second and third measurement locations are t1 /tref = 0.87 and
t2 /tref = 2.0.
For the CBC test case, the ltered Navier-Stokes equations are solved employing the hybrid ux treatment of the FV solver in a periodic cubic computational domain of equal side length 2π discretized by an equidistant mesh
of resolutions 643 and 1283 , respectively. Time is integrated with a constant
time step of 5 × 10−5 s, which corresponds to a CFL number below 0.5. The
initial divergence free velocity eld is generated employing Rogallo's method
[149], the Mach number in each cell does not exceed a value of 0.009. All
thermodynamic elds are constantly initialized. In addition to an ideal gas,
overheated steam is considered. As the test case is essentially incompressible, velocity and thermodynamic elds are not strongly coupled and results
should be independent of the underlying state equation in the considered
range. The contours of the resulting Mach number after ∆t = 2 s for the
1283 test case are shown in g. 3.4.
The evaluation of the energy spectrum for the 643 setup is shown in g. 3.5.
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Figure 3.5: Evaluation of the energy spectrum for the CBC test case with
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Figure 3.6: Evaluation of the energy spectrum for the CBC test case with
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On this grid, the spectrum until wave number 32 can be resolved, as indicated by the dashed line. Ideal gas and steam computations give identical results, matching the experimental data over the whole inertial range.
This demonstrates that the FV hybrid ux implementation does not suffer
from excessive numerical damping like standard upwind schemes, rendering the FV implementation applicable for scale resolving LES computations
of smooth turbulence. The same evaluation for the 1283 grid is presented in
g. 3.6, where the cutoff is already resided in the dissipation range. Thus,
the highest resolved wave numbers of the computations cannot match the
measurements accurately (cf. [131]). The in uence of the time integration
scheme is evaluated in g. 3.7, comparing results of 4th and 2nd order RungeKutta implementations for the FV solver. The measurements are much better matched with the higher order Runge-Kutta scheme, while the 2nd order
implementation shows the result of numerical dispersion.
Finally, an evaluation of the computational speed for the conducted LES
computations with the FV solver and the hybrid scheme on a workstation
GPU and a standard CPU based cluster is presented in g. 3.8. The 643
test case takes about 47 minutes on the GPU compared to over 7 hours on 8
CPU cores. For the 1283 grid about 14 hours on 64 CPU cores is matched by
only 9 hours on the workstation GPU. This reveals the great potential of the
GPU architecture for high performance computing. Comparing steam and
ideal gas computations, it can bee seen that for the hybrid ux treatment the
overhead of the real gas equation of state is even further reduced, as no extra
thermodynamic evaluation is necessary in the ux computation. For the 1283
setup the SBTL steam computation even appears to be faster, however this
might be due to operating conditions of the cluster.

3.4.4 Decay of homogeneous isotropic turbulence with
shocklets
The nal test case is the compressible DHIT setup of [79]. The turbulent
Mach number
p
Mt = hu · ui/hai
(3.109)
is chosen suf ciently high that eddy shocklets [92] (weak shock waves) develop spontaneously from the turbulent motions. In this way, the test case
represents a combination of the previously considered tests, as it contains
smooth turbulent regions permeated with randomly distributed shocks.
3
The periodic domain [0, 2π) is discretized by a uniform 643 grid. The
Navier-Stokes equations are solved for an ideal gas with γ = 1.4 and Pr =
0.71. The viscosity is assumed to follow a power-law (2.37) with n = 3/4,
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where the reference state is speci ed to yield an initial turbulent Mach number Mt,0 = 0.6 and an initial Taylor-scale Reynolds number Re λ,0 = 100.
The Taylor-scale Reynolds number
Re λ = h%i urms λ/hµi

(3.110)

is based on Taylor microscale
D
E
2
λ2 = ux 2 / ( ∂ux /∂x )
and root mean square (RMS) velocity
p
urms = hu · ui /3.

(3.111)

(3.112)

The initial velocity eld is purely solenoidal and generated with the algorithm detailed in the appendix of [79], randomizing velocity components in
the frequency domain to match the prescribed energy spectrum


2
E(k) ∼ k 4 exp −2 (k/k 0 ) ,
(3.113)
with the most energetic wave number k 0 = 4, which yields λ0 = 2/k 0 . Initial density and pressure elds are constant so that the initial conditions are
not in acoustic equilibrium. Consequently, a eld of background acoustic
waves and entropy modes develop and persist throughout the simulation [79].
These large acoustic and entropy modes are desirable for testing the robustness of numerical schemes.
The temporal evolution of different mean quantities in reference to a DNS
result on a 2563 grid of [79] is evaluated in g. 3.9 for hybrid and upwind
uxes of FV and FD solvers. The time is non-dimensionalized by the eddy
turn-over time
τ = λ0 /urms,0 .
(3.114)
The minimally dissipative hybrid high order FD method agrees reasonably
well with the reference solution for all quantities; slight deviations are only
found in temperature variance and dilatation and may be a result of deviating
initial velocity elds, which cannot be reproduced exactly due to the random
nature of the generation process. The 2nd order FV solver matches the decay
in kinetic energy and the temporal evolution of temperature variance and dilatation in similar quality. The evolution of the enstrophy cannot be matched
by the FV solver as accurately as by the high order FD solver, which is typical
for lower order solution schemes. Overall, both hybrid ux implementations
show low dissipation properties and reproduce the DNS results reasonably,
qualifying their use in scale resolving computations.
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Figure 3.10: Isosurfaces of Q-criteria with 1 × 105 colored by the Mach
number for the compressible DHIT test case (see also [134])
This is not the case for upwind schemes. Even the high order FD WENO
implementation underpredicts all quantities compared to the reference, revealing its dissipative nature for broadband motions in smooth turbulence. It
particularly underpredicts enstrophy and dilatation, which is consistent with
the fact that the WENO procedure damps the small-scale motions [79]. This
effect is also evident from g. 3.10 showing Q-criteria isosurfaces colored by
the Mach number of the initial eld as well as FD hybrid and FD WENO
scheme results after t/λ = 4 in comparison, where the smallest scales are
only present in the hybrid results. The 2nd order FV MUSCL upwind scheme
is even more dissipative for all evaluated quantities, as expected. Still, the presented upwind results are reasonable and reproduce the results reported in
[79, 90]. The dissipative character of upwind schemes regardless of their order is well known [47], rendering standard shock-capturing schemes even of
high order inappropriate for scale resolving computations.
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I wish to God these calculations had been executed by steam.
Charles Babbage, English mathematician, 1821
(checking calculations for improving tables
for a navigational book, and disappointed
by numerous errors in these calculations)
Most of the world`s power is generated by steam-driven turbines. The
steam is typically expanded in three stages, from high to intermediate to
low pressure turbines. During this expansion process, the steam cools down
and at some point, typically in the low pressure turbine stages, condensation
takes place with severe negative effects on the machine. Despite the importance of the steam turbine, very little attention is paid to understanding and
accurately predicting the very complex ow behavior inside the low pressure
stages in comparison with other prime movers [63]. In gas turbines, considerable progress in investigation and understanding of ow pattern has been
made driven by their application in the aeronautical eld. These ndings,
though, are only applicable to the dry stages in steam turbines [63]. In steam
turbines, however, the wet low pressure stages are of particular interest, as
the largest portion of power along the machine is transformed here, while
additional losses occur due to the condensation process and the resulting
presence of the second phase. It is well acknowledged that the nucleating
and wet stages in steam turbines are less ef cient compared to the dry stages
running with superheated steam [63].
In recent years, work in wet steam research has gained interest with the
advent of high performance computing machines and enhanced measurement techniques [63]. The interest is fueled by the need for more ef cient
steam turbines, to reduce, e.g., CO2 emissions, and due to increasingly stringent requirements regarding their exible operation in modern power grids.
The modeling of non-equilibrium condensing steam ows has been ongoing for several decades [51] and allowed some progress in understanding the
in uences of the phase change on the steam turbine`s ow eld, where especially ow angles and shock wave structures are altered and a variety of
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complex, unsteady phenomena can occur. However, the recent International
Wet Steam Modeling Project [171] has revealed that yet no common modeling
standard has emerged and it is currently not possible to achieve reasonable
agreement with experimental data over the entire range of available test cases
and possible operating conditions. I.e., no method is currently available for
accurately predicting wetness losses within steam turbines and, because the
condensation related phenomena are not yet well understood, improved designs with reduced security margins are prevented.
The formation and behavior of the condensing droplets have important
thermodynamic and aerodynamic consequences lowering the performance
of the wet steam stages. However, the scatter in results of modern wet steam
codes is remarkable [171] and consequence of a multitude of modeling approaches to the description of wet steam ows, described in section 2.3. As
indicated in g. 2.4, the wet steam ow model consists of different submodels and their interaction, modeling the condensation process, the condensed
second phase and turbulence. The wide spread behavior of different state
equations in the metastable region [159] adds another uncertainty, rendering it especially dif cult to operate a clear distinction among the effects of
physical approximations and numerical implementations. In this work, the
in uence of turbulence modeling approach on the quality of the overall wet
steam modeling is investigated for the rst time employing scale resolving
simulation techniques in the eld of wet steam ows.
These high quality numerical techniques are highly relevant for modern
machine design, as the technological relevance of steam ows renders the
ability of accurately forecasting their ow behavior in technical devices of
paramount importance. This holds especially in off-design operation, where
changes in the operating point are known to have a very substantial impact
on wetness losses. In some turbine stages, dramatic reductions in ef ciency
under certain conditions are exhibited. The reason for this appears to stem
from the impact of the heat release, caused by the condensation process,
upon blade aerodynamics, which might be reduced with appropriate numerical tools.
A very ef cient approach to real gas thermodynamics, as only provided by
accurate tabulation techniques, is a basic condition to very involved scale
resolving computations. In this work, this is achieved by computing the
thermodynamic properties of H2 O using the SBTL [87, 89] method, see section 2.1.1.2 and section 2.3.2. This tabulation approach is optimized for the
employed density-based solution methods and its potential for conspicuous
savings in CPU time is shown for standard 3D RANS as well as LES computations in this chapter.
After a brief literature review, the implemented wet steam models are cal-
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ibrated and validated showing results for typical nozzle test cases. On this
basis, the numerical method is applied to a steam turbine cascade ow, showing conventional RANS results. Finally, the rst scale resolving LES computation in the eld of wet steam ows is presented. The quality of the LES
results are assessed in comparison to RANS and URANS results. The in uence of the turbulence modeling approach onto the overall wet steam model
is also analyzed.

4.1 Literature review
First experimental investigations in the thermodynamics of the condensation process date back to the 1880s. In 1881, Aitken [2] observed that dust
or salt particles present during the expansion of saturated air promote the
condensation process as centers of condensation . A similar study was carried out by von Helmholtz in 1886 [64]. In 1897, Wilson [199] made a detailed
study of spontaneous condensation. He found that the absence of ions or
foreign particles during the expansion of saturated air caused a delay of the
condensation process and introduced the supersaturation S as a measure
of the departure from thermodynamic equilibrium during the condensation
process.
In 1913, Henderson [65] con rmed this observation in steam nozzle experiments, with an approximately 5 % greater wet steam region in the Mollier
diagram compared to equilibrium. In 1915, Steam nozzle experiments were
also conducted by Stodola [174] and a thorough discussion of supersaturation
effects in nozzles was rst given by Callender [17]; this included a prediction
of the nucleated droplet sizes based on the Kelvin-Helmholtz equation. On
this basis, Martin [105] calculated in 1918 the limiting supersaturation line
at varying pressures on the assumption that condensation produces always
droplets of similar size and plotted this line in a Mollier chart. Such a limiting supersaturation line is termed Wilson line. In the next decade, much
research on spontaneous condensation was conducted by Stodola, summarized in his book [173] (in its English translation, this book was a basic reference for engineers working on the rst generation of jet propulsion engines
in the United States [27]).
Even though the development of the nucleation theory started almost at
the same time as the study of condensation [63], signi cant results where
only attained in the late 1930s. Focus was to de ne the position of the Wilson line more precisely [143, 205, 206] and its dependence on nozzle shape
and experimental conditions was revealed. Further accurate measurements
of the axial pressure distribution of nucleating ows in Laval nozzles were
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conducted by Binnie & Woods [9] and Binnie & Green [10].
The rst to combine the nucleation theory with gas dynamics equations
was Oswatitsch [121] in 1942, reporting a good agreement with experimental
observations. Overall, the development of steam turbines was progressing
with remarkable speed and the problems associated with condensation and
the resulting presence of liquid droplets were increasing [63]; especially blade
erosion caused major problems. However, the introduction of reheat cycles
after the Second World War mitigated this problem temporarily [63]. Development and design of larger steam turbines, though, led to much higher steam
velocities increasing the impact of erosion and, thus, refueled the interest in
wet steam research. A detailed review of the following developments regarding the classical nucleation theory are given in [6].
First numerical models were targeted at one-dimensional computations
of condensation processes in Laval nozzles, e.g., [66]. Later, more sophisticated time-accurate numerical solver were presented [61, 164], in which
the Eulerian solver of Denton [28] accounts for the droplet growth along
the streamlines based on a Lagrangian particle tracking. The polydispersed
droplet spectrum was discretized into a certain number of classes, called
Spectrum Pruning [70]. The rst two-dimensional numerical treatments of
condensing ows in turbine cascades based on a steady, inviscid model were
presented in the early 1980s, e.g., the Euler-Lagrange approach in [7]. Timeaccurate numerical solver were published by [197, 209]. Euler-Euler solver
were also developed by several authors, e.g. [172]. The rst three-dimensional
steady state inviscid computational method was presented in [98], showing already a good agreement with experimental results of a steady, homogeneous
condensing turbine cascade.
In a commercial pressure-based solver, [50, 83] present a 3D Euler-Lagrange
method for wet steam ows utilizing a virial equation of state for the properties of water and steam. The same authors [51] develop also an Euler-Euler
solver capable of homogeneous nucleation employing a single uid model,
used to study a series of Laval nozzles. This method is later extended to
QMOM [52]. This Euler-Euler solver is implemented in the commercial ow
solver [53], where an extension to a two uid model is also available [49]. Results of this implementation for condensing nozzle and cascade ows and a
simulation of a low-pressure steam turbine are presented in [59].
A density-based wet steam solver is presented in [31] utilizing a local virial
equation of state based on IAPWS-IF97. Results of a condensing 2D ow and
a 3D ow through the stator of the last stage of a low-pressure turbine are
shown. This solver is compared to a commercial solver in [33] and extended
to heterogenous condensation in [203] and to a two- uid model in [202]. Results for a low-pressure turbine stage are presented in [32] and in [34] for
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experiments of a nozzle and a cascade. A density-based Euler-Lagrange approach is also published in [36, 37].
The current wet steam modeling standard is reviewed in the International
Wet Steam Modeling project [171], showing results for a number of wet steam
solution methods currently under development and in use. Results of this
work also serve as basis for the following validation of the developed wet
steam solution method.

4.2 Nozzle test cases
In this section, the source term model, described in section 2.3.3.2, is validated showing results for prominent nozzle test cases. The source term
model is also compared to the mixture model, which is presented in section 2.3.3.1. The initial validation of wet steam methods relies heavily on experimental data obtained from condensing nozzle ows [171], as the ow in
nozzles is much simpler than a complex turbine ow whilst providing rates
of cooling comparable to condensation in steam turbines. Therefore, nozzles
provide the best laboratory simulation of condensation in steam turbines [6].
The general structure of typical nozzle test cases for condensing wet steam
ows is described, e.g., in [6, 171].
The ideal nozzle design provides realistic expansion rates, Mach numbers
and subcooling conditions as in real turbines in a steady one-dimensional setting, which is easy to use for validation of a numerical method. Even though a
vast number of nozzle test cases is provided in literature [6, 170, 208], all have
certain de ciencies [171]. In this work, the focus is on low pressure Wilson
points as encountered in the low pressure steam turbine test case presented
at the and of this chapter. Due to such well-known de ciencies [135, 170,
171], all presented nozzles test cases are affected by boundary layer growth.
Therefore, full three-dimensional computations of the original setups need
to be conducted, where the boundary layer state in the experiments is also
unknown [170, 171]. In order to achieve a direct comparison to the results
of various wet steam solver implementations presented in [171], the validation in the present work is based on 3D laminar computations and the same
medium meshes (details given in table A1 of [171]), measurement data and
scaling of the plots are used. Results of quasi three-dimensional (q3D) calculations are also presented as in [135] to compare both implemented wet
steam models. Furthermore, it is important to keep in mind that the accuracy of the radius distribution measurements lies within about ±20 % [171]
as indicated by error bars in the plots if no more detailed information is given
in the original sources. All computations are conducted applying the AUSM+
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Figure 4.1: Isolines of the density gradient magnitude for the Moore et al.
nozzle B based on a 3D laminar calculation
and implicit LUSGS schemes. More details are given in [135, 136].

4.2.1 Moore et al. nozzle B
Moore et al. [116] presented pressure and Sauter mean droplet radius measurements for a series of four different nozzle geometries at very low Wilson
point pressures of about 0.1 bar. The pressure was measured at the plane
side walls using taps, the Sauter radius at one location on the center line
near the outlet with the light extinction method. Even though these radius
measurements are of high quality [208], the accuracy can be estimated to be
within ±20 % [171]. All nozzle geometries contain a curvature discontinuity
in the throat due to blending between different pro les for the convergent
and divergent parts. This generates a series of expansion waves in the throat
that are re ected at the opposite wall as compression waves , as can bee
seen for the nozzle B con guration in g. 4.1. The resulting pattern of waves
are visible in center plane data and potentially interfere with the condensation zone. Despite this signi cant drawback, the nozzle B con guration is
the most commonly used validation test case for wet steam computations
and is considered in the following.
The geometry of the nozzle B is shown in g. 4.1, inlet conditions are
given by pt = 0.25 bar and Tt = 358.1 K. Despite relatively large throat
dimensions (0.1 × 0.152) m2 , the ow is signi cantly affected by boundary
layer growth and thus sensitive to boundary layer modeling [170]: boundary
layers on the pro led walls in uence the wave pattern and thus the pressure
uctuations, while the boundary layers on the plane side wall affect the measured wall pressure. This necessitates involved three-dimensional, boundary
resolving computations (demonstrated in the following), not the ideal sce-
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nario for validation and tuning of model parameters. Furthermore, due to
this fact, the results are also sensitive to the boundary layer states, which
are unknown from the available measurement data. The Reynolds number
at the throat Re ≈ 4 × 105 suggests that transition to turbulence is likely to
occur [170]; however, standard RANS computations cannot account for transitional effects. Here, wall resolving LES computations provide the potential to
shed light, though, computationally very involved due to the high Reynolds
numbers and the interaction of strong compressible effects in the high Mach
number region and condensation. In principle, the method presented in this
work is capable of doing this, and due to the continuously increasing computational power this might be subject of future research.
In the following, a suitable general modeling approach for the wet steam
computations presented in this work is determined based on q3D results. On
this basis, the in uence of the boundary layers and the need for full 3D computations is demonstrated. Finally, the computational method is validated
and the computational speed is evaluated. All viscous computations use the
medium meshes of [171], for which mesh independent results of all quantities are to be expected. The domain is discretized in the q3D computation by
400 × 2 × 101 points in the full 3D computations by 400 × 101 × 101 points.
The inviscid computations are run on the coarse q3D mesh with 250 × 2 × 71
points.
4.2.1.1 Modeling approach selection
To determine, which general modeling approach for wet steam computations
is pursued in this work, this section presents q3D Euler results, as presented
in [135] based on density-based solver implementations of source term model
(SM) and mixture model (MM) in OpenFOAM. In fact, the nal implementation of the source term model in the new in-house code was based on the
ndings presented in this section and further optimized. Furthermore, results based on the spline based table lookup method [87, 89] (SBTL) are compared to Young's 1988 state equation [207] (Y88) in terms of accuracy and
computational speed. Generally, the in uence of different EoS has not yet
been extensively studied [171], the connected uncertainties especially in the
metastable region are discussed in section 2.3. The additionally needed properties surface tension, molecular viscosity and thermal conductivity are computed based on IAPWS formulations [190]. All computations are integrated
in time with an explicit local time stepping and a xed CFL number of 1.
Convergence is reached well within the conducted 6000 iterations.
Figure 4.2 shows the q3D Euler result for all available combinations of
two-phase ow models and state equations in comparison to the experimen-
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Figure 4.2: q3D Euler results of pressure and droplet radius on the center
line for the Moore et al. nozzle B in comparison to measurement
data (see also [135])

tal data. Pressure and mean droplet size distributions are evaluated along
the center line. Upstream of the throat, the measured pressure distribution
is matched by all computations, which yield indistinguishable results. About
0.03 m downstream of the throat, the rst pressure uctuation due to the
expansion fan is visible, see also g. 4.1, and rst slight deviations of SBTL
and Y88 based results are visible. At circa 0.1 m, the typical pressure rise due
to heat release by condensation takes place, however, this pressure rise is
predicted by all computations only after another 0.02 m further downstream
compared to the measurement. Here, the maximum deviation in pressure
due to distinct state equations occurs with a deviation below 200 Pa. Then,
the pressure gradient is predicted too steep and the pressure at about 0.15 m
is overpredicted by 500 Pa. At about 0.21 m the next pressure uctuation
due to the nozzle discontinuity is present and much more pronounced in
the inviscid computations. Here, the pressure is locally underpredicted by
about the same 500 Pa as previously overpredicted. Downstream, after about
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Figure 4.3: Evaluation of the computational speed of q3D Euler computations of the Moore et al. nozzle B, referenced to a corresponding
ideal gas (IG) computation (see also [135])
0.25 m distance of throat, the pressure distribution is matched well by all
computations. The most notable difference between the two-phase models
is evident in the downstream pressure uctuation at 0.21 m, where the MM
predicts the pressure rise slightly more downstream compared to the SM,
but the difference is below 0.01 m and are result of the inviscid assumption
as will be demonstrated in the next section.
The droplet size is overpredicted by all computations compared to the measurements. The Y88 based results are about 10 nm outside of the measured
uncertainty range, while the SBTL based results overpredict the droplet radius by additional 5 nm compared to the Y88 results. The maximum deviations between the two-phase models are about 1.5 nm, where the SM predicts slightly larger droplets. Overall, all combinations of two-phase models
and equations of state yield a comparable quality of results, where the deviations to the experimental data are caused by the inviscid assumption (see
next section).
To get further insight into the differences between the methods and to
judge their possible application in involved high performance computations,
the computational speed is evaluated in g. 4.3 in reference to a corresponding ideal gas (IG) computation. SBTL and Y88 are also evaluated without
condensation modeling allowing a further assessment of EoS and condensation model independently. For real gas computations without condensation
modeling, the SBTL results in an overhead of only 37 % compared to the
IG computation, while the use of Y88, despite its relatively simple structure
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compared to IAPWS-IF97, already yields an overhead of 948 % and is thus
one order of magnitude slower than the ef cient tabulation method. Full condensation computations based on SM are connected with overheads of 120 %
when used in combination with the SBTL and 479 % together with Y88. The
additional overhead of Y88 is caused by additionally needed thermodynamic
evaluations in the condensation model for subcooling, nucleation rate and
droplet growth revealing again the big advantage of the SBTL. For both EoS,
the SM is over twice as fast as the MM and is consequence of having only
passive scalars instead of an active scalar, necessitating an iteration process
in the computation of the thermodynamic state from the conservative quantities.
Overall, SM and MM yield results of comparable quality, while the SM
is not only more easily implemented containing only passive scalars (see
section 2.3) but also more than twice as fast. SBTL and Y88 based results
are similar, with noticeable differences in the metastable region only, manifested in different droplet sizes. However, their quality cannot nally be assessed based on the presented q3D inviscid computations that do not account
for boundary layer effects. The quality of the SBTL in the metastable region
should be superior (see section 2.3), while providing an order of magnitude
higher computational speeds compared to the comparably simple Y88 formulation. Therefore, all further considerations are based on SM and SBTL, apart
from analogous comparisons in two other nozzles in the following sections,
which further prove these conclusions. The in uence of the boundary layers
on the results is analyzed next. Then, improved accuracy and computational
speed of SM and SBTL based solver in the nal in-house implementation are
demonstrated.
4.2.1.2 Boundary layer in uence
The in uence of boundary layer effects is analyzed by means of the results
shown in g. 4.4. For the chosen approach based on SM and SBTL q3D Euler,
laminar and turbulent SA results are compared. Figure 4.4 shows also 3D
laminar results, where the pressure is not evaluated on the center line but
on the plane side walls as in the experiment.
The upstream pressure distribution is matched by all calculations. Deviations appear as soon as the rst pressure uctuation due to the discontinuous
nozzle shape is encountered at about 0.03 m downstream of the throat. The
damping effect of the curved walls, as difference between the q3D inviscid
and viscid computations, lead to a reduction of about 300 Pa in magnitude
of the pressure uctuation. The additional damping effect of the boundary
layer on the plane side wall in the 3D computation gives a further reduction
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Figure 4.4: SM and SBTL based results of pressure and droplet radius on
the center line for the Moore et al. nozzle B in comparison to
measurement data; the pressure for the 3D case is evaluated
at the plane side walls (see also [135])

by another 150 Pa compared to the q3D viscid computations. This already reveals that due to the pressure measurements on the side walls, full 3D viscid
computations are needed to accurately reproduce the experimental data, as
the q3D computations cannot account for the presence of the side walls.
During this pressure uctuation, differences between laminar and turbulent computations are also visible, where the turbulent computation shows a
150 Pa higher pressure rise. This effect can also be seen further downstream
and the turbulent computations therefore seems more sensitive regarding
the in uence of the evolving wave pattern. Interestingly, upstream of the
condensation zone, the laminar results seem to reproduce the measurement
better, while downstream of this zone the turbulent results might be superior. This suggests, that laminar turbulent transition occurs inside or close
to the condensation zone, as also supported by the ndings in [170]. As mentioned at the beginning of the section, the exact boundary layer states inside
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the nozzle are unknown and LES computations would be very interesting to
investigate this in the future.
All computations predict the pressure rise due to condensation too far
downstream compared to the measurement; however, moving from inviscid to viscid to the 3D computation, the pressure rise moves upstream. At
the same time, the gradient of the pressure rise decreases and shows the
best agreement with the experiment for the 3D laminar computation. Downstream of the pressure rise, the pressure distribution is matched much better by all viscid computations compared to the inviscid computation, which
shows deviations nearly as large as 500 Pa. Here, the agreement of the laminar computation might be best in terms of matching the pressure uctuations, suggesting transition as discussed before.
Compared to the inviscid computation, the droplet size shows a reduction
of 20 nm predicted by the q3D laminar computation and a further reduction
of about 5 nm by the turbulent computation at the measurement location,
where the letter is just outside the measurement uncertainty interval. The
3D laminar computation shows a reduction of about 2.5 nm compared to
the q3D laminar computation; however, the droplet size is about the same
amount larger compared to the q3D turbulent computation and outside the
measurement uncertainty interval.
Based on these ndings, accuracy and computational speed of SM and
SBTL in the nal implementation in the in-house code is further enhanced
and calibrated based on 3D laminar computations. This is also suggested in
[171] and allows a direct comparison to various results reported there. The
nal validation is presented next.
4.2.1.3 Final validation
To validate the nal SM and SBTL solver implementation in the presented
newly developed solver, g. 4.5 shows the predicted 3D laminar results compared to the measurement data. These results are also presented in [136]. As
the Kelvin-Helmholtz radius of newly nucleated droplets is computed without simpli cation based on the Clausius-Clapeyron relation, the surface tension is used without corrections here, i.e., qσ := 1. For the droplet growth
model, α := 8 and β := 0 are prescribed. The setups used in this work are
described in more detail in section 2.3.
On this basis, the upstream pressure distribution is matched. As already
seen in previously presented results, the onset of nucleation is predicted
slightly too far downstream, the gradient of the pressure rise due to the
condensation is in reasonable agreement with the experiment. In difference
to the previously presented results, the computed droplet radius lies inside

90

4.2 Nozzle test cases
0.7

100
Moore et al.
80

0.6

60

0.5

20

r[nm]

p/pt

40

0
0.4

0.3

0

0.1
0.2
0.3
distance from throat [m]

0.4
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line predicted by the final SM and SBTL solver implementation
in a 3D laminar computation of the Moore et al. nozzle B in
comparison to measurement data (see also [136])
the measurement uncertainty range. Upstream of the condensation zone,
the pressure is matched (better agreement might be gained with turbulent
boundary layers here, as discussed in the last section). Overall, the accuracy of the implementation is enhanced compared to the results reported
in g. 4.4. Finally, the computational speed of this optimized implementation is evaluated for this test case in g. 4.6, referenced to a corresponding
IG computation, analogously to the previous results shown in g. 4.3. The
application of the SBTL without condensation modeling is enhanced from an
overhead of 37 % to only an overhead of 2 %. This is achieved by an optimized
solver structure and the reduction of thermodynamic evaluations compared
to a prior test OpenFOAM implementation presented in [135]. Full condensation computations result now in an overhead of only 26 % compared to
the previous 153 %. These results show the great potential of the presented
implementation for elaborate scale resolving computations. However, as it is
not suf cient to validate the wet steam solver implementation for only one
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Figure 4.6: Evaluation of the computational speed of the final optimized
implementation for the 3D laminar computation of the Moore
et al. nozzle B, referenced to a corresponding ideal gas (IG)
computation (see also [136])

operating point and expansion rate, further nozzle con gurations are considered in the following, before presenting LES results of the properly validated
method.

4.2.2 Moses and Stein nozzle
The only other tests with low Wilson point pressures of about 0.1 bar are reported by Moses and Stein [117]. Both, pressure and mean droplet size data
are available along the center line, the letter measured by light scattering. Different operating conditions are investigated in one nozzle geometry, which is
also shown in detail in [170]. As it consists of two arcs with different radii, the
smoother wall pro le does not generate expansion waves as in the case of the
Moore et al. nozzle examined in the last section. However, due to the small
throat dimensions of (10 × 10) mm2 , boundary layer blockage becomes signi cant [170, 171]. Here considered are test cases 252, with inlet condition
pt = 40.05 kPa and Tt = 374.3 K resulting in a Wilson point pressure of
about 0.12 bar, and 257, with pt = 67.66 kPa and pt = 376.7 K characterized by a higher Wilson point pressure of about 0.25 bar. For case 252, an
error bar for the droplet radius measurements is given in [208] for the last
measured point in axial direction and used here. In absence of information
about the droplet size measurement error of the 257 case, an error of 20 %
as for the Moore et al. nozzle B is assumed, see [171]. First, q3D inviscid
results are presented, followed by the nal validation based on 3D laminar
computations.
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Figure 4.7: q3D Euler results of pressure and droplet radius on the center
line for the Moses and Stein 252 test case in comparison to
measurement data (see also [135])
4.2.2.1 q3D Euler results
As in section 4.2.1.1, q3D Euler results produced by the OpenFOAM implementations of SM and MM combined with SBTL and Y88 EoS are presented
rst for both operating conditions. Again, the coarse mesh of [171] containing
250 × 2 × 61 points is used.
The results for case 252 are shown in g. 4.7 in comparison to the measurement data. Upstream of the condensation zone, all calculations underpredict the pressure; the SBTL computation deviates by about 400 Pa, the
Y88 computation by 600 Pa. This can be explained by the absence of the
boundary layer in the inviscid computations, where the boundary layer reduces the effective throat area and thus the mass ow through the choked
nozzle throat (compare with the full 3D viscid results in the following section 4.2.2.2). The typical pressure rise due to condensation is predicted at
lower pressures compared to the measurement (predicted difference based
on SBTL is about 500 Pa, based on Y88 1100 Pa) and also delayed by about
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Figure 4.8: q3D Euler results of pressure and droplet radius on the center
line for the Moses and Stein 257 test case in comparison to
measurement data (see also [135])
1 mm for SBTL and 2.5 mm for Y88.
At about 4.1 cm downstream of the throat, SM and MM start to deviate noticeably for both EoS. While SM based results converge directly towards the
measured downstream pressure, the MM based computations predict an oscillation in pressure, which is much more pronounced for the Y88 EoS with
a maximum deviation of close to 800 Pa to the experiment. Downstream, all
computations show about the same pressure level in accordance with the
measurement. The rst measured droplet sizes at about 3.5 cm throat distance are underpredicted by all computations. Downstream, the SBTL MM
computation is within the measurement uncertainty interval, the SBTL SM
just outside with a deviation of about 1.7 nm. The predicted radii by SM and
MM based on the Y88 EoS are almost identical, with a deviation of about
3.8 nm at a throat distance of 6 cm, where the error range is known.
For the 257 case, all computations produce almost identical results, evaluated in g. 4.8. The only noticeable difference are about 250 Pa lower pressures predicted by MM compared to SM for both EoS. The downstream pres-

94

4.2 Nozzle test cases
sure distribution is underpredicted by about 1200 Pa by all computations.
The quality of the upstream pressure distribution cannot be judged based on
the given measurement data, the typical pressure rise seems to be matched
by all computations. However, the gradient of the pressure rise seems to
be underpredicted leading to the underestimation downstream. The droplet
size is overestimated by all computations. At the last measurement point,
6 cm downstream of the throat, the 20 % measurement error region is missed
by about 3 nm. This reproduces the overall quality of results reported in [171].
Overall, the SBTL based results show a better agreement to the Moses
and Stein measurements compared to the Y88 EoS. The MM reproduces
the droplet radii better shows, however, considerable deviations in the downstream pressure distribution. Thus, ndings of section 4.2.1.1 with the choice
of the SM formulation in combination with the SBTL EoS are con rmed.
Again, due to the boundary blockage effects in the Moses and Stein nozzle,
nal validation of the solver is done based on full 3D laminar results, described in the next section.
4.2.2.2 Final validation
As in section 4.2.1.3, the nal SM and SBTL solver implementation is validated showing results of 3D laminar computations of the Moses and Stein
nozzle test cases. These results are presented in [136] and the condensation
modeling parameters are also given in the referenced section 4.2.1.3. The
medium grid of [171] is used, containing 350×91×91 grid points. Computed
pressure and droplet radius distributions along the center line in comparison
to measurement data are shown in g. 4.9 for both test cases.
For case 252, g. 4.9a, the upstream pressure distribution is now matched
accurately. The in uence of the resolved boundary layer can be seen when
comparing to the q3D Euler results presented in the previous section 4.2.2.1.
The condensation process is reproduced reasonably within the known limitations, where the pressure is underestimated by a maximum of about 500 Pa
and the pressure rise is delayed by about 3 mm compared to the measurements. Furthermore, the pressure rise gradient is predicted more pronounced;
however, the downstream pressure after about 4.4 cm downstream of the
throat is accurately matched. The droplet radius distribution shows similar
results compared to the corresponding q3D computation. The droplet radii
are underpredicted, with a deviation of about 1.1 nm from the measurement
error interval.
The results of case 257 are shown in g. 4.9b. The upstream pressure is
matched better compared to the q3D Euler results. Also the pressure rise
due to the heat release is not accurately predicted. However, the downstream
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Figure 4.9: Pressure and droplet radius along center line predicted by the
final solver implementation in a 3D laminar computation for
the Moses and Stein nozzle test cases in comparison to measurement data (see also [136])
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pressure is again underpredicted, here by about 1500 Pa. This is in line with
the quality of results reported in [171]. The droplet size is matched better compared to the q3D Euler results, where the deviation from the measurement
error range is less than 1 nm at the last measurement position at about 6 cm
throat distance. As for the Moore et al. nozzle B, the boundary layer state is
unknown and the effective boundary layer blockage can only be determined
based on wall resolving LES computations.
Overall, the quality of the presented results in the three nozzle geometries
re ects the current state-of-the-art in modeling and prediction of wet steam
ows, especially at these low Wilson point pressures. With this calibration,
the solution method is in the following employed to the prediction of condensing wet steam ows in a steam turbine cascade.

4.3 White et al. Cascade
After its calibration and validation in classical nozzle geometries, the wet
steam solution method is employed to compute a turbomachinery con guration, the well-known cascade test case of White et al. [197]. This is in fact the
only freely accessible wet steam turbine con guration; however, many published studies do not use the exact geometry but simpli ed versions thereof.
In this work, only the original blade pro le, including a blunt trailing edge,
is used. The geometry was provided by the authors and the given pro le coordinates were interpolated to gain a higher resolution. The blade surface is
modeled as an adiabatic, viscous wall. In pitchwise and spanwise directions
periodic boundary conditions are imposed.
White et al. [197] provide detailed experimental results for a wide range of
inlet steam conditions and exit Mach numbers. Properties of the considered
operating points are listed in table 4.1, containing the total inlet quantities
pt,in and Tt,in , the superheat of this inlet state Tt,in − Ts (pt,in ), imposed outlet pressure pout and the resulting isentropic Mach number Ms,out at the exit.

Table 4.1: Considered operating points for the turbine configuration of
White et al. [197]

OP

pt,in [Pa]

Tt,in [K]

Tt,in − Ts (pt,in ) [K]

pout [Pa]

Ms,out

L1
L2
L3

40 300
40 900
41 700

354.0
354.0
357.5

4.5
4.0
7.5

16 300
19 400
20 600

1.24
1.11
1.08
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For almost all experiments, the exit ow was constrained by two tailboards
to adjust and provide steady operating conditions. Strong unsteadiness were
observed for measurements with unconstrained ow. Therefore, in all OPs
considered here, an porous upper tailboard was used and color Schlieren
photographs of the shock wave structure, blade surface static pressure and
the droplet radius at one point of a downstream pitchwise traverse are provided.
In the following, RANS results for all OPs listed in table 4.1 are shown rst.
On this basis, high quality LES results for the L1 OP are presented.

4.3.1 RANS results
In this section, RANS results for all OPs in table 4.1 are reported, as also
presented in [136]. The RANS equations are solved implicitly employing a
LUSGS scheme with a CFL number number of 100, ramped at startup. The
ow eld of all computations is initialized with constant pressure 40 000 Pa,
temperature 550 K and velocity magnitude 5 m/s, with adjusted ow angles
along the blade from 0° at the inlet to 88° at the exit. In absence of any information from measurement data, the standard µ̃/µ := 3 is speci ed at the
inlet for the employed SA turbulence model.
The mesh independence study is conducted for the L1 OP, for which highest velocities are expected. Mesh con gurations with internal cell numbers
ranging from 15 000 to 66 000 were evaluated regarding the computed mass
ow, see g. 4.10. A mesh independent con guration is reached with the
mesh containing a total of 56 000 internal cells. All following computations
are conducted on this mesh, shown in g. 4.11. To allow the turbulence model
to converge properly, 60 000 iterations are carried out for every calculation.
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Figure 4.10: Mesh independence study considering the L1 operating point
for RANS computations of the White et al. cascade (see also
[136])
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Inspection of the wall resolution reveals that the average y + values for all
calculations are about 0.1 with a maximum below 0.2.
Figure 4.12 shows the evaluation of the surface pressure distributions on
the blade for all considered OPs (the blunt trailing edge is not included in
the calculation of the normalized arc length). All OPs show a reasonable
agreement with the experimental data on the pressure side along the whole
arc length. Due to higher pressure levels combined with low velocities, condensation rarely occurs on the pressure side. In contrast, the suction side
pressure distribution shows the typical pressure rise due to the heat release
in course of the condensation process, most prominent in the L1 case.
The suction side surface pressure distribution is matched remarkably well
for the L3 case, where only a slight offset to the measurement can be observed close to the trailing edge. Also for the L2 OP, the results are in good
agreement with the experiment along the suction side. The pressure rise and
thus the onset of condensation is matched, its gradient is slightly underpredicted as is also the downstream pressure with a maximum difference of
about 2000 Pa at 0.8 arc length. Here, a second small pressure rise is seen in
the experimental data, which is not captured by the computation. However,
the downstream pressure level is matched. The last measurement point adjacent to the blunt trailing edge shows again a deviation of about 2000 Pa from
the measurement. Finally, the L1 OP shows the worst agreement to the mea-
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Figure 4.12: Evaluation of the blade pressure distributions for White et al.
Cascade test cases (see also [136])

100

4.3 White et al. Cascade
surement data. Upstream of the pressure rise, the pressure is matched accurately; however, the onset of condensation is predicted too far downstream by
about 0.024 normalized arc length. This results in an underestimation of the
pressure of about 2000 Pa at 0.6 arc length. At the same time, the gradient
of the pressure rise is overpredicted; nevertheless the pressure level downstream of the condensation zone is not matched and underestimated until
about 0.8 arc length. The last measurement point adjacent to the blunt trailing edge shows again a deviation of about 2000 Pa from the measurement,
as also seen in the L2 OP.
Overall, the results are in reasonable agreement with the measurements,
re ecting the current state-of-the-art in modeling and prediction of wet steam
ows under low Wilson point pressures. With the validation in classical Laval
nozzles (section 4.2) and the White at al. cascade based on RANS, the in uence of the turbulence modeling approach on the prediction of wet steam turbine ows will be investigated by means of LES of the L1 OP in the next section. This will also include a more detailed analysis of the presented RANS
results in comparison to URANS and LES.

4.3.2 LES of the L1 operating point
In this section, the developed FVM solution scheme is employed for a LES of
the L1 OP of the White et al. cascade, as presented in [137]. This OP is chosen,
as it is characterized by the strongest in uence of condensation among the
experiments, see section 4.3.1. The basis for this are the validation of the numerical method for LES application based on hybrid ux treatment and high
order time integration presented in [137], the state-of-the-art wet steam capabilities demonstrated in this chapter and the achieved high computational
speed, reported in section 4.2.1.3. To assess the in uence of the turbulence
modeling approach on the prediction of the wet steam turbine ow, the LES
results are compared to those of RANS and URANS computations. To enhance robustness and computational speed, the Clausius-Clapeyron relation
is used in the critical droplet radius calculation of all computations. This approximation strongly in uences the results and necessitates the reduction of
the at lm surface tension by a constant factor of qσ := 0.95 to obtain a
comparable quality of RANS results.
In the following, mesh and computational details are described rst. Shock
sensor and LES mesh quality are assessed next. Blade pressure distribution,
Schlieren results and the droplet radius in a downstream pitchwise traverse
of all computations are compared, also to the experimental data. Finally, the
unsteadiness of pressure and wetness elds are evaluated.
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Figure 4.13: Details of the LES mesh for the White et al. cascade (see also
[137])
4.3.2.1 Mesh and Computation
In difference to a standard RANS domain, as used in section 4.3.1, g. 4.11,
the computational domain of the LES mesh is designed to resolve wake, trailing edge shock wave system and condensation zone without the immediate
in uence of the outlet boundary condition. Therefore, the computational domain is extended with a high resolution of the wake region over at least one
chord length. To ensure direct comparability, the same computational domain, shown in g. 4.13a with the underlying block structure, is used for
all computations. RANS and URANS meshes contain one cell layer in spanwise direction with about 100 000 cells, while the LES mesh contains 100 cell
layers in spanwise direction with 48 × 106 cells.
To ensure appropriate near wall resolution for the wall resolved LES, the
cell sizes at the blade wall are estimated based on RANS results to yield
y + < 1 in normal and x+ ≈ z + . 50 in tangential and bi-tangential directions, respectively. The resulting mesh resolutions close to leading and
trailing edges of the LES mesh are shown in gs. 4.13b and 4.13c. Furthermore, the actually achieved time averaged values of y + , x+ and z + are evaluated in g. 4.14 (negative values of the arc length indicate the pressure side
of the blade). The desired wall resolution is achieved with time averaged y +
values below a maximum of 0.6, z + below 50 and x+ below 30. At the same
time, the expansion ratio of the cell layers away from the wall is chosen to be
below 1.1.
The ow through time is estimated to be 2.3 ms based on free-stream velocity in the passage and approximated stream lament length through the computational domain. After initialization from a RANS result, two ow through
times are computed before averaging in time is started for another 1.5 ow
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Figure 4.14: Time averaged near wall resolution of the LES mesh for the
White et al. cascade (see also [137])
through times. On an in-house high-performance cluster equipped with Intel Xeon Gold 6132 CPUs, one ow through time takes about 1000 weeks
total CPU time. In case of the LES computation, time is integrated employing the classical 4th order Runge-Kutta scheme with a global time stepping
and a CFL number number of 0.8 (resulting in time steps below 3.5 ns). The
RANS computation relies on the 2nd order low storage Runge-Kutta scheme
with local time stepping and a CFL number number of 0.8. For URANS, a
dual time stepping is employed with a constant physical time step of 1 µs
and inner loops as in the RANS case. This computation is initialized from
the RANS result and after a steady oscillating state is reached, time averaging
is done for about one ow through time.
4.3.2.2 Shock sensor and LES quality assessment
As the Ducros-type shock sensor de nition (see section 3.1.3.3) is employed
here for the rst time in the context of a condensing wet steam ow, with
additional discontinuities due to the spontaneous condensation process, the
time averaged shock sensor eld on mid span is evaluated in g. 4.15 for
its assessment. The upwind ux is only used in detected shock regions with
χ > 0.65, indicated in red in g. 4.15. This is the case for the trailing edge
shock wave structures at pressure and suction side, which are sharply detected over the span of only a few cells. However, one region seems unnecessarily marked as shocked by the employed shock sensor de nition, restricted
to a small region close to the trailing edge on the suction side of the blade.
Here, neither shock waves nor sharp discontinuities due to the condensation
process are present and it thus seems to be a general de cit of the formu-
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Figure 4.15: Time averaged shock sensor field on mid span of the White
et al. cascade LES; in red are regions with χ > 0.65 (see also
[137])

lation. Therefore, the shock sensor appears suitable for application in LES
of condensing wet steam ows, reducing the numerical diffusion to a minimum and providing the necessary robustness and low dissipation properties.
In addition to the shock sensor, the quality of the LES mesh is also assessed applying the single grid estimator of Celik et al. [18]. For this LES
quality criterion, values above 0.8 indicate high quality LES and above 0.95
near DNS resolutions. Evaluation for the present LES computation reveals
values in the range between 0.87 and 0.98, suggesting high quality results
with values well above the 0.8 threshold. The lowest values of the quality criterion are encountered around the trailing edge shock waves, while the wake
is resolved with values between 0.9 and 0.94. In major parts of the passage,
a near DNS resolution is achieved.
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Figure 4.16: (Time averaged) blade pressure distributions of all computations for the L1 OP of the White et al. cascade (see also
[137])

4.3.2.3 Blade pressure distribution
The (time average) blade pressure distribution predicted by all computations
is presented in g. 4.16 in comparison to the experimental data. On the pressure side, the measurement is matched by all computations over the whole
arc length. The same holds for the suction side upstream of the condensation zone. Downstream, in the condensation zone and close to the trailing
edge, differences between the computations are noticeable. Here, RANS and
URANS yield almost identical results, where only a marginal difference can
be located within the condensation zone. However, compared to the measurement, both computations predict the typical pressure rise too far downstream and subsequently overestimate its pressure gradient. Downstream of
the pressure rise, the pressure distribution is underpredicted, while its trend
is matched. As intended, these results re ect the same quality as the results
reported in section 4.3.1, g. 4.12.
Despite identical condensation modeling, the LES computation matches
the condensation pressure rise perfectly in terms of onset and gradient in
agreement with the experiment data. As the droplet growth model is calibrated based on RANS computations, the LES shows a similar behavior
as RANS and URANS further downstream. This in consequence suggests
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that the ow downstream of the core condensation zone is not governed by
unsteadiness, as will be further analyzed in section 4.3.2.6. These ndings
reveal that condensation is underpredicted by the employed condensation
model with the prescribed constants. In principle, the agreement with the
downstream pressure distribution can be enhanced by recalibration based
on these LES results. This in consequence will probably also enhance the
agreement with the measurement close to the trailing edge. Overall, the condensation process is much better captured by the LES compared to standard
RANS and URANS. This nding clearly indicates that the capabilities of the
simulation method to accurately account for unsteady processes like turbulence, shock waves, spontaneous condensation and their interaction is of
paramount importance for a predictive nature of wet steam computations.
4.3.2.4 Schlieren results
To analyze the mechanisms by which the LES computation is able to accurately reproduce the measurement in the condensation zone in contrast to
RANS and URANS, the contours of the (time averaged) density gradient magnitude are shown in g. 4.17 for comparison to the Schlieren photograph results ( gure 10) of White et al. [197]. This allows to visualize and compare
the shock structures and the heat release of condensation, here referred to
as the condensation shock to follow the wording used in [197]. The authors
mark pressure and suction side shock waves, which are also present in a
single-phase ow, as Sp and Ss , respectively. The additional feature due to
condensation, the condensation shock , is referred to by Sc . The position of
the latter is dependent upon the inlet superheat, while the trailing edge wave
structure is in uenced by the exit Mach number.
The considered OP is characterized by a curved main feature of the shock
wave pattern propagating across the central blade passage without a re ection from the opposite suction side surface [197]. On closer analysis, two
shock waves can be distinguished, the usual pressure side shock wave Sp
and the feature Sc associated with condensation, where Sp extends only partway across the passage before merging with Sc [197].
All computations show these three main features Sp , Ss and Sc and overall a reasonable agreement with the measurement. On further inspection,
RANS and URANS yield similar results with a rather weak pressure side
shock wave, which seems to be branched into two distinct features. The LES
resolves the pressure side shock wave sharply and predicts an interaction
with the condensation shock , which results in the curvature also present in
the Schlieren measurement.
This interaction of Sp and Sc predicted by the LES in contrast to RANS and
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Figure 4.17: Contours of time averaged density gradient magnitude of
URANS and LES results for comparison with the Schlieren
measurement results of the White et al. for OP L1 (figure 10
in [197]) (see also [137])
URANS, seems to lead to a weakening of the condensation shock strength
in comparison to the other computations. In the RANS and URANS results, the condensation shock seems to be a rather distinct feature reaching
deeper into the domain without the damping in uence of the pressure side
shock wave compared to LES and measurement. In addition, the position
of Sp seems to be predicted slightly more upstream by RANS and URANS,
in uencing the interaction with the condensation. These ndings are in accordance with the evaluation of the blade pressure distribution discussed in
the last subsection, where the pressure rise is predicted too far downstream
with an increased intensity by RANS and URANS, while LES is able to match
the measurement.
4.3.2.5 Droplet Radius
The (time averaged) droplet radius distribution evaluated on a downstream
pitchwise traverse is shown in g. 4.18 in comparison to the Sauter mean
droplet radius at one position, as the only available measurement point from
[197]. The large pitchwise variations of the mean droplet sizes predicted by
the computations are due to large variations in nucleated droplet numbers
and formation of wetness caused by local differences in expansion rate and
the in uence of the trailing edge wave system on the nucleation zone [197].
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Figure 4.18: Downstream droplet radius distribution for the L1 OP of the
White et al. cascade (see also [137])
While nucleation takes place in a region of rapid expansion close to the suction side surface leading to a large number of small droplets, the onset of
condensation is delayed close to the pressure side surface through the temperature rise generated by the trailing edge shock [197]. This moves the nucleation locally into a region of lower expansion subsequently yielding, fewer
but larger droplets [197].
The evaluation of the droplet radius distribution shows again similar results for RANS and URANS, for LES, however, noticeable differences, despite identical condensation modeling. The LES predicts smaller droplets in
the wake region and larger droplet sizes within the blade passage with a
steeper gradient between these regions compared to the other computations.
While RANS and URANS results are just outside the measurement error
interval of the single available experimental point, the LES reproduces the
measured droplet size accurately within the experimental accuracy.
4.3.2.6 Pressure and wetness elds
To further analyze differences of LES and URANS based results, time averaged pressure and corresponding standard deviation elds are presented in
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Figure 4.19: Time averaged pressure and corresponding standard deviation
computed by LES and RANS for the L1 OP of the White et
al. cascade (see also [137])

g. 4.19. The time averaged pressure eld of the URANS computation conrms the ndings made based on the Schlieren results: compared to the
LES results, condensation shock and pressure side shock wave are rather
distinct features. In the condensation zone, the pressure rise on the suction
surface is more pronounced in the URANS results, while the LES also predicts the maximum pressure slightly away from the wall. The URANS yields
a rather distinguishable condensation shock reaching far into the blade
passage. In contrast, the LES yields a sharply de ned pressure side shock
wave downstream of the trailing edge, which merges with the condensation
shock within the domain. The standard deviation of the time averaged pressure clearly reveals that the LES based computation is much better able to
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account for the unsteady nature of the shocks at the trailing edge and their interaction with the condensation zone. The URANS, on the other hand, shows
only a small pressure variance in the condensation zone itself.
A clear difference in the blade's wake predicted by LES and URANS is
found in the evaluation of the time averaged wetness fraction eld, shown
in g. 4.20. While the URANS predicts a rather dry streak, the wake of the
LES contains a noticeable amount of wetness, because condensation occurs
in case of the LES also in the incipience region of the pressure side shock
wave and the nucleated wetness subsequently forms part of the wake. At
the same time, higher fractions of wetness are encountered close to the suction side blade wall. Also in accordance to the previously analyzed droplet
radius results, the LES features a higher streak of wetness in the middle of
the passage compared to URANS. Evaluation of the corresponding variances
shows, that the URANS is only able to account for unsteadiness in the wake
region, while the LES predicts also high level of unsteadiness throughout the
whole condensation zone, including the near wall region. These results further prove that LES is much better able to account for the inherent unsteady
nature of the spontaneous condensation process.

4.4 Conclusions and outlook
In this section, the work in the area of condensing wet steam ows is presented. First, q3D inviscid computations of classical nozzle test cases are
used to compare mixture model and source term model implementations
and different commonly used wet steam EoS. SBTL and source term model
show overall the highest potential for the application in more complex ows.
While the accuracy of source term model and mixture model are comparable,
the source term model is twice as fast, because the pressure does not have
to be iterated. At the same time, the speed potential of the SBTL method is
revealed.
On this basis, the computational speed of source term model in combination with the SBTL EoS is further enhanced. The validation of this implementation is conducted showing full 3D laminar computations of nozzle ows
with low Wilson point pressures. These laminar results show a good agreement with the experimental data, as boundary layer effects are accounted for
in difference to inviscid computations. The overall agreement with the calibrated nucleation theory is within the known limitations of the current wet
steam modeling standard as presented in [171]. At the same time, a considerable speedup is reported, where the SBTL method shows only an overhead
of 2 % compared to a baseline IG computation, while a full condensation
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Figure 4.20: Time averaged wetness fraction and corresponding standard
deviation computed by LES and RANS for the L1 OP of the
White et al. cascade (see also [137])
computations is only connected to an overhead of 26 %.
Having achieved validation and speedup, the solver is applied to a turbomachinery con guration. For the White et al. [197] cascade test case, a reasonable agreement is reached. First extensions of the solution method to
incompressible LES based on a central scheme in energy consistent form
are reported in [136], showing also results for the real gas implementation.
The rst scale resolving LES computation in the eld of wet steam ows is
presented in this work and in [137]. The results within the condensing wet
steam cascade are thoroughly compared to RANS and URANS computations
as well as the available experimental data. As explained in section 3.1.3.3, a
highly accurate numerical treatment is adapted for the LES computation to
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provide an accurate treatment of turbulent scales of any size in presence of
shock waves, as appearing in the cascade ow. The discontinuities of the condensation process pose an additional challenge. In this work, the hybrid ux
switches between a baseline non-dissipative central ux in energy consistent
split form and a shock-capturing upwind ux in shocked regions based on
a shock sensor. This hybrid scheme is validated showing results of a decay
of homogeneous isotropic turbulence test case containing eddy shocklets in
section 3.4 (see also [137]) and then employed in condensing wet steam ows
for the rst time.
The shock sensor de nition is proven to be appropriate for application
in condensing wet steam ows and the high quality of the LES results is
demonstrated based on LES quality criteria and near wall resolution analysis.
Overall, the LES results are much better able to reproduce the experimental
data compared to RANS and URANS computations. Despite identical condensation modeling, the onset of nucleation and the shape of the pressure
rise due to the condensation are only matched by LES. The Schlieren results
reveal that the LES is able to account for the interaction of condensation
shock and pressure side shock wave, while RANS and URANS yield rather
distinct features. At the same time, the LES matches accurately the only available measurement point of the downstream droplet size distribution and
shows more pronounced differences between droplet sizes in wake and passage region compared to RANS and URANS computations. Further analysis
of differences in URANS and LES reveals that only LES is able to account for
the inherently unsteady nature of the spontaneous condensation process and
the interaction with the trailing edge shock wave structure, while URANS
captures only unsteadiness in the blade's wake region. These ndings prove
that the inherently unsteady nature of the condensation process and its interaction with other unsteady ow phenomena, which still lack understanding
today, cannot be investigated properly based on simple steady state computations. However, at the relatively moderate Reynolds numbers in the lowpressure turbine and in light of the continuously increasing computational
power, high- delity, unsteady, scale-resolving simulation techniques such as
LES hold the potential to address this research need and to improve future
designs.
For the detailed understanding of the interaction of turbulence and wet
steam model in the description of turbulent condensing steam turbine ows,
additional LES at different operating conditions will be conducted in the
future. To further increase the overall quality of the modeling, a more sophisticated two-phase treatment seems promising, though computationally
very challenging. Due to the small time steps in LES, a Euler-Lagrange treatment appears feasible and would provide the best description of the droplet
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size spectrum, but ef cient parallelization remains one of the main challenges. For this task, advantage will be taken of the hybrid CPU/GPU solver
parallelization, only the porting of the SBTL tabulation remains and is in
progress. For steady state computations, quadrature based moment methods like QMOM will be implemented. The SMOM method is already implemented and will be compared with the presented monodispersed method in
the future.
As indicated in [171], a detailed comparison of EoS has not yet been conducted. The presented comparison of Y88 and SBTL is the rst step, but a
direct implementation of IAPWS-IF97 and other steam EoS will be done in
the future. These state equations can also serve as benchmarks on the GPU.
The largest obstacle connected with wet steam ows, however, remains the
uncertainty connected to the classical nucleation theory. Research in this area
will be conducted. Furthermore, an extension into the high pressure region
is to be considered, as especially interesting for supercritical ows, not only
for steam but also for CO2 , as presented in chapter 6.
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The path towards sustainable energy sources will be long and
sometimes dif cult . . . We cannot cede . . . the technology that
will power new jobs and new industries, we must claim its
promise. That's how we will maintain our economic vitality
and our national treasure our forests and waterways, our
crop lands and snow-capped peaks. That is how we will
preserve our planet, commanded to our care by God. That's
what will lend meaning to the creed our fathers once declared.
Barack Obama, 44th U.S. President, 2013
One of the greatest challenges of the 21st century is the transition towards
sustainable energy generation with reliable service and at affordable prices.
The net-zero CO2 emission target in the energy and transportation sector
can only be reached with innovations in the eld of power generation and energy ef ciency. Here, a wide range of low temperature heat sources provide a
large amount of energy, though, at such low temperatures that prevent their
economical exploitation by traditional power generation techniques. Most
prominent examples are waste heat from industry and transportation, solar thermal and geothermal energy and biomass. One technology with the
potential for large-scale commercial deployment is the Organic Rankine Cycle (ORC), which is not only applicable to low temperature heat sources but
can also be employed for cogeneration or as the bottoming cycle of a highertemperature cycle, such as diesel engines, Brayton Cycles or other Rankine
Cycles.
Overall, the ORC represents an emerging technology with a worldwide
installed capacity increase from about 0.7 GW to 2.7 GW between 2005 and
2016 [177]. The rather new technology has already a wide application range
in waste heat recovery and renewable power generation, ranging from microscales with a few kW to large multi GW power plants. The ORC follows the
same principles as the traditional steam Rankine cycle used in most thermal
power plants to produce electricity, but uses an organic uid instead of H2 O.
Using an organic uid with lower evaporation temperatures compared to
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H2 O allows for the effective use of low temperature heat sources and the
selection of the best working uid depending on the available heat source
and the plant size. Overall, this results in higher performance compared to
both steam Rankine cycles and gas Brayton cycles, especially for heat sources
lower than 400 °C and a power output lower than 20 MW [177].
The working uid can be selected from a long list of candidates, including
hydrocarbons, hydro uorocarbons, siloxanes and mixtures of these components. Typically, ORC turbines are very compact with one or only a few number of stages [125]. However, the design of ef cient ORC turbines is very challenging. The compact design leads to high expansion ratios with transonic or
supersonic ow conditions in the turbine. To minimize shock losses in the
rotor, the degree of reaction of ORC stages is generally kept as small as possible and the stator section is often designed as a convergent-divergent nozzle
[122, 125]. At the same time, strong real gas behavior is encountered in the
relevant pressure and temperature ranges, at which ORC turbines operate.
This results in low sound speeds and high pressure ratios, where real gas
effects occur under supersonic conditions considerably affecting the turbine
performance [25]. This necessitates an ef cient and accurate approach to real
gas thermodynamics in the design stage, which is described in this work.
ORC turbines typically operate in cycles driven by volatile heat sources,
like heat recovery from residual energy of industrial processes or exhaust
gases or volatile renewable energy sources like solar thermal energy. Hence,
power control of ORC turbines must enable an ef cient and economical operation at part load conditions. One technical solution is a design, which allows
for partial admission. Such a partial admission design can also be the solution to another challenge in ORC turbines, where relatively small volume
ow rates lead to small blade heights. This yields comparably high values
of endwall and secondary ow losses, like tip leakage losses. These losses
can be reduced increasing the blade heights and only admitting a part of the
annulus. However, this causes other losses, referred to as partial admission
and windage losses [85] and a careful design is necessary. For such a partially
admitted design, single-stage axial impulse turbine stages appear to be well
suited [196]. Such a turbine design will be numerically investigated in this
chapter.
Overall, ORC turbines often represent the most reliable option for unconventional heat sources to date, where conventional power cycles cannot provide convenient solutions to exploit low-grade heat sources. The low driving
temperature differentials pose several technological challenges and lead to
low cycle ef ciencies, where cycle optimization even for marginal gains are a
worthwhile undertaking. Today, there is still a severe lack of suitable working
uids, which leads often to a choice of working medium not tailored for the
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speci c application. Furthermore, there is a severe lack of experimental validation for ORC applications, particularly for low temperature heat sources
and low power outputs. For a more detailed overview of developments in the
eld of ORC application, a vast number of reviews have been published, see,
e.g., [71, 91, 104, 115, 141].

5.1 Partial admission ORC turbine test case
In this section, numerical results of the partially admitted ORC turbine of
Seume et al. [160] are presented. These results are published in a more comprehensive form in [210], where the computations were conducted by the
rst author on basis of the FVM solver presented in this work. The single
stage impulse turbine is designed for the heat recovery form the exhaust gas
of a 12.8 L diesel engine with a temperature of about 615 K. The key feature
of the design is the use of partial admission for high ef ciency levels over a
wide range of operating conditions. In particular, the ow through a maximum of 8 stator passages with a Laval nozzle design can be used to partially
admit 33 rotor blades with a 2D impulse design, where 2 (20 % admission),
4 (40 % admission) or the whole 8 stator (80 % admission) passages can be
admitted.
The rotor blade height is 3.43 mm with a tip gap height in operation of
about 0.13 mm to the shroud at a diameter of 63.1 mm. The nominal design point is given by a partial admission of 40 % and a rotational speed of
1 × 105 min−1 with a turbine output of 8 kW. The maximum power output
of 18.3 kW is given at a rotational speed of 1.1 × 105 min−1 and 80 % admission. The investigated inlet conditions are in a range of 20 bar to 40 bar (0.23
to 0.46 in reduced pressures) and 505 K to 540 K (0.944 to 1.01 in reduced
temperatures). The selected working medium is ethanol with 5 % mass fraction water added to prevent corrosion of the titanium rotor. Experimental
data is available for 20 % and 40 % admission with 3 inlet operating points
(OPs) at 20 bar, 30 bar and 40 bar, respectively. In each case, the rotor speed
for a maximum ef ciency is prescribed, where the measured maximum isentropic total-to-static ef ciency reaches about 57 %. The diffuser pressure is in
all cases about 0.81 bar.
The accurate prediction of partly admitted turbines is very challenging,
since it causes a highly inhomogenous ow eld in circumferential direction requiring full annulus computations [72]. The only alternative, though,
far from being of predictive nature, are conventional fully admitted computations, exploiting periodicity for a single passage simulation, with subsequent
corrections to account for partial admission losses based on empirical mod-
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els. In the following, only full annulus computations are presented and compared to the measurements. Loss model based results of the present computational method are reported in [210], where their accuracy in real gas ORC
applications is investigated.

5.1.1 Numerical setup
In the following, steady state RANS results, closed by the SA turbulence
model, and solved implicitly in time employing the LUSGS scheme are presented. For the best trade-off between accuracy and computational speed, the
thermodynamic properties of the working medium mixture of 95 % ethanol
and 5 % water (in terms of mass fractions) are computed based on PengRobinson EoS and van der Waals mixture model. Due to the constant composition of the mixture, the mixture properties for the one- uid treatment can
be precomputed and are listed in table 5.1. For the highest possible accuracy,
these mixture quantities are computed based on REFPROP [94]. The polynomial coef cients for the ideal gas part of the caloric quantities are given in
table 5.2.
Critical temperatures Tr ≈ 1 at low pressures pr < 0.5 at all investigated
OPs allow the usage of the low-pressure gas mixture variants of the corresponding state method of Chung et al. [19] for the computation of viscosity
and thermal conductivity coef cient, as presented in [130]. This method allows also for a one- uid treatment in the computation of the transport properties and the values used for both uids in their respective mixing rule are
listed in table 5.3. In this work, only the OPs with 20 % admission are considered, their details are given in table 5.4. The given outlet pressure is iterated
to yield the averaged static pressure at the diffuser exit of about 0.81 bar,
which was measured at a radius of 40.78 mm, as indicated in g. 5.1b.
The full annulus geometry with 2 stator nozzles and 33 rotor blades is
shown in g. 5.1a. To have a realistic pressure distribution at the diffuser exit
without the immediate in uence of the outlet boundary condition, the outlet
is prolonged in radial direction, as indicated in g. 5.1. At the domain outlet,
a constant static pressure is prescribed, at the domain inlet, the total state
is prescribed with a boundary normal velocity vector. All walls are treated by
adiabatic, viscous wall boundary conditions; between the stator and the rotor
domain, a frozen rotor interface treatment is employed.

5.1.2 Computational mesh
The domain is discretized by a block structured grid with a low Reynolds
wall resolution of y + ≈ 1. Only in the nozzle's throat area, slightly higher
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Table 5.1: Mixture properties of the working medium used in a one-fluid
treatment with the Peng-Robinson EoS for the ORC test case
Tc
pc
ω
M

535.1
86.536
0.562 892
42.741

K
bar
kg kmol−1

Table 5.2: Polynomial coefficients for the NASA 7 [106] description of
the working fluid mixture used for the ideal gas part in the
computation of caloric state values for the ORC test case
a1 6.101 551
a2 1.375 337 × 10−2
a3 −4.842 14 × 10−6
a4 7.711 717 × 10−10
a5 −4.571 218 × 10−14

K−1
K−2
K−3
K−4

Table 5.3: Fluid properties used in the evaluation of the low-pressure gas
mixture variants of the corresponding state method of Chung
et al. [19] for viscosity and thermal conductivity coefficient for
the ORC test case
ethanol

water

critical temperatures 513.92
647.14
critical volume
167.0
55.95
acentric factor
0.649
0.344
molar mass
46.069
18.015
dipole moment
1.7
1.8
association factor
0.175
0.076
mole fraction
0.881 38
0.118 62

K
cm3 /mol
kg kmol−1
Debye

Table 5.4: Considered OPs for the partially admitted ORC turbine test
case
admission [%]
20
20
20

pt,in [bar]
20
30
40

Tt,in [K]
507.77
530.64
548.85

pout [bar]
0.923
0.959
0.992

rotational speed [min−1 ]
70 000
80 000
80 000
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(b) 72° sector

(a) full annulus

Figure 5.1: ORC turbine geometry for 20 % admission with 2 admitted
stator nozzles and indication of the diffuser exit position (see
also [210])
values of about 3 to 5 are encountered. For the nal RANS mesh, a mesh
independence study is conducted. To reduce the computational effort, only
a 72° sector, as shown in g. 5.1b, is considered based on ideal gas assumptions; see [210] for details. The number of nodes is uniformly increased in all
directions, while maintaining the spacing at the walls and a constant expansion ratio of 1.1 in the boundary layer region. A total of 3 grids is considered
regarding the isentropic total-to-static ef ciency
ηs,TS :=

Hout − Hin
,
hs,out − Hin

(5.1)

evaluated between domain inlet and averaged diffuser exit state, as shown in
g. 5.2. On this basis, the medium grid with about 4.3 × 106 internal cells
for the 72° sector is selected as a good compromise between accuracy and
computational effort. The nal full annulus mesh contains 20.5 × 106 internal cells; mesh quality parameters are listed in table 5.5, an impression of
the nal mesh can be gained from g. 5.3.

5.1.3 Results
Predicted mass ow rate and total-to-static isentropic ef ciency for the three
examined OPs with a 20 % admission are shown in g. 5.4. The mass ow of
the measurements are accurately matched for all three OPs. The mass ow
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Figure 5.2: Mesh independence study on basis of a 72° sector of the ORC
turbine test case (see also [210])
Table 5.5: Final grid statistics of the medium mesh used for the computation of the ORC turbine test case (see also [210])

stator domain
rotor passage
72°
360°

max.
aspect ratio

max.
expansion ratio

min.
orthogonality [°]

internal
cells [×106 ]

598
473

2.8
2.0

29.4
21.0

1.0
0.6
4.3
20.5

is determined by the choked state in the stator nozzle throat and validates
that this critical state is matched accurately by the implemented thermodynamic treatment. The ef ciencies are also matched within the measurement
accuracy, except for the OP with the highest pressure ratio, with a difference
of about 5 p.p.. The same difference is also predicted by loss model based
results in [160, 210] and might be the result of the boundary conditions being
associated with relatively high degrees of uncertainty for this OP, especially
regarding the total temperature [210]. This renders an investigation of unsteady effects based on URANS computations of this high pressure OP of
particular relevance, to be conducted in the future on basis of the presented
real gas solution method.
In the following, the predicted ow eld characteristics of the medium
pressure ratio OP are examined: Figure 5.5 shows the contours of the Mach
number in the absolute frame of reference at mid span for the full annulus
and a zoomed top view of about one third of the domain. The ow is acceler-
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(a) stator nozzle

(b) rotor passage

Figure 5.3: Details of the final ORC turbine mesh (see also [210])

ated in the stator section's Laval nozzle geometry, reaching about M = 3.3 at
the exit. This leads to oblique shocks at the nozzle exit and in front of the rotor blades; however, the induced deceleration is not strong enough to bring
the ow in the rotor passage to the subsonic regime. Within the rotor domain, the ow is further decelerated, reaching subsonic conditions towards
the rotor exit plane. Due to the high pressure ratio, a trailing edge shock wave
system emerges here. This pattern is only valid for directly admitted blades,
as all other blades naturally show low ow velocities within the rotor passage.
To further assess the losses caused by the rotor's partial admission, a postprocessing tool is created to allow direct access to the computation's thermodynamic setup. On this basis, the complete entropy eld and the eld of
the entropy gradient norm are computed and shown in g. 5.6 and g. 5.7,
respectively. To allow comparison to other equations of state, the entropy
is presented with the reference state chosen as the total inlet state, rendering its presentation independent of the underlying reference state used in
the thermodynamic description. Most notably, high levels of entropy are encountered within the rotor passages, which are not admitted. Here, energy is
transferred from the rotor blades into the uid, referred to as windage and
rotor pumping losses. The mixing process between the stagnant ow and
the ow through the admitted rotor passages at the rotor exit creates a high
level of entropy, as evident from g. 5.7. Further losses are associated with
high wall frictions due to the very high velocities, the stator wakes, interacting with the rotor blades, and the strong oblique shock waves, especially in
front of the admitted rotor leading edges. Of course, losses resulting from
the tip gap also strongly contribute, are, however, not visible on the shown
mid span planes. A more detailed analysis of losses and loss mechanisms
and their association are given in [210].
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Figure 5.4: Comparison of computational results to measurement data for
the ORC test case (see also [210])

5.2 Conclusion and outlook
In this chapter, the computational results of a partially admitted supersonic
single stage ORC turbine test case are presented. The ethanol-water working
medium is described by a real gas mixture based on the Peng-Robinson EoS
and the van der Waals mixing rule. Steady state RANS results of the full
annulus are computed by the FVM solver.
The mass ow is matched accurately in comparison to the measurement
data given in [160]. At the same time, the ef ciency is matched within the
measurement uncertainty for two out of three considered operating points.
For the OP with the highest pressure ratio the predicted ef ciency is well outside the measurement uncertainty interval. This trend is also reported in the
numerical results in [160] based on a passage computation with subsequent
corrections due to the partial admission based on an empirical loss model.
The discrepancy might be caused by a high degree of uncertainty related to
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Figure 5.5: Contours of the Mach number in the absolute frame of reference
at mid span for the medium pressure OP of the ORC test case
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Figure 5.6: Contours of the entropy at mid span for the medium pressure
OP of the ORC test case (see also [210])
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Figure 5.7: Contours of the entropy gradient norm at mid span for the
medium pressure OP of the ORC test case (see also [210])
the inlet stagnation state. Based on the full annulus numerical results obtained by the presented FVM solver, a detailed description of the ow eld is
conducted. An analysis of loss mechanisms on basis of the presented results
is presented in [210]. In this publication, a comparison to one-dimensional
loss model based partial admission results is also reported.
In the presented computational results, unsteady effects have not yet been
taken into account. These effects might play a very important role in the
prediction of turbine performance. Therefore, transient full annulus computations, especially for the high pressure OP, will be conducted in the future.
Furthermore, the OPs at 40 % admission are also still left to be investigated.
The research in the eld of ORC will also be expanded towards full real gas
mixture computations and Bethe Zel'dovich Thompson (BZT) uids. Real
gas mixture capabilities are also important to other elds of uid ows, as in
rockets. Another example are humid air effects, which have also been investigated by the presented computational method in [76]. This eld of research
will further be perused.
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As the saying goes, the Stone Age did not end because we ran
out of stones; we transitioned to better solutions. The same
opportunity lies before us with energy ef ciency and clean
energy.
Steven Chu, American physicist and Nobel laureate, 2013
In this chapter, the application of the FVM solution method to the prediction of performance characteristics of a centrifugal supercritical CO2 compressor are presented, based on the results published in [81], where the computations were conducted by the rst author on basis of the FVM solver presented in this work. The compressor geometry is based on the main dimensions of the supercritical CO2 compressor test loop operated and experimentally investigated at the Sandia National Laboratories (SNL) [201]. As the exact
geometry is unavailable, only a qualitative comparison is possible. The thermodynamic data for the CO2 working medium close to the critical point is
provided by a special SBTL implementation, see [81] for details, where the
tabulated data is based on the Span-Wagner EoS [168].
The operation of a Brayton cycle with CO2 as working medium and a compression close to the critical point has seen a dramatic increase in interest
over the last years. The big advantage of this cycle are high conversion efciencies in the range 38 % to 50 % at relatively moderate maximum cycle
temperatures at 450 °C to 600 °C [1]. This is realized by substantially reducing the compression work close to the critical point, i.e., in the area with the
highest uid densities, compared to a conventionally operated Brayton cycle
with air. These high uid densities also allow for a compact turbomachinery
design with a small physical footprint. Detailed insight into this technology
is, e.g., given in [15].

6.1 Supercritical CO2 compressor test case
The main compressor of the supercritical CO2 (sCO2 ) test loop of the SNL
[201] is designed with a backward swept impeller with splitter blades and
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(a)

(b)

Figure 6.1: Impeller wheel geometry and computational mesh for the supercritical CO2 compressor test case (see also [81])
a channel type diffuser at the exit. The design point of the compressor is
Tt,in = 305.3 K and pt,in = 76.87 bar, which equals to the reduced values
Tr = 1.004 and pr = 1.042. Obviously, the compressor is designed to be
operated very close to the critical point. The rotational speed of the design
point is 75 000 min−1 , the mass ow 3.5 kg s−1 . Based on the total inlet state,
ow coef cient and peripheral Mach number equal φ = 0.037 and Mu =
0.73, respectively.
Results of performance tests are reported in [44, 201] for different operating conditions. According to information in [201], the compressor stage is
equipped with resistance temperature detectors and total pressure transducers at the stage inlet and outlet; a static pressure tab is located at the impeller
exit. The power is measured directly through the generated electrical power,
mass ow and density by a Coriolis ow meter at the inlet of the compressor.
Based on this equipment, the experimentally derived total-to-static isentropic
ef ciencies reported in [201] are interpreted as associated with the impeller
exit
hs,out − Hin
.
(6.1)
ηs,TS :=
Hout − Hin
As exact geometry data are unavailable, the geometry is generated based
on the available data in literature, as described in [81]. In this work, only the
impeller wheel shown in g. 6.1a is considered, where the tip clearance is
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neglected. The computational domain consists of a single, periodic passage
with the main blade and a splitter blade, depicted in g. 6.1b; the structured
multi-block grid contains O-grid block topologies around the blades and Hgrid blocks covering the upstream and downstream free- ow areas as well as
the blade passages [81]. The total mesh comprises approximately 1.7 million
cells with an appropriate near wall resolution.
For the conducted RANS computations, constant total pressure and total
temperature are imposed at the inlet. For the used SA turbulence model, the
turbulent viscosity ratio is prescribed. At the outlet, a constant static pressure
is imposed; all walls are speci ed as adiabatic no-slip boundaries.

6.1.1 Results
The only experimental data available for this test case are performance maps.
Wright et al. [201] provide a performance map for a state close to the critical
point, including isentropic ef ciency results. In addition to a similar near
critical point, Fuller and Eisemann [44] report also performance maps for
states close to saturated liquid, in the vapor range and for high temperature
supercritical inlet conditions; however, all without ef ciency data. These additional off design conditions are relevant for startup or for utilization of heat
rejection temperatures [44]. In this work, two of these states are investigated:
• State A: Tt,in = 307 K , pt,in = 77.5 bar
• State B: Tt,in = 301 K , pt,in = 67.9 bar ,
which are both illustrated in a Ts-chart in g. 6.2. As indicated by the compressibility factor, both states are characterized by highly non-ideal gas behavior.
It must be noted that the experimental inlet conditions vary strongly during the measurements. For the near critical state (State A), [201] report a
range of pt,in = [77, 81.39] bar and Tt,in = [304.3, 307] K, while [44] report
Tt,in = [304, 306] K and an approximated inlet density of % = 460 kg/m3 .
These ranges correspond to a signi cant change in uid properties, shown
here exemplary for the change in uid density % = [344, 686] kg/m3 , which
result obviously in drastic changes in terms of the mass ow rate. The chosen total inlet conditions for the computed state A are within the speci ed
range.
Although being designed for a rotational speed of 75 000 min−1 , no data is
reported for this design speed. Most data is given for 50 000 min−1 , for which
all computations are performed.
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Figure 6.2: Ts-chart for CO2 containing the two investigated states A and
B; The contour lines illustrate the compressibility factor (see
also [81])
6.1.1.1 Performance analysis
The numerically predicted performance curves for the near-critical operating
point (state A) are shown in Figure 6.3. The performance characteristics are
presented in non-dimensional form with the ideal head coef cient
Ψ := (hs,out − Hin ) /u2out

(6.2)


φ := 4V̇ in / πd2out uout .

(6.3)

and the ow coef cient

The numerical data is compared to the experimental results of [44, 201], where
the results in [201] are provided in dimensional form and converted on basis
of the total inlet conditions, as the actual static state is unknown. Based on
the RANS results, the difference between non-dimensionalization based on
total quantities instead of the static state is estimated with about 1.1 % [81].
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Figure 6.3: Impeller performance for state A compared to experimental
data of [44, 201] (see also [81])
Both experimental data sets exhibit a similar qualitative shape, where the
data of Wright et al. [201] reach the surge line at much lower ow coef cients.
A very good quantitative agreement of the experimental data is found at about
φ = 0.035, moving towards higher ow coef cients an increasing deviation
is visible. The RANS results predict a atter characteristic curve compared
to the experimental data; however, the numerical results are quantitatively
reasonable and serve as a proof of concept. The differences compared to the
experimental data can be explained with uncertainties regarding the exact
geometry; the impeller geometry is modeled based on the main dimensions,
but the detailed blade angle distribution is unknown, which can affect the
head generation. Furthermore, the exact position of the static outlet pressure
measurement is uncertain, where the position has a dramatic impact on the
predicted static state. For the RANS computations, the impeller static outlet condition is obtained at a radial plane r = 0.3 mm, which is located in
the real machine between impeller trailing and vaned diffuser leading edge.
It also has to be noted that the operating range is not directly comparable,
since the channel type diffuser is approximated by a vaneless diffuser in the
computations. This is known to restrict the performance curve range; however, the surge point predicted by the RANS computation is comparable to
that reported by Fuller and Eisemann [44].
The predicted impeller ef ciency shows a maximum value of about 54.4 %,
which is more than ten percentage points lower compared to the peak values
of the experiment. The scatter of the experimental data is obvious and is
caused by transient behavior when the ow valve is closed. The predicted
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Figure 6.4: Impeller performance for state B compared to experimental
data of [44] (see also [81])
ef ciency curve shows an overall atter shape compared to the experimental
data. In addition to the previously mentioned limitations of the computation,
it must be noted that the power measurements are corrected by loss factors,
which might be associated with non-negligible uncertainties.
The evaluation of the performance curve for state B in the gas phase close
to the saturation line is shown in g. 6.4. Compared to the results for state A,
no considerable differences can be identi ed for both, ideal head coef cient
and isentropic ef ciency. This indicates a high degree of machine similarity.
However, the same degree of similarity is not found in the experimental data
of Fuller and Eisemann [44], where the ideal head coef cient shows a atter shape compared to the performance curve for the near-critical operating
point (state A). This leads to a substantially better agreement between the
numerical and experimental data for this operating point. Unfortunately, the
ef ciency curve has not been measured for this OP.
Overall, reasonable performance metrics are predicted by the computational method despite high uncertainties regarding geometry, instrumentation and operating conditions. The next section contains a more detailed
analysis of the ow eld.
6.1.1.2 Flow eld analysis
Based on the previous ndings, the ow eld is further analyzed in this section. In all conducted homogeneous equilibrium mixture (HEM) computations for both operating points, ow regions with thermodynamic states in-
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Figure 6.5: Ts-diagram containing the thermodynamic state of all control
volumes of the computational domain for the near-critical computation with highest efficiency, where the red points lie within
the two-phase region (see also [81])

side the two-phase region can be found. A scatter plot of the thermodynamic
state within all cells for the computation with the highest ef ciency for the
near-critical operating point (state A) is shown in g. 6.5. Obviously, for this
computation, many cells encounter states inside the two-phase region during
the compression in the impeller. These cells are primarily located at leading
edge and suction side of the main blade and at the leading edge of the splitter
blade, as can be seen from the isovolume representation in g. 6.6. At these
locations, the ow is accelerated to high Mach numbers (see g. 6.7), which
leads to a drop of static state values and to a penetration of the two-phase
region. This observation is in line with the ndings in [123, 144, 145].
To assess this behavior over the whole operating range for both inlet states,
the volume fraction of cells with a state inside the two-phase region with respect to the total volume of the computational domain for both investigated
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Figure 6.6: Isovolume of cells inside the two-phase region for the nearcritical computation with highest efficiency (see also [81])
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Figure 6.7: Contours of the relative Mach number at 75 % span of the
impeller main blade for the near-critical computation and φ ≈
0.041 (see also [81])
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Figure 6.8: Evaluation of volume fraction of cells in the two-phase region
for both considered operating conditions (see also [81])
operating points is evaluated in g. 6.8. For the near-critical state A, this volume fraction is below 0.02 % for the investigated range. Despite higher ow
coef cients connected with higher ow velocities, the volume fraction of cells
inside the two-phase region peaks at about φ = 0.05. This might be explained
by increasing losses connected with an increase in temperature, which compensates the drop through higher ow velocities. For the subcritical state B,
a different trend is observed. The evaluated volume fraction is overall larger
compared to state A by more than an order of magnitude. In addition, an
exponential increase in the volume fraction can be observed moving towards
higher ow coef cients, with a maximum value as large as 1 % for the highest considered ow coef cient. Thus, the subcritical state B shows a higher
potential for condensation, which is reasonable, as the inlet state is located
closer to the saturation line compared to state A.
It has to be pointed out that the condensation process for this test case is
not modeled accurately, as only a simple HEM is employed. In the real machine, a nucleation process takes place as explained in the wet steam chapter
chapter 4. However, for its application to CO2 in the reported range, the condensation modeling currently available in the solver has to be adapted and
validated for the high pressure region close to the critical point. This will be
subject of future research.
6.1.1.3 Evaluation of the computational speed
The assessment of the computational speed for the presented compressor
test case at the near-critical operating point (state A) is presented in g. 6.9.
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Figure 6.9: Evaluation of the computational speed of SBTL, PR and REFPROP (as implementation of the Span-Wagner EoS) relative
to a baseline IG computation (see also [81])
It compares different real gas EoS implementations to a baseline IG computation. In addition to the SBTL tabulation method, which is used for all previously presented computations, the run time is also evaluated for the simple Peng-Robinson EoS (PR) and the REFPROP implementation, which is a
highly optimized implementation of the Span-Wagner [168] multi-parameter
EoS.
The SBTL shows an overhead of about 33 % compared to the IG computation, while the simple PR real gas EoS already leads to an overhead of about
58 %. A direct call to the multi-parameter EoS in the highly optimized REFPROP implementation is associated with an overhead of over 4000 %. Still,
the SBTL implementation for CO2 is much slower than the version for H2 O,
which shows an overhead of only 2 % compared to IG for a steam turbine
computation in g. 4.6. This reveals that with additional optimization of the
CO2 implementation further gain in computational speed might be possible.

6.2 Conclusions and outlook
This chapter presents the adaption of the solution method to computations
of ows with CO2 as working medium, technically relevant especially close
to the critical point. The thermodynamic data is provided by a new SBTL
library implementation designed especially for such an application. The numerical method is used to show results for a supercritical CO2 centrifugal
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compressor test case.
The compressor geometry is modeled based on the available main dimensions of the SNL compressor loop. As the exact geometry is, however, not
published, only a quantitative comparison to the experimental data is possible. In addition to an operating point close to the critical point, an inlet state
inside the vapor region at high pressures close to the saturation line is considered. For both operating conditions, speed lines are numerically predicted
based on RANS computations and compared to the available experimental
data. The condensation process is not modeled accurately, as a simple HEM
is used for the computation inside the two-phase region. For both operating
conditions, the predicted non-dimensional performance curves are almost
identical, indicating a high degree of machine similarity. At the same time,
the results are in a reasonable range compared to the measurements, which
serves as a proof of concept.
For all computations, cells with thermodynamic states inside the two-phase
region can be found. These cells are located on leading edge and suction side
of the main blade and on the leading edge of the splitter blade. Here, an acceleration of the ow leads to high Mach numbers causing a drop in terms of
the static thermodynamic state, which yields a penetration of the two-phase
region. This behavior is evaluated for the whole considered operating range,
quantifying the volume fraction of cells inside the two-phase region with respect to the total volume of the computational domain. Overall, the operating
point in the vapor phase shows much higher portions of cells with potential
condensation. This appears reasonable, as the inlet state is closely located
at the saturation line. At the same time, the near-critical inlet state shows
a peak in this volume ratio. To improve the predictive nature of the results,
computations including detailed modeling of the condensation process will
be subject of future research.
The computational speed of the developed numerical method with thermodynamic data being provided by the SBTL tabulation is evaluated in comparison to other gas models, where a baseline IG computation serves as the
benchmark. With an overhead of about 33 % compared to the IG computation, the SBTL based computation is still by 25 percentage points faster than
a computation with the simple PR EoS. Compared to direct calls of the SpanWagner multi-parameter EoS in REFPROP, the SBTL based computation is
faster by over 4000 percentage points. At the same time, the tabulation provides an accuracy in the range of the uncertainties of the Span-Wagner EoS.
Furthermore, there seems to be a speed up potential, as for H2 O an overhead
of only 2 % compared to an IG computation is reported in g. 4.6.
Overall, the computational method yields reasonable results for the supercritical CO2 test case, while providing high accuracy at comparably low
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computational costs. With further optimizations of the SBTL library implementation for CO2 , scale resolving computations can be targeted, as already
realized for H2 O in this work. For such future investigations, the full condensation modeling will be necessary. This requires an adaption of the classical nucleation theory for the considered high pressures. The nozzle test
case of Lettieri et al. [96] might serve as a validation test case. However, as
all available test cases for CO2 , only pressure data is available, missing the
required information about droplet sizes. On this basis, computations with
a more accurate treatment of the condensation process will be conducted for
the same test case. Of course, calculations with the exact geometry would
be desirable, allowing a quantitative assessment of the results. Furthermore,
computations of the complete stage with detailed modeling of the diffuser
and with the tip gap will be conducted in the future.
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Science is eternal. It was started thousands of years ago and
its progress is continuous. Principles that are deeply rooted
are not likely to pass suddenly from the scene.
Theodore von Karman, 1963
Numerical modeling and simulation is central to modern industrial design
and optimization. Virtualization of the whole product life cycle will increasingly require the intensive use of high- delity CFD simulations. The relevance of real gas effects in modern turbomachinery applications increases
continuously with the demand for innovative net-zero power supply technologies, like ORC or supercritical CO2 Brayton Cycles, in addition to traditional steam turbines. The design of computational methods for the accurate
prediction of ows in such devices is very involved and subject of this work.
After an initial motivation for research in the eld of compressible nonideal gas ows in turbomachines, the mathematical model of a single-phase
real gas ow with general expressions for state equation and constitutive relations is introduced. On this basis, RANS and LES approaches are discussed
and an overview of relevant equations of state and tabulation techniques
thereof are given. The current state-of-the-art in modeling of condensing wet
steam ows is described, where the need for the investigation of the in uence of the turbulence modeling approach for the overall predictability of
wet steam modeling is highlighted.
On this basis, two solution methods are presented, a 2nd order FVM and a
high-order FDM solver, both targeted at application in high-speed compressible ows of non-ideal working media. For the computation of the advective
uxes, real gas extensions of Roe and AUSM+ schemes are discussed, followed by details about the solution strategy for scale resolving computations.
The extension of the boundary treatment for real gas ows is outlined and
details of a simple and a non-re ecting treatment for in- and outlet boundary
conditions are presented. Finally, both solvers are validated for their application in scale resolving computations with a series of test cases.
The quality of the developed solution methods is demonstrated in applica-
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tions to condensing wet steam ows, to ORC and supercritical CO2 applications (an application to humid air ows is presented in [76]). For wet steam
ows, the solution approach is chosen based on q3D inviscid computations
of classical nozzle test cases, where the source term model in combination
with the SBTL tabulation approach shows the highest potential for the application in more complex ow settings. Calibration and validation of the
implementation is conducted by 3D laminar computations of nozzle ows
with low Wilson point pressures. The overall agreement with the calibrated
nucleation theory is within the known limitations of the current wet steam
modeling standard. A considerable computational speed is obtained, where
the SBTL method shows an overhead of only 2 % compared to a baseline
IG computation, while a full condensation computation is only connected to
an overhead of 26 %. RANS results of a turbomachinery con guration are
presented next, for which reasonable agreement with experimental data is
also reached. Finally, the rst scale resolving LES computation in the eld of
wet steam ows is presented in this work. A highly accurate numerical treatment is adapted and proven appropriate for application in condensing wet
steam ows. The quality of the LES results is demonstrated based on LES
quality criteria and near wall resolution analysis. Overall, the LES results are
much better able to reproduce the experimental data compared to RANS and
URANS computations. The onset of nucleation and the shape of the pressure rise due to the condensation are only matched by LES, which is able to
account for the unsteady interaction of condensation shock and pressure
side shock wave. The ndings prove that the inherently unsteady nature of
the condensation process and its interaction with other unsteady ow phenomena, which still lack understanding today, cannot be investigated properly based on simple steady state computations. However, at the relatively
moderate Reynolds numbers in the low-pressure turbine and in light of the
continuously increasing computational power, high- delity, unsteady, scaleresolving simulation techniques such as LES hold the potential to address
this research need and to improve future designs.
Next, results of a partially admitted supersonic single stage ORC turbine
for heat recovery in automotive applications are presented, where the ethanolwater working medium is described by a real gas mixture based on the PengRobinson EoS and van der Waals mixing rule. Steady state RANS results of
the full annulus are computed by the FVM solver, reproducing the measured
mass ow rates accurately. The measured ef ciency is matched within the
measurement uncertainty for two out of three considered operating points,
the discrepancy for the other point might be linked to high degrees of uncertainty related to inlet stagnation state and has also been witnessed in other
numerical studies. Based on the full annulus numerical results obtained by
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the presented FVM solver, a detailed description of the ow eld is conducted.
Finally, the adaption of the solution method to the computation of a CO2
ow close to critical conditions in a radial compressor is presented. The thermodynamic data is provided by the SBTL tabulation. The compressor geometry is modeled based on the available main dimensions of the SNL compressor loop; without the exact geometry only a quantitative comparison to the experimental data is possible. In addition to an operating point close to the critical point, an inlet state inside the vapor region at high pressures close to the
saturation line is considered. For both operating conditions, speed lines are
numerically predicted based on RANS computations and compared to the
available experimental data. For now, the condensation process is not modeled accurately, as a simple HEM is used for the computation inside the twophase region. For both operating conditions, the predicted non-dimensional
performance curves are almost identical, indicating a high degree of machine
similarity. At the same time, the results are in a reasonable range compared
to the measurements, which serves as a proof of concept. For all computations, cells with thermodynamic states inside the two-phase regions can be
found. These cells are located on leading edge and suction side of the main
blade and on the leading edge of the splitter blade. Here, an acceleration of
the ow leads to high Mach numbers causing a drop in terms of the static
thermodynamic state, which yields a penetration of the two-phase region. In
the CO2 version, the SBTL library currently yields an overhead of about 33 %
compared to a baseline IG computation, still much faster than every other
simple real gas EoS. With further enhancements to the SBTL library and the
description of condensation close to the critical point, scale resolving computations of supercritical CO2 ows can be targeted.
To target DNS computations within more complex domains, the FDM
solver needs to be extended for the treatment of non-uniform meshes based
on the transformation to a computational grid. Generally, for scale resolving
computations with both solution methods, the proper de nition of the shock
sensor represents a eld of active research to which could be contributed.
For more complex geometries, a solution method for unstructured girds is
necessary. A simple node-based FVM solver with hybrid parallelization is
currently under development and will serve as the basis for the development
of high-order solvers on unstructured grids. For a highly accurate boundary treatment in real gas ows, the NSCBC boundary conditions have been
adapted and need to be published. For the GPU architecture, the adaption
of the SBTL method is necessary. Another subject of current research is the
stable and ef cient inversion of ux averages for arbitrarily complex EoS.
For the detailed understanding of the interaction of turbulence and wet
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steam model in the description of turbulent condensing steam turbine ows,
additional LES at different operating conditions need to be conducted. To further increase the overall quality of the modeling, a more sophisticated twophase treatment might be targeted, though, computationally very challenging. Due to the small time steps in LES, an Euler-Lagrange treatment appears
feasible and would provide the best description of the droplet-size spectrum,
but ef cient parallelization remains one of the main challenges. For steady
state computations, quadrature based moment methods like QMOM will be
implemented. For a further assessment of different wet steam EoS, a direct
implementation of IAPWS-IF97 and other steam EoS will be done in the future, also targeted at application on GPUs. The largest obstacle connected
with wet steam ows, however, remains to be the uncertainty connected to
the classical nucleation theory. Research in this area will be conducted. Furthermore, the wet steam model will be extended to the high pressure region,
not only for supercritical application in H2 O, but also in CO2 . Application
of the solution method to the investigation of rotating instabilities in steam
turbines based on the demonstrated LES capabilities might be of interest. Extension of the FVM solver to uid structure interaction (FSI) capabilities is
currently in progress and will be applied to investigations in low pressure
steam turbine stages.
In the presented ORC results, unsteady effects have not yet been taken
into account. These effects might play a very important role in the prediction
of turbine performance. Therefore, transient full annulus computations, especially for the high pressure OP, will be conducted in the future. Furthermore, conditions with lower levels of admission are also still left to be investigated. The research in the eld of ORC will also be expanded towards full
real gas mixture computations, also important to the research in geothermal
steam applications, and Bethe Zel'dovich Thompson (BZT) uids. Real gas
mixture capabilities are also important to other elds of uid ows, as in
rockets. For further investigations in CO2 ows close to the critical point,
a validated treatment for condensing ows at high pressures will be necessary. The nozzle test case of Lettieri et al. [96] might serve as a validation test
case. Of course, calculations with exact geometry would be desirable, allowing a quantitative assessment of the results. Furthermore, computations of
the complete stage with detailed modeling of the diffuser and with the tip
gap will be conducted in the future.
Other areas of research, which might be of interest for the application of
the presented solution method, are real gas high-pressure combustion, design and investigation of N2 turbines for fast-neutron reactors and research
in the eld of wet compression.
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ṁ
mass ow. 98, 123
ṁc
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