Asymptotics for linear spectral statistics
of sample covariance matrices

RUHR
UNIVERSITAT
BOCHUM

Dissertation
zur Erlangung des Doktorgrades
der Naturwissenschaften
an der Fakultat fiir Mathematik
der Ruhr-Universitdt Bochum

vorgelegt von

Nina Dornemann

Marz 2022






In Erinnerung an meine geliebte "Oma Mausi”.






Acknowledgements

It is my great pleasure to thank all the people who contributed in one way or another
to this unbelievable journey which shaped me both as a researcher and a human be-
ing.

First and foremost, I would like to express my sincere gratitude to Prof. Holger
Dette for the possibility to pursue my PhD studies under his supervision. I am ex-
tremely grateful for his continuous support, patience and many fruitful discussions
throughout the last years. His expertise and passion led me through interesting
research projects and helped me to overcome scientific difficulties.

My position was supported by German Research Foundation (DFG) through the
research training group “High dimensional phenomena in probability — fluctuations
and discontinuity” (RTG 2131). Representative for all the people involved, T would
like to thank Prof. Peter Eichelsbacher as the speaker of our RT'G for his excep-
tional commitment. Although the pandemic forced me to cancel further travel plans,
I enjoyed participating in conferences, seminars, and summer schools thanks to the

RTG.

I owe special gratitude to our years-long team assistant Martina Stein for her con-
tinuous help and many pleasant chats, as well as to Tanja Schiffmann and Birgit
Tomohlen for their assistance.

During the last year, I really enjoyed working with Dr. Johannes Heiny and would
like to thank him for many exciting discussions and the pleasant and productive
collaboration.

More generally, I would like to thank all the current and former colleagues from our
department and the RTG. I appreciate your openness, helpfulness, mathematical
curiosity and the joint breaks. Especially, I would like to thank Theresa Eckle for
many interesting discussions (especially on our fun project “Guinea pig” together
with Tim), joint tea breaks and even more for being such a reliable friend.

Back in my bachelor studies, I started exploring the fascinating fields of stochastics.
I would like to thank Prof. Angelika Rohde and Prof. Christoph Thale for their
excellent lectures and seminars, which raised my interest and led me to specialize in
this field.

Looking further backwards, my former math teacher Melanie Reidegeld played a
pivotal role in my decision to study mathematics. I would like to thank her for her
extraordinary support through many years and “Jugend forscht” competitions.



Words cannot express my gratitude to my family, especially my one-in-a-million
parents Andrea and Ralf and my beloved sister Natascha, for their unconditional
love and continuous support during my studies (without even knowing exactly what
I am doing). I admire your ability to give me the freedom to grow while always
standing by. Thank you for always believing in me.

Last but not least, I would like to express my deep gratitude to Tim, my dearest and
loving partner-in-crime. Thank you for your undoubtedly invaluable contributions
to my studies. Thank you for being with me all the time. Thank you for making
our journey so precious.

Nina Dérnemann
Bochum, March 2022



Contents

Introduction

Linear spectral statistics
2.1 Mathematical foundations . . . . . . ... .. ... L.,
2.2 Limiting spectral distribution of the sample covariance matrix . . . .

A sequential perspective on linear spectral statistics
3.1 Preliminaries . . . . . . . . . ...
3.2 Mainresult . . . . . . ...

Detailed applications of our main theorem

4.1 How to calculate mean and covariance . . . . . . .. ... ... ...
4.2 First applications . . . . . . . ..o
4.3 Logarithmic law of the sequential sample covariance matrix . . . . .

A statistical application: Monitoring sphericity in large dimension
5.1 A change-point test for sphericity . . . . . .. ... ... ...
5.2 Convergence of the test statistic . . . . . ... ... ... ... ....

Proof of Theorem 3.2.1

6.1 Outline of the proof of Theorem 3.2.1 . . . . . . . .. ... ... ...

6.2 Proof of Theorem 3.2.1 using Theorem 6.1.1 . . . . . . ... .. ...

6.3 Proof of Theorem 6.1.1 . . . . . . . . . . . ... ... ... . .....
6.3.1 Proof of Theorem 6.1.1 . . . . . . . .. ... .. .. ......
6.3.2 Proof of Theorem 6.3.1 . . . . . . . .. ... ... .......
6.3.3 Proof of Theorem 6.3.2 and continuity of the limiting process .
6.3.4 Proof of Theorem 6.3.3 . . . . . ... ... ... .......

6.4 Details on the arguments in Section 6.2 . . . . . . . .. ... .. ...

More details on the proof of Theorem 6.1.1

7.1 Auxiliary results for the proof of Theorem 6.3.1 in Section 6.3.2

7.2 Proof of Lemma 6.3.4 . . . . . . .. ... .. ... ... ..
7.3 Proof of Lemma 6.3.6 . . . . . . . . .. ... ... ... ... ...
7.4 Proof of Theorem 6.3.7 . . . . . . . . . . .. .. .. ... .. .....
7.5 Proof of Theorem 6.3.8 . . . . . . . . . . ... . ... ... ......
7.6 Proof of the statement (6.53) . . . . ... ... ... ... ... ..

vil

10
11
12

15
15
16
18



7.7 Further auxiliary results . . . . . . ... ... 7

8 Proof of Theorem 5.2.1 98
8.1 Proof of Theorem 5.2.1 . . . . . . . . . . . ... 98
8.2 Auxiliary results for the proof of Theorem 5.2.1 . . . ... ... ... 100

8.2.1 How to calculate mean and covariance in Theorem 3.2.1 . . . 100
8.2.2 Proof of Corollary 4.2.1 . . . . ... ... ... . ...... 101
8.2.3 Proof of Corollary 4.3.1 . . . . ... ... .. ... ...... 104

9 Gaussian fluctuations for diagonal entries of a large sample preci-
sion matrix 108
9.1 Introduction . . . . . . . . . . . e 108
9.2 Notation . . . . . . . . e 110
9.3 CLT for a single diagonal entry . . . . . . . ... ... ... ... .. 111
9.4 Joint convergence of diagonal entries . . . . . . . ... .. ... ... 113
9.5 Proofs of results in Section 9.3 . . . . ... ... 113

9.5.1 Auxiliary results . . . . ... ..o o 121

9.6 Proofs of results in Section 9.4 . . . . . . ... ... 124
9.6.1 Auxiliary results . . . . .. ... ... 124

9.6.2 Proof of Theorem 9.4.1 . . . . . . . .. ... .. ... .... 126

9.7 Details on the QR-decomposition of X' . . .. .. ... ... .. .. 129
List of symbols 130

viii



Chapter 1

Introduction

Over the last decades, the availability of high-dimensional data sets across diverse
disciplines such as as biostatistics, wireless communication and finance has trans-
formed statistical practice. Rapid technological developments have led to large
amounts of digital data. For example, computing speed and storage capability have
exponentially grown, which enables users to collect, store and analyze data sets of
very high dimension. While technological advances are helpful for users in innumer-
able aspects, it is an urgent challenge for statisticians to develop mathematically
solid tools for high-dimensional inference. Indeed, traditional multivariate analysis,
as outlined in the text books of Anderson (1984) or Muirhead (1982), is developed
under the paradigm that the dimension is negligible compared to the sample size and
breaks down seriously if this assumption is violated. Such problems have spurred
the development of new analysis tools, that work for dimensions of the same order
as and even larger than the sample size.

Turning closer to the scope of this work, random matrix theory is concerned with
the study of the spectral behavior of various kinds of random matrices under the
assumption that their dimension increases. Classical statistical guarantees derived
in the case of fixed dimension often fail severely when considering the dimension as
a growing parameter. Thus, a new class of limiting results is needed in order to
meet the challenges of big data.

Since the middle of the 20th century, the development of random matrix theory
was pushed by various applications, especially in the field of quantum mechanics.
Simultaneously, mathematicians got attracted to the study of random matrices. In
his pioneering work (Wigner, 1958), Wigner showed that the expected spectral dis-
tribution of a large Gaussian matrix converges to the semicircular law. Bai and Yin
(1988) proved the limiting spectral distribution of a sample covariance matrix to be
the semicircular law when the dimension is asymptotically negligible in comparison
to the sample size. For the high-dimensional case, the work of Marcenko and Pas-
tur (1967) is often considered as a breakthrough, establishing the limiting spectral
distribution for a general class of sample covariance matrices. This work laid the
foundation for a variety of follow-up works, including Bai et al. (1986); Grenan-
der and Silverstein (1977); Wachter (1978, 1980); Yin (1986); Yin and Krishnaiah
(1983); Yin et al. (1983), which assumed weaker conditions on the matrix entries
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and showed that other types of random matrices obtain nonrandom limiting spectral
distributions.

The study of random matrices is also vital from a statistical point of view (see the
review of Paul and Aue, 2014). For a statistician, second-order limit theorems such
as a central limit theorem for linear spectral statistics are of particular interest, and
have therefore attracted increasing attention in the last two decades. Indeed, linear
spectral statistics are frequently used to construct tests for various hypotheses. Here,
the spectral properties of the sample covariance matrix are of particular interest.
Given a sample from a high-dimensional data set, an important indicator for the
interaction of the data is the sample covariance matrix. Estimation and inference
for this crucial object are fundamental tasks of statistical analysis with numerous
applications in biostatistics, wireless communications and finance (see, e.g., Fan and
Li (2006), Johnstone (2006) and the references therein). In fact, many test statistics
rely on a linear spectral statistic of the sample covariance matrix. For example,
Mauchly (1940) proposed a likelihood ratio test for the hypothesis of sphericity (of
a normal distribution), which has been extended by Gupta and Xu (2006) to the
non-normal case and by Bai et al. (2009) and Wang and Yao (2013) to the high-
dimensional case, where the dimension p is of the same order as the sample size n,
that is p/n — y € (0,1) as p,n — oo (see also Theorem 9.12 in the monograph of
Yao et al. (2015) for a further extension). Alternative tests based on distances be-
tween the sample covariance matrix and a multiple of the identity matrix have been
considered in Ledoit and Wolf (2002) and Chen et al. (2010) among others. Fisher
et al. (2010) suggested a generalization of John’s test for sphericity, which is based
on a ratio of arithmetic means of the eigenvalues of different powers of the sam-
ple covariance matrix. Among other testing problems such as sphericity, Jiang and
Yang (2013) considered some classical g-sample testing problems under normality in
a high-dimensional setting, which are further generalized in Jiang and Qi (2015); Qi
et al. (2019); Dette and Dérnemann (2020); Guo and Qi (2021); Dérnemann (2022).
Because of its importance in statistics, numerous authors have investigated the
asymptotic properties of linear spectral statistics from a more general perspective.
An early reference is Jonsson (1982), who established a central limit theorem for the
sum of the eigenvalues of a Wishart matrix raised to some power. In their pioneering
paper, Bai and Silverstein (2004) proved a central limit theorem for linear spectral
statistics of the form

> J((B.)

of the sample covariance matrices B,, = %Z?:l T,/ 2xix§T71~/ ? under rather general
conditions, where x4, ...,X, are independent p-dimensional random vectors with in-
dependent real or complex valued (centered) entries z;;, T, is a p X p (non-random)
Hermitian nonnegative definite matrix and A\(B,,) < ... < A,(B,,) are the ordered
eigenvalues of the matrix B,,. Here, x denotes the conjugate transpose of x; for
1 <i <n. While in the original work (Bai and Silverstein, 2004), the random vari-
ables z;; were assumed to be independent and identically distributed, the assumption
of identical distribution was weakened in Bai and Silverstein (2010). Several authors
have followed this line of research and tried to relax the assumptions for such state-



ments (see Pan and Zhou, 2008; Lytova and Pastur, 2009; Shcherbina, 2011; Pan,
2014; Zheng et al., 2015b; Najim and Yao, 2016; Zou et al., 2021, among others).
Other authors focused on linear spectral statistics of F-matrices (see, for exam-
ple, Zheng, 2012; Zheng et al., 2017; Bodnar et al., 2019), auto-cross covariance (Jin
et al., 2014), information-plus-noise matrices (Banna et al., 2020), large-dimensional
matrices with bivariate dependence measures as entries (Bao et al., 2015a; Li et al.,
2019) or sample correlation matrices (Gao et al., 2017; Parolya et al., 2021; Heiny
and Parolya, 2021). Other recent works include Ji and Lee (2020) on deformed
Wigner matrices, Li et al. (2021) on Kendall’s rank correlation matrices and Wang
and Yao (2021) on block-Wigner-type matrices, among many others. While most
of this work deals with the case that the sample size is asymptotically proportional
to the dimension (p/n — y € (0,00)), a CLT for linear spectral statistics of a
rescaled version of the sample covariance matrix has been established for the ultra
high-dimension case p/n — oo (Chen and Pan, 2015; Qiu et al., 2021).

In the main part of this work, we will take a different point of view on linear spectral
statistics and study these objects from a sequential perspective. More precisely, we
consider a sequential version of the empirical covariance estimator

|nt]
1

B, :—§ TV ?xx*TY? . 0<t<1 1.1

t n n XX L, ~t >~ 1, ( )

i=1

and investigate the probabilistic properties of the stochastic process corresponding
to linear spectral statistics of B, ;, that is,

S, = %Zf()\i(Bm)) , 0<t <1, (1.2)
i=1

where \;(B,,+) < ... < \,(B,;) are the ordered eigenvalues of the matrix B, ;. In
particular, we prove that for any 0 < ¢y < 1, an appropriately normalized and cen-
tered version of the process (S;)cp,,1) converges weakly to a non-standard Gaussian
process.

Our interest in these processes is partially motivated by the central role of sequen-
tial covariance estimators in the detection of second-order structural breaks (see Aue
et al., 2009; Dette and Gosmann, 2020, among others). In this field, various func-
tionals of the process (B, ;)o<t<1 have been studied in the case of fixed dimension,
and we expect that results on the weak convergence of the process (St)te[to,l] will be
useful in the context of change-point analysis for high-dimensional covariance ma-
trices. In fact, we use the probabilistic results presented in this work to develop a
procedure for monitoring deviations from sphericity, see Chapter 5 for more details.
Surprisingly, sequential processes of the form (1.2) have not found much attention in
the literature. To our best knowledge, we are only aware of the works of D’Aristotile
(2000) and Nagel (2020), who considered sequential aspects of large dimensional
random matrices from a different point of view. More precisely, D’Aristotile (2000)
studied a sequential process generated from the first |nt| diagonal elements of a
random matrix chosen according to the Haar measure on the unitary group of n x n
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matrices and showed that this process converges weakly to a standard complex-
valued Brownian motion (see also D’Aristotile et al., 2003, for similar results). Re-
cently, Nagel (2020) proved a functional central limit theorem for the sum of the
first |nt| diagonal elements of an n x n matrix f(Z), where Z has an orthogonal
or unitarily invariant distribution such that tr(f(Z)) satisfies a CLT. Compared
to these results, the contributions of the present work are conceptually different,
because, in contrast to the cited references, the parameter ¢ used in the definition
of the process (1.1) also appears in the eigenvalues \;(B,¢). This “non-linearity”
results in a substantially more complicated structure of the problem. In particular,
the limiting processes of (S;)scpt, 1] are non-standard Gaussian processes (except for
the simplest case f(z) = z and T,, = I), and the proofs of our results (in particular
the proof of tightness) require an extended machinery, which has so far not been
considered in the literature on linear spectral statistics. As a consequence, we pro-
vide a substantial generalization of the classical CLT for linear spectral statistics
(see, for example, Bai and Silverstein, 2010), which is obtained from the process
convergence of (S¢)e, 1] (appropriately standardized) via continuous mapping.

This thesis is structured as follows. In Chapter 2, we lay the mathematical founda-
tion for the study of linear spectral statistics and recall important results from the
literature. Chapter 3 is dedicated to the main result about linear spectral statistics
of sequential sample covariance matrices, which is applied for some special cases in
Chapter 4. A statistical application to a change-point problem for large covariance
matrices can be found in Chapter 5. The proof of the main result formulated in
Chapter 3 is challenging and deferred to Chapters 6 and 7. A strategy for the proof
can be found in Section 6.1. The applications are proven in Chapter 8. Moreover,
a central limit theorem for the diagonal entries of the inverse sample covariance
matrix and its connection to linear spectral statistics are presented in Chapter 9.

In agreements with the doctoral regulations of the Faculty of Mathematics of the
Ruhr-University Bochum, parts of this thesis are still under review by a journal.
More precisely, the mathematical theory presented in Chapters 3 to 8 is based on
Doérnemann and Dette (2021) and was submitted for publication. Chapter 9 is based
on a manuscript, which has not been submitted so far. Both projects are based on
joint work with my supervisor Holger Dette.



Chapter 2

Linear spectral statistics

In this section, we lay the mathematical foundation for the study of linear spectral
statistics. We introduce the most important objects and present well-known results
on the spectrum of the sample covariance matrix, including the Marcenko—Pastur
regime.

2.1 Mathematical foundations

Spectral norm and diagonal matrix

For any matrix A € CP*P, the spectral (or operator) norm ||A|| is the square root
of the largest eigenvalue of AA*. Moreover, diag(A) denotes the diagonal matrix
which has the same diagonal as A.

Empirical and limiting spectral distribution

For any matrix A € CP*P with real eigenvalues, we denote its ordered eigenvalues

by
A(A) >0 > A (A).

Hence, we have ||A| = /A1 (AA*). The empirical spectral distribution of A is
defined by

1 p
A
F ZZ—DE On(A)
=1

where d, denotes the Dirac mass at some point a € R. Let (F47),cy be a sequence of
empirical spectral distributions for (random) matrices A, € C**?, p € N, with real
eigenvalues. The non-random distribution F' is called limiting spectral distribution
of the sequence (A,)pen if (FA7),cn converges weakly to I (almost surely).

5
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Linear spectral statistic

Let A € CP*P be a random matrix with real eigenvalues and f be a function defined
on the support of FA4. The statistic

12
53 IA) = [ F@)iA )
p =

is called linear spectral statistic of the matrix A.

Stieltjes transform

Let 1 be a finite measure on the real line. Its Stieltjes transform s, is defined as

1
5(2) :/ 4(dz), € CH = {z € C: Im(2) > 0}
x—z
If 4 = FA is an empirical spectral distribution, then its Stieltjes transform has the
form

1
spa(z) = }—?tr{(A — zI)fl} ,z € CT,

where the matrix (A — 2I)”" is called the resolvent.
The Stieltjes transform sp of a distribution F' characterizes F' uniquely and F' being
the limiting spectral distribution of a sequence (A,),ey of random matrices with
real eigenvalues is equivalent to the convergence

lim spa,(2) = sp(z) almost surely

p—00
of the corresponding Stieltjes transforms for all z € C*. By Cauchy’s integral
formula (see, e.g., Ahlfors, 1953), we write

f st = o [ [ S5 st =~ [ stome

where G is an arbitrary cumulative distribution function (c.d.f.) with a compact
support, f is an arbitrary analytic function on an open set, say O, containing the
support of GG, C is a positively oriented contour in O enclosing the support of G.
This equation draws an important connection to linear spectral statistics and is
usually used when proving a central limit theorem for linear spectral statistics. We
will also pursue this approach when proving the main result of this thesis. For a
more detailed discussion of this approach, we refer the reader to Section 6.1.

Maréenko—Pastur law

The Marcenko—Pastur distribution F¥°° with index y € (0,00) and scale parameter
02 > 0 has the density function

f(z) = {W\/(b—x)(x—a), ifa<z<b,

0, otherwise,
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with an additional point mass at the origin of value 1 — 1/y if y > 1, where

a = 01— 52 b=0o2(1+ )

Let y € (0,00) and H be a non-random distribution. The so-called generalized
Marcenko-Pastur distribution F¥ is characterized through its Stieltjes transform
S = Spy,a, which is the unique solution of the equation

1 +
s(z):/A(l_y_yzs(z))_de(/\), zec. (2.1)

The fundamental equation (2.1) is called the Mar¢enko—Pastur equation for histor-
ical reasons. Defining

1—
s(z) = =~ +ys(2), z € C,

then we can write (2.1) equivalently as

1 1
=5+ T

which is referred to as the Silverstein equation.

(Sequential) sample covariance matrix

Let T,, € CP*P be a non-negative definite Hermitian matrix with Hermitian square
root TH/?> € CPP and X1,...,X, € CP be a sample of (real or complex valued)
random vectors with centered and standardized entries. Then the random matrix

[nt]

1
B,,=— T 2%, x*TY? e CP*?, t € [0,1
)t n zzl n i *n ) [ ) ]7
is called the sequential sample covariance matrixz of T}/ 2x1, e ,T,l/ °x,. The matrix
B, is called the sample covariance matriz of Tyll/le, . ,T,ll/2xn. The matrix T =
T, is referred to as the population covariance matriz. We define for B,, ; the (|nt] x
| nt])-dimensional companion matrix through

B

=n,t -

1
X T X, (2.2)
n K

where the data matrix X, ; is defined as
th = <X17 c. 7X|_7’LtJ> c (CpXLntjj t e [0, 1]

Note that both matrices (n/|nt])B,; and (n/[nt|)B,, ; have the same non-vanishing
eigenvalues and consequently their empirical spectral distributions satisfy

LntJ F(n/l_ntJ)En,t _ pF(n/LntJ)B"vt = (I_ntJ — p)I[O,oo) (23)



8 Chapter 2. Linear spectral statistics

2.2 Limiting spectral distribution of the sample
covariance matrix

A variety of important test statistics can be written as a function of linear spectral
statistics of the sample covariance matrix (see discussion in Chapter 1). Its limiting
spectral distribution was found by Marc¢enko and Pastur (1967) and this result has
been generalized by various authors.

Theorem 2.2.1 (Theorem 2.9 in Yao et al. (2015)) Let T = 1. Suppose that the en-
tries x;; of the data matriz X,,1 are i.i.d. complex random variables with E[z11] =0
and Elzy1|*> = 02 and p/n — y € (0,00) as n — oco. Then, almost surely, the em-
pirical spectral distribution (FP»1),en of the sample covariance matrices (B, 1)nen
converges weakly to the Marcenko—Pastur law Fuvo?,

The following example illustrates the different asymptotic regimes for linear spec-
tral statistics depending on the dimension-to-sample-size ratio.

Example 2.2.2 Let x1,...,%, ~ Nj,(0,I) be a independent sample from a p-
dimensional normal distribution with mean vector 0 = (0,...,0)" € R? and co-
variance matrix I € RP*P. For T =1, consider the statistic

p
T, =1log B =Y log (\;(By1)),

j=1

known as the generalized variance. If the dimension p is fixed, then we get from
Example 1.1 in Yao et al. (2015) the convergence

\/ﬁTn B N(0,2), n— .
b

However, if the dimension increases with the sample size at the same rate, that is,
p/n —y € (0,1) for n — oo, we observe a completely different asymptotic behavior
of T,,. More precisely, using Theorem 2.2.1 given above and Example 2.11 in Yao
et al. (2015), it is seen that almost surely

T 7 1

— = /log(x)dFy’l(x) Y log(1—y)—1<0,
p )

0

and consequently,

n
\/an — —oo almost surely, n — oo.
p

This toy example indicates that the asymptotic properties of linear spectral statistics
depend crucially on the order of the dimension p in comparison to the sample size n.
Note that the asymptotic properties of the process (log|By, ¢|)sejt,1) for some ¢y > 0
are examined in Corollary 4.3.1 in Section 4.3.
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Theorem 2.2.1 deals with the simplest case T = I. The following result provides
the limiting spectral distribution for more complex-structured population covariance
matrices and is a consequence of Theorem 1.1 in Bai and Zhou (2008).

Theorem 2.2.3 Assume that Xi,...,x, € CP are independent random wvectors
with centered and standardized entries with a common finite fourth moment and
p/n —y € (0,00). Let T, € CP*P be a population covariance matriz such that F*n
converges weakly to some non-random distribution H. Then, almost surely, FBn1
converges weakly to the generalized Maréenko—Pastur law FY for n — oo.

The conditions of the previous theorem are adapted to the setting of this thesis,
where the fourth moment will be assumed to exist. For example, another version
assuming finite variance and i.i.d. data can be found in Yao et al. (2015) (Theorem
2.14). Due to Theorem 2.2.1 and Theorem 2.2.3, the condition p/n — y € (0,00) is
also called the Marcenko—Pastur regime.

If t € (0,1] is fixed, we conclude for the limiting spectral distribution of (B, ¢)nen
from Theorem 2.2.3 that

Frelt () 1= Tim FBe(z) = FUH (/1) almost surely 24
n—o0

at all points x € R, where FveH is continuous. Here, H denotes the weak limit
of (Hp)nen = (FT"),en. In other words, H is the limiting spectral distribution of

(Tn)neN-



Chapter 3

A sequential perspective on linear
spectral statistics

Let x1,...,x, be independent p-dimensional random vectors with real or complex
entries and covariance matrix given by the identity matrix I = I, € RP*? . We
use the notation x; = (21, ... ,xpj)T for the components of x; and assume that
E[z;] = 0 and E[z};] = 1. When considering asymptotics, the dimension p = p,, of
the data is allowed to increase with the sample size n — oo at the same order, that
is, p/n — y € (0,00) as n — oo. Recall the notation of the sequential covariance
estimator B,,; in (1.1) and consider the corresponding linear spectral statistic (as a
function of t)

St:%tr( Zf , t€0,1],

where f is an appropriate function defined on a subset of the complex plane. For
a given ty € (0,1], we are interested in the asymptotic properties of the process
(St)tefto,1) and will prove a weak convergence result for an appropriately standardized
version of this process in the space ¢°°([tg, 1]) of bounded functions defined on the
interval [t, 1]. Note that the random variable S; has been studied intensively in the
literature (see the discussion in Chapter 1). Before providing preliminaries for the
main result, we present an example for the simplest case f(x) =2z and T =L

Example 3.0.1 (Trace of the sequential sample covariance matrix) Assume that
the real valued random variables z;; are independent with E[z;;] = 0, E[z7;] = 1,
and common fourth moment E[z Z]] =1, <00, where 1 <i<p,1<j<n,and set
T =1. Let y = lim,,,o p/n € (0,00). Consider the linear spectral statistic

[nt] nt] p

To(t) =~ tr (B Z 1xill3 = ZZ%

p 21]1

For the mean, we calculate

ET,( Z Z Ez? =
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Moreover, we may write

=1 j=1
1 [nt] »
)
T 2 2
Note that
[ nt] [ns]
N OBIE 3 I BEEER e
N ”7 N ull n ’
i=1 j=1 k=1 1=1

By an application of Donsker’s invariance principle for triangular arrays (Theorem
2.12.6, Van Der Vaart and Wellner, 1996), we have for n — oo the weak convergence

\/ﬁ n

in the space ¢>°[0,1] of bounded functions, where (W)scpo,1 denotes a standard
Brownian motion. This implies

(@mm) - M)) oV T

n

(p (Tn(t) - M))te[m] ~ A/ (Vg = D) y(Wy) e,y in €0, 1].

Note that the limiting process is centered and admits the following covariance func-
tion for s,t € [0, 1]

cov(y/(vg — D)yWe, /(v — D)yWy) = (g — Dy(s A t).

3.1 Preliminaries

For the following discussion, recall the definition of the (|nt| x |nt|)-dimensional
companion matrix B, ; given in (2.2) and denote the limiting spectral distribution

(if it exists) of F'Bn+ and its corresponding Stieltjes transform by
~yt,H ~
F and  5,(2) = szun(2), (3.1)

respectively. A straightforward calculation using (2.1) (for details, see Lemma 7.1.6)
shows that this Stieltjes transform satisfies the equation

1 A
z = —% + y/ H)\—tSt(Z)dH()\) (32)
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Recalling (2.3), we note that F("/[")Bnt hag the limit F¥»™ as y,,.) = p/|[nt] —
y, € (0,00) if and only if F/["DBu: has a limit F¥ and in this case

Eyth — thyt,H == (1 - yt)[[o’oo)'

For z € C* we therefore obtain a relation between the corresponding Stieltjes trans-
forms

s,(z) =— ~ + yese(2). (3.3)
As an empirical version of F¥ we further define the distribution F¥»)"f» through
Eytn” Hn Y|nt) FYint] A = (1 - yl_ntJ)I[Opo)u

and consider its rescaled version

Jadkl an(x) _ EyLntJ7H” (ﬁx), z € R. (3.4)

3.2 Main result

Our main result provides the asymptotic properties of the process (X, (f, %)),
where tq € (0,1], f is a given function,

X,(1.0) = [ Fa)dGio) (35)
the process G, is defined by
Ga() = p(FPi(z) — FYo M (2), ¢ € [to, 1],

and

FoinesHn () = FoingHa (ﬁx) , T €R, (3.6)
is a rescaled version of the generalized Marcenko-Pastur distribution defined by
(2.1). In the following theorem, we make use of the notion of weak convergence in
the space > of bounded functions. For a detailed definition of this concept, we
refer the reader to Chapter 1 in Van Der Vaart and Wellner (1996). (Note that in
contrast to this monograph, we sometimes deal with complex-valued functions by
considering real and imaginary part.) The proof of the following result is challenging
and therefore deferred to Chapter 6 and Chapter 7. An overview about the main
steps is given in Section 6.1.

Theorem 3.2.1 Assume that p/|nt| — y = y/t € (0,00) and that the following
additional conditions are satisfied:

(a) For each n, the random variables x;; = 2\

ij
Elz;[* = 1, maxElz;;|"* < oo.

2

are independent with Ex;; = 0,
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(b) (Ty)nen is a sequence of p X p Hermitian non-negative definite matrices with
bounded spectral norm and the sequence of spectral distributions (FT"),en con-
verges to a proper c.d.f. H.

(c) Let toy € (0,1] and fi, fo be functions, which are analytic on an open region
containing the interval

lim inf A, (Ty) L0,y (1o )to (1 — /Yto ) limsup A (T ) (1 + /¥io)* |- (3.7)

n—oo n—o0

(1) If the random variables x;; are real and E[x};] = 3, then the process

(Xn(flat)v (f27 ))tE[to,

converges weakly to a Gaussian process (X (f1,t), X(f2,1));c01) @0 the space
(0 ([to, 1]))* with means

33 (2)A?
ty | S am ()
[ (fza /f f & S/:—)i)g de 3 1= 1,27
and covariance kernel
1 - _
cov(X (fi, 1), X(fo, t2)) = ﬁ/ fi(z1) fa(22)07, 4, (21, 2)dzad 21,
C1 JCo

where C,Cy,Co are arbitrary closed, positively orientated contours in the com-
plex plane enclosing the interval in (3.7), C1,Co are non overlapping and the
function o} , (21, 22) is defined in (6.44).

(2) If the random variables x;; are complex with Exfj = 0 and E|z;;|* = 2, then
(1) also holds with means E[X (f;,t)] =0, i = 1,2, and covariance structure

cov(X(f1,t1), X(fo, t2)) = #/c . fl(zl)fz(zz)afl,tz(zl,Z_Q)d_22d21-

Remark 3.2.2 While linear spectral statistics have been studied intensively for
sample covariance matrices (see, for example, Bai and Silverstein, 2004, 2010), very
little effort has been done in a sequential framework so far. In contrast to these “clas-
sical” CLTs, the sequential version in Theorem 3.2.1 reveals the asymptotic behavior
of the whole process of linear spectral statistics corresponding to the sequential em-
pirical covariance process (1.1) and thus provides a substantial generalization of
its one-dimensional versions. In particular, the limiting process is not a standard
Gaussian process and the proofs require an extended machinery and some additional
assumptions.

(1) While assumptions such as (3.7) and on the spectrum of the population co-
variance matrix T, are common even for a standard CLT of non-sequential
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linear spectral statistics, we should have a closer look at the moment assump-
tions. Among many other technical challenges, the most delicate part of the
proof of Theorem 3.2.1 lies in controlling the process (X,,(f,t)); of linear spec-
tral statistics in terms of (asymptotic) tightness, which enforces higher-order
moment conditions in order to find sharper bounds for the concentration of
random quadratic forms of the type

XjAx; — tr(A), (3.8)

where A denotes a random p X p matrix independent of x;, j € {1,...,n}. In
particular, the existence of the 12th-moment in Theorem 3.2.1 is exclusively
needed for the proof of asymptotic tightness and is not used for the proof
of convergence of the finite-dimensional distributions (for details, see Section
6.3.3). Strengthening the moment conditions on the underlying random vari-
ables appears to be a convenient tool for investigating linear spectral statistics
of non-standard random matrices. For example, in the work of Banna et al.
(2020), the authors consider linear spectral statistics of random information-
plus-noise matrices and assume the existence of the 16th moment for deriving
a non-sequential CLT for linear spectral statistics corresponding to this type
of random matrices. Consequently, the higher-order moment condition implies
stronger bounds for the moments of random quadratic forms of the type (3.8)
(see their Lemma A.2 for more details).

Moreover, note that our condition on the 12th moment implies the Lindeberg-
type condition (9.7.2) in the work of Bai and Silverstein (2010).

In order to allow for non-centralized data (E[z;;] # 0), Zheng et al. (2015b)
prove a substitution principle for linear spectral statistics of recentered sam-
ple covariance matrices and, thus, weakening the conditions of Bai and Silver-
stein’s CLT. We expect that it is possible to pursue such a generalization of
Theorem 3.2.1 combining the tools developed in this work with the method-
ology used in the proof of Theorem 3.2.1.

Furthermore, it might be of interest to relax the Gaussian-type 4th moment
condition. When allowing for a general finite 4th moment, additional terms for
the covariance structure and the bias arise, whose convergence is not guaran-
teed under the assumptions of Theorem 3.2.1. In fact, in this case those terms
depend also on the eigenvectors of the population covariance matrix T,,, which
are not controlled under the conditions of Theorem 3.2.1. For instance, in the
non-sequential case, Najim and Yao (2016) show that the Lévy—Prohorov dis-
tance between the linear statistics’ distribution and a normal distribution,
whose mean and variance may diverge, vanishes asymptotically, while Pan
(2014) imposes additional conditions on T, in order to ensure convergence
of the additional terms for mean and covariance. For the sequential version
considered in this thesis, it seems to be promising to derive the convergence of
such additional terms under similar conditions on T,, as used by Pan (2014)
for a proof of a “classical” CLT.



Chapter 4

Detailed applications of our main
theorem

In general, the calculation of the limiting parameters appearing in Theorem 3.2.1
might be involved, since mean and covariance are given by contour integrals and rely
on the Stieltjes transform 3,(z), which is defined implicitly by an equation involving
the limiting spectral distribution H (see (3.2)) and has in general no closed form. In
the case T,, = I, these integrals can be interpreted as integrals over the unit circle
(see Proposition 4.1.1 in Section 4.1), and for specific functions f; and f, an explicit
calculation of the asymptotic expectation and variance in Theorem 3.2.1 is possible.
We present some examples in Section 4.2 and Section 4.3.

4.1 How to calculate mean and covariance

The following result provides essential formulas for the calculation of the mean and
covariance structure in Theorem 3.2.1 in the case T,, = I and is proven in Section
8.2.1. It generalizes the formulas given in Proposition A.1 in Wang and Yao (2013)
and Proposition 3.6 in Yao et al. (2015).

Proposition 4.1.1 Let hy = /y; € (0,00) and T,, =1 and let f; and fy be functions
which are analytic on an open region containing the interval in (3.7). For the process
(X (f1,t1), X(fo, ))tet 1] given in Theorem 3.2.1, we have the following formulas

_ ¢ 1
BLX(ft) =g lim A+ g a6 02 (g = ),
|€]=1
cor(X(fut). X(fat) =55 lm ¢ § A buri&s b 6 )
rr Mgt jgglet
X f2(t2(1 + ht2r2€2_1 + ht2T2_1§2 + hé))%d&d&

where t,t1,ts € [to, 1] with to <t
91(61,6) = <h1h27“17”2{h47“1T2t25%§22 + 2R3 rata i Ea(rity + t263)

15
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— 2hyharirat &€ (raty (2 4 hari&h) + ritaéi (hy + 27“151)522}

+ AR 13 (1 2 + 3036 + WAr3ed 4+ 2urled) + g (-1 +13€Dg )

+ h3{r483 — ritta (14 2hari&y — 31367 + 203036} + 2hurleD)E + r33EREL} ),

92(&1,62) :(h27’2 - hﬂ“lflfz)Q
X (hg’f’ﬂ”gtzglgg - hﬂ"gtl(l + h1r1§1 + T%f%)gz + hgrlfl(Tgtl + t2§22))2

In the complez case, we have E[X (f;,t)] =0, i = 1,2, and the covariance structure
is given by 1/2 times the covariance structure for the real case.

4.2 First applications

We apply Theorem 3.2.1 for the special case fi(z) = x, fo(x) = 22, T,, = I, which is
motivated by the statistical test presented in Chapter 5. A proof can be found in
Section 8.2.2.

Corollary 4.2.1 Letty > 0. Assume that the random variables z;; satisfy condition
(a) from Theorem 3.2.1 for 1 <i<p, 1 <j<nandp/n—y € (0,00) as n — oo.
Then it holds:

1. If the variables z;; are real and ]Exfj = 3, then the sequence
((Xn(f17 t))te[t0,1]7 (Xn(f27 t))te[to,l})neN
with
Xn(fh t) =tr (Bn,t) - LntJ Yn,

Xt =15 (82,) = Loth, (P 4 ) e € 1)

converges weakly to a Gaussian process ((X(f, t))ieito1]: (X (g, t))te[to,u) in the
2 .
space (0°([to, 1]))” with means

E[X(fi,0)] = 0, E[X(f2, )] = ty,

and covariance function for ti,ty € [to, 1]

COV(AXV(fl7 tl), X(fl; tQ)) = 2y min(th t2)7

COV(X(f27 tl), X(fg, tg)) = 4min(t1, tg)y {2t1t2 + [min(tl, tg) + 2(t1 + tg)] Y + 2y2} s

cov(X (f1,t1), X (fa,t2)) = 4min(ty, t2)y(ta + y).

2. If zi; are complex with Ba?; = 0 and E|zy;|* = 2, then (1) also holds with means
E[X(f,t)] = E[X(g,t)] = 0 and covariance structure given by 1/2 times the
covariance structure given for the real case.
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Remark 4.2.2 (Special cases of Corollary 4.2.1) 1. A straight-forward applica-
tion of Donsker’s Theorem yields the convergence (X, (f1,%))wejo,1) ~ (X (f1,1))eepo.]
in ¢>°[0, 1] for the real case. Details are given in Example 3.0.1.

2. Considering the special case t; = t5 = 1 for the real case, we have the following
convergence by Corollary 4.2.1

<tr (];%’(11)3711])3(—1 i yn)) SN <(2) ’ (4y(12y+ Y) 4y(§?ﬁ15;f)2y2)>)

Using the substitution principle from Zheng et al. (2015b), this implies Propo-
sition 2 in Ledoit and Wolf (2002) for o = 1.

We further apply Theorem 3.2.1 for the special case fi(z) = 22, fo(x) = 2%, T, =
I, which is motivated by a statistical test presented in Chapter 5.

Corollary 4.2.3 Let ty > 0. Assume that the random variables x;; satisfy condition
(a) from Theorem 3.2.1 for 1 <i<p,1 <j<mnandp/n—y e (0,00) as n — 0.
Then it holds:
1. If the variables x;; are real and Emfj = 3, then the sequence
((Xn(f17 t))te[tml}) (Xn<f27 t))té[to,l])neN
with

Xa(ht) = tr (82,) = Lot (U ) € 1)

X (fort) =t (BL) Lty { (1Y o () vl y} ,

n

converges weakly to a Gaussian process ((X(flat)>te[to,1]a (X(fg,t))te[t(),l]) m
the space (€([to, 1]))* with means

E[X(f1,t)] = ty, E[X(fo,t)] = ty(6t* + 17ty + 6y%),
and covariance function for ty,ty € [to, 1]
cov(X(f1,t1), X(f1,t2)) = 4min(ty, t2)y {2t1t2 + [min(ty, to) + 2(t +t2)] y + 2y2} ,
cov(X (f1,11), X (fa, t2)) = Smin(t, t2>y{2t1t§ +2(3min(ty, o) + 2(6t1 + 12))y
4 At (2min(ty, t) + 3(t + 1a))y? + (3min(ty, t2) + 2(t1 + 6t2))y° + 2y4},
and for ty = min(ty, t5)

cov(X (fa,t1), X (f2,t2))
:8t2y{4t§’t§ F GE2(3ty + At + b))y + 1261602 + Ao (t1 + o)
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+ 2(t2 4 6t1ty + 2))y? + (t5 + 12t2(t; + to) 4 2t2(9t2 + 641ty + 9t2)
+ 4t + 3615ty + 36t1t5 + 13))y° + 12(t5 + dta(t; + to)

282+ Btyty + £2))yt + 6(3ty + Aty + £2))y° + 4y6}.

2. If z;j are complex with Ba?; = 0 and E|zy;|* = 2, then (1) also holds with means
E[X(f,t)] = E[X(g,t)] = 0 and covariance structure given by 1/2 times the
covariance structure given for the real case.

Proof. We omit the proof, since it is very similar to the proof of Corollary 4.2.1. [

4.3 Logarithmic law of the sequential sample co-
variance matrix

In the following corollary, we study the sequential process corresponding to the
log-determinant of B,,;. Note that the log-determinant log |B,, 1| of the sample co-
variance matrix is a well-studied object in random matrix theory (Cai et al., 2015;
Wang et al., 2018) and has many applications in statistics. Other authors such as
Girko (1998), Nguyen and Vu (2014) and Bao et al. (2015b) were interested in the
logarithmic law of a random matrix with independent entries or of the sample corre-
lation matrix (Parolya et al., 2021; Heiny and Parolya, 2021). The first appearance
of the so-called generalized variance log |B,, 1| in literature goes back to Frisch (1929)
and Wilks (1932). A proof of the following result can be found in Section 8.2.3.

Corollary 4.3.1 Let ty € (0,1], and assume that condition (a) of Theorem 3.2.1 is
satisfied and that p/n — y € (0,ty) as n — oo.

1. If the variables x;; are real and ]Exfj = 3, then the process

[nt]
(]D)”(t))te[to,l] = (log 1B.i| +p+ [nt]log(l — yu) — plog (T — yn>>t€[t0’u,

converges weakly to a Gaussian process (D(t))ici,,1) in the space (°([to, 1]) with
mean

1
E[D(t)] = 5 log(1 - )
and covariance kernel
cov(D(t1),D(t2)) = —2log(1l — v, Ay, )-

2. If x; are complex with Ex3; = 0 and E|zy;|* = 2, then (1) also holds with mean
E[D(t)] = 0 and cov(D(t1),D(t2)) = —log(1 — v, A ys,)-



Chapter 5

A statistical application:
Monitoring sphericity in large
dimension

5.1 A change-point test for sphericity

In many statistical problems, an important assumption is sphericity, which means,
that the components of a random vector are independent and have common variance.
In the present context, the corresponding test problem can be formulated as

Hy : T, = o°’L, for some 0> >0, vs. H;:T, # 021p for all o2 > 0. (5.1)

In general, it is well-known that the likelihood ratio test statistic for the hy-
potheses in (5.1) is degenerated if p > n (see Anderson, 1984; Muirhead, 2009). A
test statistic which is also applicable in the case p > n has been proposed by John
(1971) and is based on the statistic

1 2
1 B 2 ~tr(B;
_tr{<#_l> }+1:g

p  W\luB,, (LtrB,.)"

The asymptotic properties of this statistic in the high-dimensional regime are inves-
tigated by Ledoit and Wolf (2002) and Yao et al. (2015) in the case y € (0, 00) and
by Birke and Dette (2005) in the ultra-high dimensional case y = oc.

In the following discussion, we will use the results of Chapter 3 to develop a
sequential monitoring procedure for the assumption of sphericity.

To be precise, we consider random variables yy,...,y, € RP with real entries,
where

1
yi:EZ?Xiv 1 Slgn,

for symmetric non-negative definite matrices Xy, ..., 3, € RP*P and random vari-
ables x1,...,x, € RP with real entries satisfying the assumptions stated in Chapter
3. We are interested in monitoring the sphericity assumption

H0:21:...:ENZUQIpforsome<72>O

19
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VS. H1 . 21 = ...= ELnt‘{j = 0'2Ip, 2\_ntﬂ+1 =...= En 7& U2Ip, (52)

for some 0 < ¢} < 1. For the construction of a test we consider a sequential version
of the statistic proposed by John (1971), that is,

% tr(f]i}t)
Un,t = 1 A~ 2 (53)
(1_7 tr Emt)

and investigate the asymptotic behavior of the stochastic process U, = (Un)ic(to ]
under both the null hypothesis and the alternative. Here, f)mt denotes the sequential

sample covariance matrix corresponding to the sample yi,...,y|n, that is,
| L) N 1
S, == vl == Tixx! 22, 5.4
it n ; Yiy; n ; i i i ( )

Note that in contrast to tests based on the likelihood ratio principle the dimension
may exceed the sample size. Moreover, under the null hypothesis, we have X; = o1,
(i=1,...,n), and a simple calculation shows that the statistic U, ; is independent
of the concrete proportionality constant o2.

5.2 Convergence of the test statistic

The following theorem deals with the weak convergence of (U, ),en considered as a
sequence in the space £>([tg, 1]) of bounded functions and its proof is postponed to
Chapter 8. Recall that the symbol ~» denotes weak convergence of processes and

the symbol B weak convergences of a real-valued random variables.

Theorem 5.2.1 Let y € (0,00), to > 0 and define y, = y/t fort € [to,1]. If the
random variables Xy, . ..,X, satisfy the assumptions (a) and (1) of Theorem 3.2.1,
it follows under the null hypothesis (5.2) that

p (Un,t —1- yL”ﬂ)te[to,l] ~ (Ut)te[tml] in eoo([toj 1])7

as n — 00, where (Up)icpo) denotes a Gaussian process with mean function E[U;] =
yi and covariance kernel

COV(UtN Ut2) = 4yr2nax(t1,t2) ’ t17t2 S [t07 1]
Remark 5.2.2

(1) To obtain a test for the hypotheses in (5.2) we note that the continuous map-
ping theorem implies under the null hypothesis

sup p (Umt —1- ytn”) N sup Uy, n — 00 . (5.5)
tE(to,1] telto,1]
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Therefore we propose to reject the null hypothesis in (5.2) whenever

sup p (Ut — 1 = yYpnt)) > Cas (5.6)
tE[to,l}

where ¢, denotes the (1 — a)-quantile of the statistic sup;ep, 1) Us- Thus, we
have by (5.5)

lim IP’H0< sup p(Un,t —-1- yLntJ) > ca> = IP( sup U; > ca> < a,
n—00 t€[to,1] t€(to,1]

which means, that the test keeps a nominal level o (asymptotically).

In order to investigate the consistency of the test (5.6) assume that the matrices
3 in (5.2) satisfy

s o?l, if 0<i<|nt7],
! ¥ if |nty] <i<n,

where 02 > 0 and X is a p x p nonnegative definite matrix. We also assume that
%trE and %tr(ZQ) converge to g > 0 and h > 0, respectively. Furthermore, for

.....

1 & 2 1 2
) =(Grs) -
jl=1

A straightforward calculation then shows that for ¢ € (¢1,1)
1 S P * 2 *
-E [tr (Em)] — tio"+ (t —t])g,
p
1 .
JE o (22,)] 5 @0t 26502~ g + (E = )%+ ytio + y(t — £)g.
Using a martingale decomposition and the estimate (9.9.3) in Bai and Silver-
stein (2010), one can show that for fixed ¢ € (1, 1)

Elsps,,(2) = Elsps, , (I = 0,

if we assume that the spectral norm ||X]| is uniformly bounded with respect
to n € N. Using (6.1), this implies

1 . 1 .
St (f(S00) = E [t (F(S00)] S0
p p
for f(x) = x and f(x) = 2. Consequently,
e (P04 20502~ g + (L 1)+ gty 4yt~ £)g?
()20 + ((t = 1)g)” + 2602(t — t)g
=1+uy+ A+ Agy
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where

A, — (t— tT)WQL - 9°) >0
T ()Pt 4+ (= 1)g)” + 2102 (t — t1)g
by construction, and

ytio! +y(t —t1)g*

()20 + ((t — 17)g)* + 2650%(t — 17)g
ytio® +y(t — t1)g” — u{(t1)%0" + ((t — t1)g)” + 2t10%(t — t1)g}
(t)20% + ((t = t)g)" + 2t102(t — t])g

B yti(t =) (0> = g)°
()2t + (- t)g)” + 20502t — 1)g

AQ,t = — Yt

> 0.

Note that under the alternative in (5.2) two types of structural breaks in the
covariance structure corresponding to the terms ALt and Agyt may occur. On
the one hand, the diagonal elements in the matrices 31, ...,%,, might shift
from o? to a different variance while the matrices still remain spherical. This
structural break is captured by the term As;. On the other hand, the change
in the matrices could violate the sphericity assumption, which corresponds to
the term A ;.

Consequently, whenever there exists a parameter ¢ € (¢%, 1) such that Az>0
or Ay ;> 0, it follows under the additional assumption y —y, = o (p~!) that

P
sup p(Uni — 1= Yne)) = (Ui — 1 = Ypni)) — 0,
te(to,1]
and in this case the test (5.6) rejects the null hypothesis with a probability
converging to 1 as p,n — 0o, p/n — y € (0,00). This is in particular the case
for the alternative considered in (5.2).

Fisher et al. (2010) consider several extensions of the classical test introduced
by John (1971). Motivated by this work, an alternative test for the hypothesis (5.2)
could be based on the test statistic

%tr(Eit)
~ 27
(% tr Z%,t)

where the matrix in,t is defined in (5.4). For ¢t = 1, the asymptotic properties of an

appropriately centered version of Ur(bzl) have been investigated by Fisher et al. (2010)
assuming that all arithmetic means of the eigenvalues of the sample covariance up
to order 16 converge to the corresponding arithmetic means of the eigenvalues of the
population covariance. The followin% result provides the weak convergence of the
corresponding stochastic process U = (U,(ft)te[to,l] under the null hypothesis. A
corresponding asymptotic level-a test and a discussion of its power properties can
be obtained by similar arguments as given for the process (Ufllt) ) tefto1] in Remark
5.2.2 and the details are omitted for the sake of brevity. ,
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Theorem 5.2.3 Under the assumptions of Theorem 5.2.1 we have

p( @ 116y + 6Y7t) + Yt

Uy — > U® in (% ([t, 1]).
" (L4 Yty )? te[to,ﬂW( ¢ Jretoy i 6% ({fo, 1]

where (Ut(2))te[to,1} denotes a Gaussian process with mean function

y(4t2 + Tty + 4y2)
t(t+y)?

E[U] = , L€ [t 1],

and covariance kernel
2 2
COV(Ut(l )7 Ut(2 ))
8y2{4t%(2t§ + 3tay + 2y?) + 6t1y(4t3 + Htoy + 2y?) + y* (2143 + 24tay + 8y2)}
3ty +y)2(ta + y)?

forty <ty <t; <1.

Proof. Using Corollary 4.2.3 combined with the functional delta method, the proof
of Theorem 5.2.3 is very similar to the proof of Theorem 5.2.1 in Chapter 8 and
therefore omitted. O

Example 5.2.4 We conclude this section with a small simulation study illustrating
the finite-sample properties of the test (5.6). For this purpose, we generated centered
p-dimensional normally distributed data with various covariance structures. To be
precise, we consider the the alternatives

21 =...= ELnt*j = Ip, EI_nt*J-H =...= En = Ip + dlag((), .. 70,(5, e ,5), (57)
p/2 p/2

21 = ... :Etnt*J :Ip, ELHt*J+1 = ... :2n21p+dlag<0,,0,(5,,(5)"‘8(5),
p/2 p/2

21 =...= Ztnt*J = Ip, Etnt*J_A'_l =...= En = (1 —|—€)Ip, .

= =S =L S == 5, = (1+ o)L, + S(e), (5.10)

where §,& > 0 determine the “deviation” from the null hypothesis (note that the
choice 6 = 0 and & = 0 correspond to the null hypothesis (5.2)). Here, the entries
of the p x p matrix S(¢) in (5.10) are given by S;,;_1(¢) = S;_1(c) =¢, 1 <j <p,
and all other entries are 0. Similarly, the p x p matrix S(¢) in (5.8) has the entries
S;;-1(8) = 5;_1;(6) =8, p/2 < j <p, and all other entries are 0.

In Figure 5.1 and Figure 5.2, we display the empirical rejection of the test (5.6)
for the different alternatives and different values of n and p, where the change point
is given by t* = 0.6. For the parameter ¢y, we always use t; = 0.2, and all results
are based on 2,000 simulation runs. The vertical gray line in each figure defines the
nominal level o = 5%.
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Figure 5.1:  Simulated rejection probabilities of the test (5.6) under the null hypoth-
esis (6 = 0) and the different alternatives in (5.7) (left) and (5.8) (right) for 6 >0 .
The circle indicates n = 200, p = 300, the triangle n = 200, p = 120 and the square
n = 150, p = 300.
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Figure 5.2:  Simulated rejection probabilities of the test (5.6) under the null hypoth-
esis (¢ = 0) and the different alternatives in (5.9) (left) and (5.10) (right) for e > 0.
The circle indicates n = 200, p = 300, the triangle n = 200, p = 120 and the square
n = 150, p = 300.

Note that the choices 6 = 0 and ¢ = 0 correspond to the null hypothesis in
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(5.7), (5.8), (5.9) and (5.10), respectively. We observe a good approximation of
the nominal level in all cases under consideration. Moreover, the test has power
under all considered alternatives, even if the dimension p is substantially larger
than the sample size. Note that the test performs better for alternatives of the
form (5.8) compared to the alternatives in (5.7). This reflects the intuition that the
alternative in (5.7) is somehow closer to sphericity than the alternative (5.8). A
similar observation can be made for the alternatives (5.9) and (5.10).



Chapter 6

Proof of Theorem 3.2.1

6.1 Outline of the proof of Theorem 3.2.1

A frequently used powerful tool in random matrix theory is the Stieltjes transform.
This is partially explained by the formula

[ st = = [ [ 2L o=k [ smeterts 61

where GG is an arbitrary cumulative distribution function (c.d.f.) with a compact
support, f is an arbitrary analytic function on an open set, say O, containing the
support of GG, C is a positively oriented contour in O enclosing the support of G and

s0() = [ 26

r—z

denotes the Stieltjes transform of G. Note that (6.1) follows from Cauchy’s integral
formula (see, e.g., Ahlfors, 1953) and Fubini’s theorem. Thus invoking the contin-
uous mapping theorem, it may suffice to prove weak convergence for the sequence
(Mn)nEN, where

M, (z,t) = p (spBai(2) — 8 £t Hn (z)), zeC. (6.2)

Here, s:y,,.#. denotes the Stieltjes transform of FymHn given in (3.6) character-
ized through the equation

1

S i () = / ; dH,(\),  (6.3)
" A2 (1 — gy — Yint| 28 gy tin (2)) — 2

and the contour C in (6.2) has to be constructed in such a way that it encloses the
support of F¥nefn and FBrt with probability 1 for sufficiently large n € N, ¢ €
[to, 1]. This idea is formalized in the proof of Theorem 3.2.1 in Section 6.2.

In order to prove the weak convergence of (6.2), define a contour C as follows. Let
x, be any number greater than the right endpoint of the interval (3.7) and vy > 0

26



6.1. Outline of the proof of Theorem 3.2.1 27

be arbitrary. Let z; be any negative number if the left endpoint of the interval (3.7)
is zero. Otherwise, choose

x; € <0 hmmf)\ p(T0)L0,1) (Yo ) to(1 — \/?Jto>2> :
Let Cu = {ZL‘ + vy € [:L‘l,ﬁr]} )
+:{£L'l+iUSUE [O,Uo]} U Cu U {xT+iU3U € [071}0]}7

and define C = C* U C*, where C* contains all elements of C* complex conjugated.
Next, consider a sequence (g,)nen converging to zero such that for some o € (0, 1)

ep>mn “

)

define
Cr={x;+iv:ve[n ey, v}
C. = {z, +iv:v e [n e, wl},
and consider the set C,, = C;UC,UC,. We define an approximation Mn of the process
M, for z =x +iv € C*,t € [to, 1] by
M, (z,1) if z € Cy,
Mn(z, t) =< My(x, +in"te,,t) ifx=ux, vel0,nle), (6.4)
M, (z; +in"te,,t) ifz=mx, ve0,nle,l.

In Lemma 6.4.3 in Section 6.4, it is shown that (Mn)neN approximates (M,)nen
appropriately in the sense that the corresponding linear spectral statistics

1
Qm/f dz  and —2—m/cf(z)M (z,t)dz

n (6.1) coincide asymptotically. As a consequence, the weak convergence of the
process (6.2) follows from that of M,,, which is established in the following theorem.
The proof is given in Section 6.3.

Theorem 6.1.1 (Weak convergence for the process of Stieltjes transforms) Under
the assumptions of Theorem 3.2.1, the sequence (M, )nen defined in (6.4) converges
weakly to a Gaussian process (M(z,t)).ect teio] in the space £2°(C* x [to, 1]).

The mean of the limiting process M s given by

¢ fﬂdH(A)
Y (t34(2) /\+1)3

o s for the real case,
EM(z,t) = (1 by [ de()\)) (6.5)

0 for the complex case,

where z € CT, t € [to,1]. In the complex case, the covariance kernel of the limiting
process M s given by

cov(M(z1,t1), M(2a, 1)) = E [(M(zl, t1) — E[M (21, 41)]) (M (22, 2) — E[M (22,12)])

= 0'15217752(21,2’_2% Z517t2 € [t07 1]7 21,%9 € C+7

where 07, , (21, z2) is defined in (6.44). In the real case, we have

cov(M(z1,t1), M(2a,t2)) = 207 , (21, 7%2). (6.6)
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6.2 Proof of Theorem 3.2.1 using Theorem 6.1.1

From (6.1) we obtain

2m/f JEsq(z =—2—m]E/f 2)sq(2)dz = E /f )dG (x (6.7)

We choose vy, z,, x; so that f; and fs given in Theorem 3.2.1 are analytic on and
inside the resulting contour C and define

1
Sn,t = _Xn,tX:;t
n b

The almost sure convergence

lim A, (S,.0) = t(1 = /) Lo (1) = (VE = V) * Loy (0e).

I Au(S00) = 101+ Vi = (VE+ VB)°

of the extreme eigenvalues (see, e.g., Theorem 1.1 in Bai and Zhou, 2008) and the
inequalities

A(AB) € M(A)\(B), A(AB) = A, (A)A,(B)
(valid for quadratic Hermitian nonnegative definite matrices A and B) imply

limsup Ay (B) < limsup Ay (T,) - limsup Ay (S,,) = limsup Ay (Tt (1 + /72)?

n—00 n—r00 n—00 n—o0
< limsup A\ (T,,) (1 + \/yt0)2 <z,
n—oo

for each t € [to, 1] with probability 1. Similar calculations for z; show that it holds
for all ¢ € [to, 1] with probability 1

ligrl)i;lf min (z, — M (Byy), Ap(Bny) — 1) >0, (6.8)
which implies that for sufficiently large n the contour C encloses the support of
FBrt t € [to, 1], with probability 1 (note that the null set depends on n and t).
For every n, there exist only finitely many t1,ts € [tg, 1] such that |[nt;] # |nts].
Since the countable union of null sets is again a null set, we may choose the above
nullset in such a way that C encloses the support of F'Br¢ for sufficiently large n
with probability 1 (this null set is independent of n and t € [to,1]). From Lemma
6.4.1 in Section 6.4, it follows that the support of F¥nt-fn ¢ e [t 1], is contained
in the interval

[ | nto]

n

)‘p(TN)](OJ)(yLntoJ)(l - \/yLntoJ)Qa /\I(Tn)(l + \/yLntoJ)2] )

which is enclosed by the contour C for sufficiently large n. Therefore, using (6.1)
and (6.7), we have almost surely

- 2mi /fj (1) dz)jl,Q)tE[to,l] B ((Xn(fj’t))jzl’Q)te[to,ll
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for sufficiently large n. Moreover, we have with probability 1 (see Lemma 6.4.3 in
Section 6.4)

| [ 00— M )dz| = of1), = 1,2
C

uniformly with respect to ¢ € [tg,1]. Let C(C x [to,1]) and C([to, 1]) denote the
spaces of continuous functions defined on C x [ty, 1] and [ty, 1], respectively, then the

mapping
C(C x [to, 1]) = (C([to, 1]))*, h > (I (h), Lp,(R))

is continuous, where

I, () = 2m/fj )z € Clto,1),5 = 1,2.

By Corollary 6.3.5 stated in Section 6.3.3 below and (6.5), the limiting process M
in Theorem 6.1.1 satisfies M € C(CT X [to, 1]). Invoking the continuous mapping
theorem (see Theorem 1.3.6 in Van Der Vaart and Wellner, 1996) and noting that
M, (z,t) = M,(Z,t), we have

(130 1 (0) = (IO 1, 00) = (= 3= [ M) ) -

The fact that this random variable is a Gaussian process follows from the observation
that the Riemann sums corresponding to these integrals are multivariate Gaussian
and therefore the integral must be Gaussian as well. The limiting expression for the
mean and the covariance follow immediately from Theorem 6.1.1. For example, we
have for the real case observing (6.6)

cov /fl (z,t1)dz, ——/fg (2,19 dz)
o

4 T3 / f1 21 ) COV (M(Zl, tl), M(Zg, tQ)) dZQle
™ Jey Je,

2 2/ fi Zl)f2(22)0t1 t2(21722)d22d21
™ Jey Jey

6.3 Proof of Theorem 6.1.1

We begin with the usual “truncation” and replace the entries of the matrix X,, =
(%ij)i=1...pj=1,.n by truncated variables [see Section 9.7.1, Bai and Silverstein (2010)].
More precisely, without loss of generality we assume that

|xij| < T]n\/ﬁ, E[I‘U] = O, ]E|ZEZ']‘|2 = 1, Ell‘ij|4 < 0.
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Additionally, for the real case (part (1) of Theorem 3.2.1) we may assume that
E\xij\4 =3+ 0(1)

uniformly in ¢ € {1,...,p},7 € {1,...,n}, and for the complex case (part (2) of
Theorem 3.2.1)

1
Ex}; = 0(5)’ Elzi;|* =2+ o(1)

uniformly in i € {1,...,p},7 € {1,...,n}. Here, (n,)nen denotes a sequence con-
verging to zero with the property

nnn1/5 — 00.

We now give a brief outline for the proof of Theorem 6.1.1 describing the im-
portant steps, which are carried out in the following sections and chapters. We

consider the stochastic processes (M, )neny and (M,)nen (which is defined in (6.4))
as sequences in the space ¢*°(C* x [to, 1]) and use the decomposition

M, = M}!+ M? (6.9)
where the random part M! and the deterministic part M? are given by

My (2,t) =p (3o (2) = E[spma.(2)]) (6.10)
M?2(z,t) =p (E (8 pBa (2)] — 8 FU nt) Hn (z)) , (6.11)

the Stieltjes transform sy, .m is defined in (6.3) and sys,, denotes the Stieltjes
transform of the empirical spectral distribution FBnt,

Our first result provides the convergence of the finite-dimensional distributions of
(M!),en. Tts proof relies on a central limit theorem for martingale difference schemes
and is carried out in Section 6.3.2.

Theorem 6.3.1 Under the assumption (1) for the real case or assumption (2) for
the complez case from Theorem 3.2.1, it holds for all k € N ty,t5 € [0,1], 21, ..., 2 €
C, Im(z;) #0

(Mé(zb tl)’ M?i(zlﬁ t2)7 ey M?i(zka tl)v Mé('zka t?))—l—
S (M (21, t0), MY (21, t), ooy M (2, 10), M (21, 12) T (6.12)

where M*(z,t) = M(z,t)—E[M(z,t)] is the centered version of the Gaussian process
defined in Theorem 6.1.1.

Next, we define the process M! in the same way as M, in (6.4) replacing M,
by M} and show the following tightness result. The main argument in its proof
consists of establishing delicate moment inequalities for the increments of the process
(M!),en, see Lemma 6.3.4 and its proof in Section 7.2.
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Theorem 6.3.2 Under the assumptions of Theorem 3.2.1, the sequence (M}L)neN 18
asymptotically tight in the space £°(CT x [to, 1]).

The third step is an investigation of the deterministic part. In particular, we
show that the bias (M?),en converges in the space £>°(CT X [to, 1]) to the limit given

n (6.5). Note that the space of bounded function is equipped with the sup-norm,
Which demands a uniform convergence of the Stieltjes transform E[s.e, ,(2)] with
respect to the arguments t € [to, 1], 2 € CT. The latter result is provided in Theorem
6.3.7 in Section 6.3.4.

Theorem 6.3.3 Under the assumptions of Theorem 3.2.1, it holds
lim sup |Mp(z,t) — E[M(zt)]| = 0.

n—oo ZGCn
tG[to 1]

The proofs of Theorem 6.3.1, 6.3.2 and 6.3.3 are postponed to Section 6.3.2,
6.3.3 and 6.3.4, respectively. Using these results, we are now in the position to
prove Theorem 6.1.1.

6.3.1 Proof of Theorem 6.1.1

Theorem 6.3.1 yields the convergence of the finite-dimensional distributions of M} (z, t)
for t € [to, 1] and 2z € C with Im(z) # 0 towards the corresponding finite-dimensional
distributions of the centered process M!'(z,t) = M(z,t) — E[M(z,t)]. By the def-
inition in equation (6.4), this implies the convergence of the finite-dimensional
distributions of M} (z,t) for t € [ty,1] and z € C with Im(z) # 0 towards the
corresponding finite-dimensional distributions of M?'. Since the limiting process
(M'(2,t)).ec+ tefto,1) 1s continuous as proven later in this chapter (see Corollary 6.3.5
in Section 6.3.3) and (CT \ {z, 2, }) X [to, 1] is a dense subset of C* x [tg, 1], this is
sufficient in order to ensure uniqueness of the limiting process. As Theorem 6.3.2 es-
tablishes asymptotic tightness, Theorem 6.1.1 follows from the decomposition (6.9),
Theorem 1.5.6 in Van Der Vaart and Wellner (1996) and Theorem 6.3.3.

6.3.2 Proof of Theorem 6.3.1

The proof is divided in several steps and demands some auxiliary results, which
can be found in Section 7.1. We start by performing some preparations and by
introducing notations which will remain crucial for the rest of this work.

Step 0: Preliminaries and notations
The convergence in (6.12) is implied by the weak convergence

k k
Z (Qia My (zi,t1) + cia( My (2, 1)) Z Qia M (zi, 1) + cia(M (24, 1))
i=1 i=1
(6.13)
for all ayq,...,001,002,..., 002 € C. We want to show that the limiting random

variable on the right-hand side of the display above follows a Gaussian distribution
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under the assumption (1) or (2) of Theorem 3.2.1.
Recalling assumption (b) in Theorem 3.2.1, we may assume ||T,|| < 1 for conve-

nience (n € N). Define for k,j = 1,.., [nt|, k # j, t € (0,1], z € C with Im(z) # 0

)
)
Dy ji(2) = Dji(2) — rpry = Di(2) — 11% — 1577,
(z) = r*.D-_Q(z)rJ —n " tr(D;2(2)T,),
)
) =
)
)

Ot gt gt
vii(2) = r*DJ_tl(z)rj - 1Etr(D (z)Tn),

= r;ij’t ( Jrj—n (D} 1(z)Tn),

Vit 2 "
1
Bz 1+ r}D;tl(Z)rJ’
1
Br,je(2) 1_|_rZD,;;t(z)rk’
B 1
Biu(2) = L+n~1tr(T,Dj; H(2))
1
bj,t(Z) 1+n- 1]Etr(T (Z'))7
bi(2) 1

" 1+ n'Et(T,D; (2)

Note that the terms 3;(2), Br,j(2), B;,(2), b;¢(2) and by(z) are bounded in absolute
value by |z|/v, where v = Im(z) is assumed to be positive (see (6.2.5) in Bai and
Silverstein, 2010). We will denote constants appearing in the following inequalities
by K > 0 (K may depend on ¢ and z) and K may take on different values from line
to line. By the Sherman-Morrison formula we obtain the representation

D; '(z) — Dj_tl(z) = —Dj_’tl(z)rjr;Dj_’tl(z)ﬁﬁ(z). (6.14)

Step 1: CLT for martingale difference schemes

In order to prove asymptotic normality of the random variable appearing in (6.13),
we show that it can be represented as a suitable martingale difference scheme plus
some negligible remainder, which allows us to apply a central limit theorem.

For j = 1...,n, let E; denote the conditional expectation with respect to the
filtration F,,; = o({r1,...,r;}) (by Eg we denote the common expectation). Recalling
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the definition (6.10) and using the martingale decomposition, we have

M, (z,t) = ( '(z) —ED; ' (2))

Z (trE;D; ' (z) — trE;_,D;(2))

Jj=
[nt

;H

(trE [D;'(2) = Dy (2)] = trEjy [Dy'(2) = Dj;(2)])

t,j

Lnt
Z (Ej —Ej1)B8;4(2)r] ;f(z)rj. (6.15)

Using the identity

—2

Bi0(2) = Ba(2) = Bro(2)354(2) + Bra(2)Bia(2)32,(2),
we write
(E; — Ej_1)B¢(2)r;D; }(2)r;
=8, (Fu)aie () - o) (2); 0(T.D;2(0) )
2

— (B; —E;1)B;,(2) (3ja(2)aju(2) = Bja(2)r7D; 2(2)r47,(2)) -

By considering the second moment, one can further show that

Lnt]
= DB — B )F(2) (350(2)asl2) = Bia (D3 (s () 0.

Thus, it is sufficient to prove asymptotic normality for the quantity

max(|nt1|,|nt2])

t1,t2
DR

j=1
where
k
Zpi" = (@iaYj (20) + cizYiu(20)) | (6.16)
i=1
el —2 . 1 9 d— .
Via(2) = = [Bu(2)a50(2) = B2 3a(2) r(TaD2(2))] =~y 4(2)i5e(2)

(6.17)

if j < |nt] and Yj.(2) =0if j > |nt].
For this purpose we verify conditions (5.29) - (5.31) of the central limit theorem
for complex-valued martingale difference schemes given in Lemma 5.6 of Najim and
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Yao (2016).

Lemma 7.1.1 in Section 7.1 shows that Zﬁfj’tz forms a martingale difference scheme
with respect to the filtration F,; = o({ry,...,r;}) and a proof of (5.31) in this
reference is given in Lemma 7.1.2 by deriving bounds for the 4th moment of Yj ().
For a proof of condition (5.30), we note that

max(|nty |,|nt2]) ) k [nt1]
Z E; . [(ijj’h) } = Z <Z 101 B 1Y (7)Y (21)]
=1 Q=1 j=1

min(|nty |,[nt2])

+ Y B[ (20) Vi (2)]

j=1
min(|ntq |,|nt2])

+ Z 201 By 1 [V, (20)Ys, (21)]

j=1
[nt2]

+> 0%20%2]&'—1[ﬂtg(zz‘)yj,tg(zz)D :

Jj=1

As all terms have the same form, it is sufficient to show that for all z;, zo € C with
Im(z1),Im(z2) # 0 and t1, 5 € (0,1]

min(|ntq

[

,[nt2])
V(21, 20,1, £2) = By [YVio (21)Yin ()] = 02, (21,20)  (6.18)
1

J

for an appropriate function o7 ,,(21,2) (see equation (6.44) below for a precise
definition). Note that this convergence implies condition (5.29), since

min(|ntq |,|nt2]) min(|ntq |,|nt2]) .
Z ]Ej—l [Y}ﬂfl(zlﬂ/}ﬂfz (22)} = Z Ej—l [Y},h (Zl)}/},tz (Z_QH — 0-1521,t2 (ZlaZ_Q)a

Jj=1 J=1

where the equality follows from the fact that the matrices T, B, r;r} are Her-

mitian and (D]_tl(z))T = D;}(z) Consequently, Lemma 5.6 in Najim and Yao
(2016) combined with the Cramer—Wold device yields the weak convergence of the
finite-dimensional distributions to a multivariate normal distribution with covari-

ance o7 , (21,7%2) = cov(M"(z1,t1), M (22, 12)).

Step 2: Calculation of the covariance structure
The rest of this proof is devoted to the calculation of o7 ,, (21, 22), which gives us
the covariance structure of our process (M'(z,t)).ec+ tefto,1]- We will first express
our random variable of interest in (6.18) through the derivative of another random
variable and find a more handy representation for this new random variable. We
finally determine its limit in two further sub-steps.
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Counsider the sum

min(|nt1],[nt2])

ViD (21, 20,10, 1) = Ej1 [Ej (B, (20350 (21)) Ej (B, (22) 302 (22))] -
j=1
(6.19)
We use the dominated convergence theorem in combination with (6.17) to get
Oy
tte) = Vi (21, 29, 1, t2). 6.20
azl&zg (21, 22, t1, t2) (21, 22, 1, t2) ( )

In the monograph of Bai and Silverstein (2010), it is shown that it suffices to show
that Vn(o)(zl, 29,11,t2) given in (6.19) converges in probability to a constant and in
this case, the mixed partial derivative of its limit will give the limit of V},(z1, 22, t1, t2).
It holds

E[B;, () — bju(2)> < K™,

which implies together with (7.3) that
Ej1 [E; (B4, (21) %50 (21)) By (B4, (22) 952 (22)) ]

T (s (21 (20)) By (s (225 (22))]|

[ i (B (21) = b, (21)) Air (21)) By (B4, (22) Y2 (22)) ]
+ B [ (b, (2050 (20)) By (B0, (22) = bjay (22)) At (22)) ] ‘
<KE* (B, (1) — by (21)| B mm(zl)m@% Faa (20)[*
+ KET 550, (20)[ B2 |B}, (22) — bjaa(22)|” EF [0 ()"

—o (7).

Since b;4(2) is nonrandom, we obtain

E

min(|nt1 |,|nt2]) - _
Z Bt [Bj [Bj4, (20350 (21)| Ej B, (22) 350 (22)] ]
j=1

min(|ntq |,|nt2])

- bjay (21)bj1, (22)Ej—1 [Ej [F.0, (20)] Ej [Fj,02 (22)]]

J=1

£o.

Consequently, we have
VO (21, 29,11, t2) = VIV (21, 29, 11, ) + 0p(1),

where

min(|nty |,[nt2])

V(2,2 tte) = > b (20)b1 (22) B [By [, (20) By [ (22)]] -

J=1
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Observing (6.20), the mixed partial derivative of Vn(l)(zl, 29,11, t2) is asymptotically
equivalent to V,,(21, 22, t1, t2).
For the complex case, we have Ez}; = o(1/n), E|zy|* = 2 + o(1) and it follows that

Vn(l) (Zl, 29, tl, t2)
min(|st ], Lnt2])
= Z b]h(’zl) Jit2 "7’2 j—1
j=1
min([nt1],[nt2])

) Z binn(@1)bisa(22)E [H< *T2E (D, (24)) Téxj

j=1 k=1

—n2 trE; (DJ tk(zk)T ) ﬂ

LT (B (5705, (z0)x; = n™"r (D35, () T0)))

2
k=
2

—_

min(|nty |,[nt2])

o > binbi(z) (i (TAE; [D7 (20)] T D7 ()] T7) + (1A, ).
. (6.21)
where

Hence, it suffices to study the limit of

min(|nt1|,|nt2])

V. (21, 20,1, 1) = > b ()b () tr (B D5 (21)] TuE; Dy, ()] Tn) -

j=1
(6.22)
For (6.21), we used the following identity
a 2
Ei i [[[ E; [B®]x; — tr (E [B<’f>}))] = (E|xm\4 (Ex2) 2) b b
k=1 i=1
+tr(BYV(BP)T) + tr(BUB®@)
(6.23)

where

One can observe that under the assumptions for the complex case, only the last term
on the right remains in (6.23) whereas those for the real case leave the last two. That

is, in the real case, we have to consider two times the limit of Vf)(zl, 29,11, t3) in
(6.22). (For instance, we have for the real case E[z7;] = 1 and E[z;] = 3 + o(1)
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uniformly in ¢ € {1,...,n},j € {1,...,p} (due to the truncation steps). Thus, in
the real case, the first term

min(|ntq |,|nt2]) p

e 2 2 (Bl () —2)

is asymptotically negligible, and we have B = B® for k = 1,2. The complex case
can be handled similarly.)

Step 2.1: Decomposition of D}/ (z)
As suggested by the structure of the random variable VéQ)(zl,zg,tl,tl) given in
(6.22), we need to study the random matrices D/ (z) further. For this aim, we will

introduce a decomposition of Dj_tl(z)
We recall the definitions

D, ;+(2) = Dy(2) — rir; —r;r}

i Jo

1

Biji(2) = " ;
’ 1 +r; Dz]t( )

bia(2) = :

i,5,t\ %
ot 1+n'Etr T,D;},(2)

and note that
[nt] —1 . nt]—1
Dj(2) + 2= S—=—bj ()T, = > 11} - = ——b;s(2)Ts.

i, 1<i<|nt
Multiplying by (2I — %bj,t(z)Tn)_l on the left, D]’t1 (z) on the right, and using

r;D;/(2) = Bi;:(2)rD; }1(2)

(this is a consequence of the Sherman-Morrison-Woodbury formula; see also formula
(6.1.11) in Bai and Silverstein (2010)), we have

B |nt] —1

Py @jt(>(zl—%bﬂzﬁn)_lrﬂ%(>

1#5,1<i<|nt|

bj,t(Z)Tn> R (6.24)

] -1

byo(21) (21 - %@,t(gm) D)

__ (ZI _ M@,@TO b (=) A2) 4 Bu(z) + Ci(2),  (6.25)

n
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where for fixed j

[nt] -1
A(z) =) (ZI — mbﬂ(z)Tﬂ) (rixy —n~'T,) D} (2), (6.26)

= '
[nt] -1
Bi(2) = 3 (Buyel2) — bia(2)) (Zl_mb”(@qrn) rrD (), (6.27)
i
-1 [nt]
Cu(2) = ty(2) (1= PR, T ) Tt S (D) - D).
i

(6.28)

(Here, we do not reflect the dependence on index j in our notation.) Considering the
term A;(z) more carefully, we see that r; is independent of ry, ..., r; and of D, ()
for ¢ > j, which implies

(zI - mbﬂ(z)TH) B (riry —n~'T,) D;]{t(z)]

_ (zI _ Mbﬂ(z)n) h (E[rx?] —n'T,) E; [D; ()] = 0.

n 2,5,
This means, that in the definition of A; we only have to consider summands with
1< 7.
From formula (9.9.13) in Bai and Silverstein (2010), we conclude that

B |nt] —1

<K. (6.29)

' ‘ (ZI bj,t(z)Tn) B

Let M be a p x p (random) matrix and let ||M|| denote a nonrandom bound on the
spectral norm of M for all parameters governing M and all realizations of M.
From formula (9.9.5) in Bai and Silverstein (2010), we get

[bij.t(2) = bje(2)]
E|B;5(2) = bjue(2)[?

From formula (9.9.6) in Bai and Silverstein (2010), (6.29), Holder’s inequality and
the bound (7.2) on IE||D”t( 2)||?, we conclude

<K (6.30)
<K (6.31)

E|tr(B,(2)M)|
[ nt]

<ZE2 1Bi(2) — bja(2) P E2
Z#J

<K||M|Jn?. (6.32)

r*D”t( 2)M (zI - ——b;
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Using formula (9.9.6) of Bai and Silverstein (2010), (6.29) and the bounds on b; ()
and ||T,|| yields

tr(C(2)M)| < K||M]]|. (6.33)

Moreover, we have for nonrandom M and any j by using (9.9.6) in Bai and
Silverstein (2010), (7.2), and (6.29)

E |tr A,(2)M| < K||M]]. (6.34)

Step 2.2: Application of Step 2.1 to /A%
In this final step, we use the decomposition for D]’tl(z) derived in Step 2.1 to deter-

mine the limit of the random variable V;{*) given in (6.22). We remind the reader
that the main part of (6.22) is

tr (E; [D;}, (21)] ToE; [Dj7},(22)] Ty) -

Thus, we need to apply the decomposition twice, namely for Dj_’tll( 1) and D} tz( 29).
Observing (6.20), we finally obtain the covariance 0317,52 (21, 29) by differentiating the
limit of (6.22).

Using (6.14), we decompose

tr (E;[As, (21)]TuDj, (22)Tn) = Au(21, 22) + Ao(21, 22) + As(21, 22),

where

Ai(21,29) = —tr < Z <Z1I - %byytl(%)lﬂn) _ v By (D, (21)]

i<§,1<i<|nt1 |

X Tnﬁi,j,tz(’z?)DZjl,t ( )I‘ r; Dz ]1t2( )TTL>

== Z 61’7]#2 (zQ)r:Ej [D21t1< )] T Dz]tz (ZQ)rlr ng to (ZQ)TR

i<j,1<i< | nt1 |

t] —1 -
X (ZlI — %bﬁtl (Zl)Tn> r;,

Ag(zl,zg):—tr< > (s P en) e D Gt

i<j,1<i< [ nt1 ]

X (DJ tz(ZQ) Di_,jl,tg(ZQ)) Tn) )

nt;| —1 -1
As(z1,22) =tr < Z (211 - %bﬂl(zl)Tm) (rir;k - n_lTn)

i<j,1<i<|nt; |

x Bj[Dy ), (20)]TuD; (2 )Tn)-
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As in Bai and Silverstein (2010), it can be shown that
|As(21, 22)| < K, (6.35)
E|As(z1, 20)| < Kn2, (6.36)
and it remains to investigate the term A;(z1, 22). For this purpose, we define
E =E; [D;}, (21)] TuD;,,(22),

nt;| —1 -
=t )

F=D;}, ()T, (211 -
and note that for ¢ > 1
Es|tr(ET,)|? < K,n, Ee|tr(FT,)|? < Kn.

This gives together with formula (9.9.6) in Bai and Silverstein (2010

E Bi,j,tg (ZQ)I':EI'Z'I'::FI} b] to (22) (ET ) tI‘(FTn)

1
2|3, 1y (20) i T BT 2 (ITFTx ~ tx(FT,)) ‘
(Bijis (22) = bja(22)) tr(ET,) tr(FT,)

1
Bijitz(22) <$fT?L ET:z; — tr(ETn)> tr(FT,)

+n’E

+n’E

<Kn"z (6.37)
Moreover, letting
G=T, (le — %bj’tl(zl)T,J B T,,
we have by using (9.9.5)
tr (BT,) tr (FT,) — tr (8, [D}}, ()] TaD; 4 () To) tr (D}, (22)G) |

=|tr (EJ' [Dwtl( )]T Dzjtz( 22) Ty )tr( th G)

—tr (E; D}, (21)] TuDjj, (22)Ty) tr (D, (22)G)
<|tr (B; [D7},, (1) = DJ, (= >]TDJt2 T,) tr (D7}, (22)G) |

+ | tr (B D7), (20)] T (D7}, () = Dk (22)) Tu) tr (D7, (22)G) |

+ tr(Ej [Dm( )}T Dm( )T) ((Dultz( 2) — Dﬂt2(Z2))G)‘
<Kn. (6.38)

The considerations in (6.37) and (6.38) imply

Al(Zl, ZQ) + j — 1bj,t2(z2> tr (E] [D._l (Zl)} T D> ! (Zg)Tn)

t t
n2 J5t1 Jrte

E
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Lntlj —1 -1
X tr D] t2(z2>Tn Z1I — Tbj7tl (Zl)Tn Tn

<K n%.
Recall that we aim to derive a representation for
tr (Ej [D] tl( )} T,D; 1t2( )Tn) .

For this purpose, we use the formula for D} (21) given in (6.25), we have (using
also (6.32), (6.33), (6.35), (6.36))

) —1
Dby (21)biaa 22)

Lntlj —1 -1
tr | D}, L (2)Ty [ 20— Tbj,tl(zl)Tn T,

=tr (E; [D;; (21)] TuDj,, (22)Tn) — bjsy (21) A1 (21, 22) + As(z1, 22)
= —tr ((le - %bﬁl(zl)m) B T,D; (2 )Tn>

+tr (Bjlbj, (21) Ay, (21) + By, (21) + Cr, (21)] T D; L (22))
— b1 (21) A1 (21, 22) + As(z1, 22)

—tr ((m . %%(am) T D71 (z )Tn>

+ bj,tl(zl) (A2(Zl7 22) + A3(Zl7 22)) + A4(21, 22)
Lntlj -1 -1 1
= —tr ZlI — Tbj’tl (Zl)Tn T"Dj,tg (ZQ)Tn -+ A4(Zl, ZQ),

where we have used the representation in (6.25), the estimates (6.32), (6.33), (6.36)
and the term Ay(z1, 29) may change from line to line with the universal property

tr(Ej [DJh( )}TDJtQ( )T”) 1+

E|A4(z1, 20)| < Kne.
Now using again the representation for D} . (22) in (6.25) yields

tr (EJ [D]h( ﬂ T D]tz( >T")
1— ]n;glbj,tl(zl)bj,tz(zz) tr <{ (221 - wbj’t2(22>Tn) h

n

SUTCATWEARS WENE Ct2(z2)}Tn (ar- = o, ) Tn)

—tr ({ (z2I — %bj,tQ(ZQ)TO - bjts(22) Aty (22) — By, (22) — Ct2(22)}
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Lntlj —1 -1
X Tn (2’11 — Tbj,tl (Zl)Tn) Tn + A4(2’1, 2’2),

Invoking (6.32), (6.33) and (6.34), we conclude
tr (E; [D; ), (21)] ToDj, (22)Th)

j7t1
] nty| —1 -
L= j?bj,tl (Zl)bj,tQ (22) tr < (ZQI - %bﬁb (ZQ)T") Ty

t] —1 -
X (ZlI — %bj,tl (Zl)Tn> Tn)

t] — 1 - t]—1 -
=tr < (ZQI — %bj,h (Zz)Tn) Tn (211 — %b‘j,tl (Zl)Tn) Tn)

+ A5(21, 22),

X

where the remainder As satisfies
E|As(z1, 20)| < Kn2.

This implies for the conditional expectation [E; with respect to ry,...,r;

tr (Ej [D_l (2’1)] T,E; [Dj_,tlg (22)} Tﬂ)

Jita

i1 [nt2] — 1 o
1-— Tbj’tl (Z1>bj,t2 (22) tr ZQI — Tbj’b (ZQ)Tn Tn
th) —1 -
X (ZII — %b‘jil (Zl)Tn) Tn>

~1 - ~1 -
=tr ( <ZQI - %bj,tg (ZQ)Tn) Tn X (211 - &bj,tl (Zl)Tn> Tn)
n n

+ A5(21, 22),

where A5(217 ZQ) = Ej [A5<Zl, 22)] Hence,
E|As(21, 22)| < E [E;|As(21, 22)]] < Kn?.

Let 3, , be the Stieltjes transform of FBrt where B, ; is the companion matrix of

B, : defined in (2.2) and let g?m be the Stieltjes transform of EyL"”’Hn, that is

~0
Sn,t — SEyL"tJ’H"'

Sn7t = SFEn,t7

By Lemma 7.1.3, we get

[nt]

Ln_lﬂ Y E[Bi4(2)] = —2E [3,,(2)] -

=1
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We use Theorem 6.3.8 given in Section 6.3.4 and conclude
[E5,4(2) = 3n4(2)] < Kn™"
Combining this with the following bounds

bjt(2) — bi(2)| < Kn™*,
1b,6(2) — EB;ji(2)] < Kn_%,

we have for all j € {1,..., |nt]}

bje(2) + 255 4(2)

[nt]

t tjz ﬁ]t

<

30.(2) = 2B [5,,(2)] |

bj,t(Z) —by(2)| +

bia(2)| +

[nt
%Z( bye(z) ~ EB(2)|)
<Kn2. (6.39)
This yields
max [b;(2) + 230 ,(2)] < Kn~3, (6.40)
and implies

tr (EJ [D] tl( )} T ]E [D]t2(22)] T )
x {1 B ];2 1§gytl(zl)sg () tr ( (I n Lniﬂ sgm(zz)Tn) (6.41)

x T, “JO 21)T, _1Tn
(o 51m) )

_ <<1+ L:’J ~9Lt2(22)Tn) _1T <I+ LnilJ gtl(zl)Tn)_lTn> + Ag(21, 22),

2122

(6.42)
where the remainder Ag may change from line to line and satisfies
E|A6(21, 22>| S K?’L%

(the details for this estimate are given in Lemma 7.1.4 and 7.1.5). Recalling that
H, = FT is the empirical spectral distribution of T,, we have

tr(( Lnan th(ZQ)Tn)_ T, ( Ln g gtl(zl)Tn>_l Tn>
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)\2

| g ) (1 )

and consequently, we can rewrite equation (6.42) as

dH,()\),

j_

tr (]E] [Dj tl( )} T ]E [D]tz(ZQ)] Tn) {]_ — lan(zl,ZQ,tl,tg)}

n
- an(21, 22, 11, 1) + Ag(21, 2
o () () A ) + A2, ),

where
0 N
ouler, 2t ) = b, () (e2) [ - AH, ()
( )\Lntlj 9”1( 1)) ( )\LnflzJ 21:2(32))
(6.43)
Applying Lemma 7.1.7, we have
tr (E; [D}2 (1)] T, [D (2] T)
n ( hot) 1
- an\21, 22,11, _
212232, (21)52,52(22) by jTlan(ZI;ZQatlatQ)
1
+ Ag(z1, 2
6( ' 2)1 - uan(217227t1at2>
< - (21, 22, 1, 1) ! + As(21, %)
anl\21, 22, 1, — 21,%2).
_leﬁg, (21>S(T)Lt2<22) A jTlan(ZlaZ%tlatQ) T
Consequently, the random variable v,? in (6.22) can be written as
V752)(217227t17t2)
min(|nty |,|nt2])
1 b‘t (21>b't (Zg) 1
=—ay (21, 20, t1, 1 i 2 . + Az, 2
. (21, 22,11, t2) Z 21890 4, (21) 2280 1, (22) 1 — ]%lan(21,22,t1,t2) 7(%1, 22)

J=1
_ an(217 zZ9, tl; tZ) min( LntiJ,LntZJ)

n

1

1—- j%lan('zl? 22, t17 tQ)

+ A7(21, 2’2),
j=1

where the remainder A7(z1, z2) may change from line to line and satisfies
E|A7(z1, 25)| < Kn™ 2.

Then, Vn(2)(z1, 29,11, t3) in (6.22) converges in probability to

min(tl,tg)

1
1— )\G(Zl, 29, tl, tg)

a(zl7'z27t17t2) dA?

[en]
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where

G(Zl, 29, tly t2)
- - A2
=Y51, (21)5,(22) / (L + Mag,, (21)) (1 + Mady, (22))

S wel O Resrwe CAOR Fearen A0
54, (21)3,, (:2”2) (g LI . ~_1) B 22)

a5y, (22) — 015y, (21) \ 5, (21) 54, (2

ey )+ (5 B ()R () — 5, (2)
_8,(2) — 5, (1) + (51 — 22)84, (21)34, (22)
ta3,;,(22) — 15, (21)
and we have used Lemma 7.1.6, which says
A 1
y / EE N = e
Finally, the limit of (6.18) is given by

dH ()

Y

min(t1,t2)a(z1,22,t1,t2) .

5 0? 1 I o min(ty, ty) 5= a(z1, 2, 1, t)
g = — _— e —

#1,22,01,502 621822 1—AX 822 1-— min(tl, t2)a(21, 29,11, tg)

0
numerator
== (6.44)
denominator

where

numerator = min(t;, tg){ oty — min(ty, £))52 (22)3, (1) [tgs;(@) 4t — t2)§;2(22)] }
— 8354 ()] min(t, )3, (22) + (1 — min(t1, )3, () }
+ 21550 (zl)§t2(22){ min(ty, )32 (22) + (f1 — min(ty, tQ))QQZ(ZQ)}
o 2ita(ts — min(t, )5, (2133 (22)3), (20) {5, (22) + (21 + 2)30,(22) |
+ 5, (20){ = B min(t, )5, (22) + 1 (1 — )( — min(h, 1)), (21)3),(2)
+ 2ttty — min(ty, 1)) (21 — 22)3,, (22)3;, (21)3), (22)
+ 5, () | 3(—t1 + min(ts, 1)), (22)
+ 113, (21) (tl(—tg 4 min(ty, ) + to min(ty, £2) (21 — 22>2§;2(22)>] }
denominator = (13, (21) — tas,, (22))” {(—t2 + min(t, 1))3, (22)
45, (1)t — minty ) + min(ty 1) (51— 22)5, (22)) } -

Note that for the special case t; = t5 = 1, this covariance structure coincides with
the one given in formula (9.8.4) in Bai and Silverstein (2010).
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6.3.3 Proof of Theorem 6.3.2 and continuity of the limiting
process

Proof of Theorem 6.3.2. We will show that the assumptions of Corollary A.4 in

Dette and Tomecki (2019) are satisfied, where we identify the curve C* with the

compact interval [0, 1]; For this purpose, we define the increments for the first and
second coordinate of M} by

mt(z,t, 2, 2") =min{| M} (z,t) — M (', t)|, | M} (z,t) — ML(2", )|}, (6.45)
m?(z,t, ', ") =min{| M} (z,t) — M} (z,t")],|M}(z,t) — ML(z,t")|}, (6.46)
where t, ¢/ t" € [tg, 1] and z,2/,2” € CT. In order to find estimates for the tails of
(6.45) and (6.46), we establish in the following lemma estimates on the moments of

the increments of M;(z, t), which are proved in Section 7.2. For this purpose, note
that it follows from (6.15) that

M (z,ty) — Mz, ty) = ZM(z by, ty) + Z2(2,t,ty), 2 € CH, ty,ts € [to, 1], t1 < Lo,

where Z! and Z2 are the processes obtained from

Lntlj
ZM (2,11, t) = Z (Ej — Ej_1) (B4, (2)r;D; 1 (2)r; — Bj, (2)r7D5 7 (2)r;) ,  (6.47)
j=1
[nt2]
ZUztit) = Y (B —E;1)Bu(2)riD; 5 (2)r; (6.48)

Jj=[nt1]+1
using the definition (6.4).

Lemma 6.3.4 Fort € [ty, 1], 21,22 € CT, it holds for sufficiently large n € N under
the assumptions of Theorem 6.5.2

E| M, (21,t) — My (22, )" < K21 — 2", (6.49)

where K > 0 is some universal constant independent of n,t, z1, zo. We also have for
tl,tQ € [to, 1], A C+

E|Zy (2,11, 12)]* < K(M)i (6.50)
E|Z2(z, 1, 1) < K<Lﬂw)2w/z . (6.51)

In order to simplify notation, we write a < b for a < Kb, where a,b > 0 and
K > 0 denote some universal constant independent of n,t,ty,ts, 2, 21, z0. We con-
tinue with the proof of Theorem 6.3.2 by using results from Lemma 6.3.4.

We observe that for ¢/ <¢ <¢"and A > 0

P (m?(z,t,t',t") > \)
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P(\Ml 2 1) — Mz, )| |V (2, 1) — M (2, 8")] > )\2>
=P (\Zl 2t ) + Z2 (2, || Z (2, ") + 22 (2,8, 7)] > >\2)
IP(\ (2,8, t) + Z2(2, 1, 1) > A) +P(|Zl(z t ") + Z2 (2, ") > A)
2
gZ{ (\zk 2t 1) > )\/2> +P <]Zk(z £ > )\/2> }
4 INAHS . 2
1 / 4 = 2 / 4+90 =
E|Z(=t 0+ (5)  EIZ=t01 + (5
4+5 ~
5)EIZA )

4
) EIZAG )

In the case t” —t' > 1/n, we use Lemma 6.3.4 and obtain

A t] — [nt'|\4 1\4 1\4
E|Z711(Z,t,,t>|4 S('.”J |_n J) S (t—t/—f——> < (t”—t,—i——> < 24(t/1_t/)4
n n n
(t”—t/)4

t"| — |nt]\2+6/2 1\2+4/2 1\2+9/2
(Ln ] LM) 5(15 H_) §<t,,_t,+_>
n n n

322-5-5/2(75// . t/)2+6/2 (t" )2+6/2

AN

E|Zp(z,t,1")[**

AN

The remaining terms can be treated similarly in this case, which gives
P (m?(z,t,t', ") > \) < max(A~H AT (7 — ¢)20/2

for t”—t' > 1/n. In the other case t"—t' < 1/n, we have |nt] = |nt"]| or [nt] = |nt’|
and consequently,

M (z,t) — M} (z,t') = 0 or M}(z,t") — M}(z,t) = 0.
Therefore we obtain for ¢/ <t <¢’' <1
P (m?(z,t,¢,t") > A) < max(A ™4 A\ (¢ — ¢/)2+0/2,

For the following analysis, we identify C* with [0,1]. In order to derive a similar

estimate for the term m!, we note that it follows for z,2’,2” € [0,1] such that

2 <2<z

P (m'(z,t,2,2") > \) <P (\Mg(z,t) — MM O)||M (2, t) = M2, 1) > )\2>
<SATCHIE(|M, (2,1) = My (2 )] | My (2, 1) — My (2", )] 2
<A (BN (2, 0) — ML) PRIz, 0) — N 0P)
SNTC) (2 = 2210z — )2 @ s

where we used Lemma 6.3.4 in the last line. Moreover, we have

P (|Mg<z1,t1) M (20, 2)| > )\)
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A ~ N A
( Zl,tl (ZQ,t]_)’ > 2) + P (’Mé(ZQ,tl) — Mé(ZQ,tQ)’ > 5)
A
<P(I0L (o1, 1) = M (2, 10)| > 5) + Zw(yz (2. t1, t2)] > )
g 4

ANA+S
() IE|M1 (z1,t1) — M;(ZQ,tl)\HM(X) E\z;(zg,tl,@)yu(X) |22 (29, 11, 12)|+°

<2>2+5 |2+5 (%)‘KM)‘* N (f)“”(M)”W

A A A n

nty| — [ntq | |2+9/2

50“[ %‘ - ZQ|2+5}
2445/2

§O1,,\[<|t2 —ty| + ) + |21 _Z2|2+6}

1N 2+8/2

SCL)\O 217251 22,752) H +ﬁ) ;

where

Cix = max(\ ™4 \"@H) \~(+0))
Let m € N and define for j = (j1,j2) € {1,...,m}? the set

|:J1 , j—1:| X |:j2 A to, j—2 A t0:|
m m m

Combining the three inequalities above, we are able to apply Corollary A.4 in Dette
and Tomecki (2019) with the parameters € = 1/m, ¢’ = 24 §/2 and get

Y

. -y 1\ 2+6/2 1 1\2+5/2
P swp  NE(at) = Mt > A) S Coa() T +C( 4 )
( m m n

21,t1), (zz,tg)GK'

where Oy = max(A~% A\~04+9) A\=C+9)  This implies

lim sup]P( sup sup |M,i(z1, t) — M3(227t2)| > /\>
n—oo J€{1,....m}? (z1,t1),(22,t2) €K
<lim sup Z P sup \]\7[5(21, t1) — Mﬁ(@,tz)\ > >‘)
n—00 jeft,m}? (z1,t1),(22,t2) €K
1\ 2+6/2 1 1\2+6/2
< lim sup m? [CQ’)\ (—) + Ch .\ <— + —> }
n—o0o m m n
<m? — 0, as m — oo.

2182
Theorem 1.5.7 in Van Der Vaart and Wellner (1996) finally implies the asymptotic
tightness of the sequence (M), ey, which completes the proof of Theorem 6.3.2. [

Corollary 6.3.5 There exists a version of the process (M*(z,t))ec+ tefto1] With con-
tinuous sample paths.

Proof. By Addendum 1.5.8 in Van Der Vaart and Wellner (1996), almost all paths
(z,t,w) € (CT\ {x7,2,}) X [to, 1] x Q — M?'(z,t)(w) are continuous. Since (CT \
{z1,2,}) % [to,1] C C* X [ty, 1] is a dense set, we conclude that almost all paths
(z,t,w) € C* X [to, 1] X Q +— M*(z,t)(w) are continuous. O
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6.3.4 Proof of Theorem 6.3.3
Recall that

~ ]- —Yint ~
§n,t(z> = SFBn,t(Z) = _% + yLntJSn,t(Z)
and
. L — Y _
§?L,t(z) = SEyLntj’H"(z) = _T + yLTLtJ 8701,t("7’)7

where FBnt denotes the empirical spectral distribution of the matrix B, ; defined

in (2.2) and the distribution £ M is defined in (3.4).
Recalling the definition (6.11) we have

M;(z,t) = p (El5ne(2)] — 5p4(2)) = [nt] (E [5,4(2)] — 5,.(2)) - (6.52)

We begin with a lemma, which is used to derive an alternative representation
of M?(z,t). Note that this Lemma corrects an error in formula (9.11.1) in Bai and
Silverstein (2010) and is proved in Section 7.3.

Lemma 6.3.6 [t holds

gkl | X250, (2)dH (N)
. . v lndggs ()})(1+/\L"”7 +(2))
(Ef5,0(2)] —32,(2)) [ 1- O g
v , —ztyy [ MR (2)

1R (2)

where

[nt]
Ro4(2) = ity [nt] ™ Z E[3;4(2)dj(2)] (E[3,.,(2)])

[nt] .
= o™ S BB (2]

4l2) = ~a;iD; () (DS, ()T + 1) T,

1 T M S z -1 -1 z
+leE[t( UE[S, ()T + 1) T, (2)],
%Zﬁxr

The next main step is the following result, which is proved in Section 7.4.

Theorem 6.3.7 Under the assumptions of Theorem 3.2.1, we have
lim sup [E[s,,(2)] — 35,(z)] =0,

n=00 2eCp,
te(to,1]

where §, is defined in (3.1).
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The third step in the proof of Theorem 6.3.3 is the following result, which is
proved in Section 7.5.

Theorem 6.3.8 Under the assumptions of Theorem 3.2.1, we have

sup [M2(z,t) <K, lim sup |5),(2) —5,(2)] = 0.

neN, n=00 2€Cn,
2€Cxp, telto,1]
t€[to,1]

Using Lemma 6.3.6 and Theorem 6.3.7, we show in Section 7.6 that

5% z 2
vl (@;(f(%ii”; Y for the real case
[nt] Rt (2)E[3, 1 (2)] = { 1-ty [ ZE s dH () ’ (6.53)

15, (2)A+1)

0 for the complex case,

uniformly with respect to z € C,,t € [to,1]. Combining this result with Theorem
6.3.7 and Lemma 7.7.6 yields

lim sup |R,:(2)|=0 (6.54)

n—00 ZECn
te(to,1]

This result and Lemma 7.7.6, Theorem 6.3.7, Theorem 6.3.8, Lemma 7.7.2 and the
equation (3.2) show that

|nt] I A?50 1 (2)dHn (N)
Y= J AT E, o) (A5, (o)) . A257(2)dH (N)
— TR e

NH, (O =
—z+yn [ WE[(E:,M — R, 4(2) (14 At3,(2))

Observing the representation in (6.52), Lemma 6.3.6 and Theorem 6.3.8, this implies

=3 2
S¢ (2)A
W) G e

M?2(z,t) — (1—tyf MdH(A))Q

dH()\)

for the real case,
(t34(2)A+1)2

0 for the complex case.
uniformly with respect z € C,,t € [to, 1], which completes the proof of Theorem
6.3.3.

6.4 Details on the arguments in Section 6.2

Lemma 6.4.1 Let I'p denote the support of a c.d.f. F. Then it holds

Lnt0J
F}T—‘yLn”,Hn C [ n

Ao (T0) L0.1) Ypnte) ) (1 — /Ulmto]) s A1 (T ) (1 + \/ytntoJ)2]>

where FYnHn s defined in (3.6).
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Proof of Lemma 6.4.1. By definition, we have

ﬁyLntj Hn, L) — FyLntj Hn, L .
g (pr):

and thus,

_ |nt] r

F‘fwytmyHn = T L pYinepHn

Since
EyL"U Hn — y\_ntj FyLntj Hn = (]‘ - yl_ntJ )1[0700)7

it is sufficient to investigate the support of FYIn/» in order to study the support
of F¥int)fn Define for all a ¢ I'y,

Yyt (@) = (@) = a + yLmJa/ —dH,(\) =a+ta p Zl G

We need the following result [see, e.g., Lemma 6.1, Bai and Silverstein (2010) or
Proposition 2.17, Yao et al. (2015)].

Proposition 6.4.2 If \ ¢ L pviney ot then 8,4(A) #0 and o = —1/s,, ,(\) satisfies
1. a¢ 'y, and o #0,
2. ¢/(a) > 0.

Conversely, if a satisfies 1-2, then A = () ¢ FEyWJ,Hn.

That is, we can determine a superset of the support of F¥»)¥I» by considering
the complement of intervals where ¢ is monotonously increasing. The derivative of
1 is given by

oy — 1 Yy (i(T)”
Y(w=1-= ;m_MTn))T

First, consider the case a@ < A\,(T),), which implies o ¢ I'y,. Noting that f,(z) =
f(x) = 22/(x — a)? is a monotone decreasing function for x > a > 0, we have to
solve the following inequality for 0 < a < A,(T,)

T
(= Mp(T0))*  Yine)

p

which is in this case a sufficient condition for ¢)'(a) > 0 . This gives for y,¢ € (0,1)

0<a<A(Tw)(1— /Yng)-
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If a« <0< A\y(T,), we conclude

¢,(a> >1- yl_ntj7

which is non-negative if and only if y|,¢ > 1. In this case, we conclude ¢ (a) < 0.
Now we calculate for y|,,;; € (0,1)

(@) <¢ (M(Ta) (1= \/Flr]))
< )‘p(Tn) (1 RV yLntj) + Y|nt) /\p(Tn) (1 RV yLntJ)
= X(T2) (1= i)
Using Proposition 6.4.2; this gives

FFyLntJ’H” C [Ap(Tn)I(O,l)(yLntoj)(l RV yLntoJ)2a OO) .

Next, we specify the right endpoint of this interval. Let o« > A;(T,,) which implies
a ¢ 'y, . Note that the function f is monotone increasing for 0 < x < «a. Solving
the inequality

(T
(&= M(T0)® Y

which is in this case a sufficient condition for ¢'(a) > 0, gives

a>M(Tn) (1 + /Yn) -

Similar consideration as in the other case yield

¥ (M (T) (14 y/F)) = M(Tw) (14 /o)
This finishes the proof of Lemma 6.4.1. ]

~

The following lemma ensures that the process (M, (2,t)).cc+ tejto,1) defined in
(6.4) provides an appropriate approximation for the process (M, (2,1)).cc+ tefio,1]-

Lemma 6.4.3 Let i € {1,2}. It holds with probability 1 (uniformly int € [to,1])

‘ /fz(Z) <Mn(z,t) — Mn(z,t)> dz) =o(l), asn —o00, i =1,2.
C

Proof of Lemma 6.4.3. For convenience, we write f; = f. Since C = Ct UC+ and
M, (zZ,t) = M,(z,t) for all z =z +iv € CT, we have (using also the definition of M,
in (6.4))

‘/f(z) (Mn(z,t)—Mn(z,t)> dz) <K / {|Mn(xr+iv,t)—Mn(xr+in_15n,t)|
C

[O:n_lfn]
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+ |Mn(xl + iU,t) - Mn<xl + /l.n_lgnat)’}dv'

Let I'r denote the support of a c.d.f. F', then it follows by Proposition 2.4 in Yao
et al. (2015) that

1
<« -
[sp(2) < dist(z, ')’

where z € C\ I'r and sp is the Stieltjes transform of F. Using (6.8) and Lemma
6.4.1, we have for v € [0,n7'¢,] and sufficiently large n

dist (2, + v, B, ) > |mr — Al(ant){
Z |5Er — max ()\I(Bn,t)a )\1 (Tn)(]- + AV yI_ntJ)2) )

Lnto Ap(Tr) L10,1)(Yme) ) (1 — vyLntJ)2}
m)\];,(Tn)f(o,n(Z/LmtJ)(l = Vi)?) |

(6.55)

dist (:L’l + l'U,FI:ﬂyLmJ 7Hn) > |ZE1 —

> |:1:l — min (Ap(Bn’t),
Similarly, one can show that for sufficiently large n

dist (xr + 00, T o e Hn) > |xr — max (Al(ant), A (T)(1+ /yLmJ)Q) ,

o) s (T oy W) (1 — AT |

dist (z; + v, B, ) > |;z:l — min (Ap(Bn’t),

Recall the definition of M, then (6.55) implies
‘ /f(z) (Mn(z,t) - Mn(z,t)> dz
c

§4K€n{ |J,‘T — max ()\I(Bn,t)7 )\1<Tn)(1 + \/yl_ntj>2) ‘—1

. t _
+ ‘xz — min ()\p(Bn,t), Ao (To) L 0,1) (Y e )) [ J Vnt)) )‘ }

Due to (6.8), for every t € [to, 1], the denominators are bounded away from 0 for
sufficiently large n with probability 1 (nullset may depend on ¢). Note that for every
n € N, there are only finitely many ¢, ts € [to, 1] such that |nt;] # [nty]. That is,
since the countable union of nullsets is again a nullset, we find that with probability
1 (uniformly in t)

lim sup ’ /f Mn(z,t)> dz
n—oo
. 2 -1
<4K 7}1_)120 5n{ (xr - hin_}sogp max (A1 (Bp.t), M (To) (1 + /Um))?) )
. Lnt J -1
+ (117{g}gfmm (Ap To) Lo, (Wmey ) == (1 = yLntJ)2> - wz) }
-1
< 4K nhargo gn{ Ty — lim sup )‘1( n)(l + v yLntoj) >

n—oo

. . nt _1
+ (1152333“ (T L(0,1) (Yinto)) = L OJ (1= Vo)) = xl) } =0



Chapter 7

More details on the proof of
Theorem 6.1.1

In this chapter, we provide the remaining arguments in the proof of Theorem 6.1.1
in Section 6.3. Several further very technical results are given in Section 7.7.

7.1 Auxiliary results for the proof of Theorem
6.3.1 in Section 6.3.2

Lemma 7.1.1 foj’tQ defined in (6.16) forms a martingale difference scheme with
respect to the filtration F,; = o({r1,...,r;}) (1 < j <max(|nt1], |nt2])).

Proof of Lemma 7.1.1. Obviously, Zﬁfj’m is o(ry, ..., r;)-measurable by the definition
of E;. It remains to show that

E;1[Z.5"] = 0.
By the tower property of the expected value, it suffices to prove

—=2

_ . 1 _
Bt (Buulodasa(s) = F(na() s (LD ) =0 ()
Considering the first summand, we have

1
1+nt tr(TnD;tl(z))

Ej—l

(r;D;f(z)rj —nt tr(D-_2(z)Tn))

Jit

1
[+ n ' u(T,D,} (%)

—E;,

(n' tr(D;2(2)T,) — n~ " tr(D; 2(2)T,))

j7t ]7t

=0,

where we have used the fact that z; is independent of ry, ...,r; 1, Dj; and E[z;27] =
I. The assertion for the second summand follows in a similar fashion, which yields

the desired MDS property. O

54
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Lemma 7.1.2 The scheme Zf;j’tQ satisfies condition (5.31) given in Lemma 5.6 of
Najim and Yao (2016), that is,

max(|nt1|,[ntz2])

im > E(|Z (20 > ) =0

n—00 -
J=1

Proof of Lemma 7.1.2. Note that we have for any ¢ > 0 and any z € C with Im(z) #
0

maX(HDt_l(z)}

SN DG < K- 72)

where K, > 0 is allowed to depend on ¢ and z. Later on, we will strengthen this
result and find a bound for the moments of these random variables uniformly in
z € C, and t € [ty, 1] (see Lemma 7.7.3). It holds

E[Y;e(2)* < K (Eloge(2)[* + E[;0(2)|") = o(n™").

where we used (9.9.6) in Bai and Silverstein (2010) in the following way (exemplarily
for the second term):
. Ty 4
E|’yj7t(z)|4 =E ‘erLtl(z) . tr(DJtl(z)Tn)‘

G |:E(j) ’r;D;t 2)r; —n (D] 1<z)Tn)’4}

75t

< Kn~ ', ED [IID (2)['] = Kn™'mE [|[Dj (2)1'] = o(n™). (7.3)

Here, E(-7) denotes the expected value with respect to {ry,...,r,} \ {r;} and EY)
the expected value with respect to r; and we used the independence of ry,...,r,.
The fourth absolute moment of «;,(z) can be controlled similarly. This implies the
Lindeberg-type condition

max(|nt1 |,|ntz2]) max(|nty |,|nt2])

]E(‘Ztlt2’ I(’Zt1t2|>6)§i2 Z E|Zt1t2‘
—1 =
max( Ultlj,[ntQJ)

=5 Z

Jj=1

<.

4

t1 zz + % QY,tz (Zz> — 07

as n — oo. [l
Lemma 7.1.3 It holds fort € [0,1] , z € C such that Im(z) > 0
[nt)

Ent = ntJZBJt

Proof (similar to formula (6.2.4) in Bai and Silverstein (2010)). Note that
Lnt]

z)+ 21 = Z r;r}.
j=1
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Multiplying by D;'(z) and using the identity (6.1.11) from Bai and Silverstein
(2010)

1
riC™! (7.4)

“C+rir*) = ——
rj( +rjrj) 1+r§C*1r]~j

for any p x p matrix C such that C + rjr; is invertible, we conclude that

[nt] [nt
I—l—zD;l(z):er r Z z)+r; ]) -
j=1 =1

[t
21“*13 o, 70D ()

Applying the trace on both sides, dividing by |nt] and noting that

. 1 _
5ni(2) = —tr(D; 1 (2)),
p
we get
|nt —1
] *D ( ) .
Yint] + 2Y|nt|Snt(z Z ntj 1+ r*D ( )r;

E;% 1
 |nt] & 1+13D;/ (2)r;

Lnt

tJ Z/Bjt

Recalling (2.3), we see that

which finally implies

Lemma 7.1.4

i . (( Lntgj th(ZQ)Tn) - T, (I + Lﬂzlj S (Z1)Tn) B Tn)

SKn%.
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Proof. We use (6.40) to get

[nt] —1 [nt] o

bj,t<z)+z7§n,t(z>‘§ )|+ [bia(2) + 28%,(2)] < Kn™2.

and make the following consideration for invertible p x p matrices A and B:
[AT =B [ =B /(B -A)A < [[B[ AT [IB—All.

Combining these two results yields

tr { (zI %bﬁ(z)n) o (zI + z%ggt(z)Tn) _1}

1 t - t -
—tr ( (I -+ Ln 2J §2 to (ZQ)Tn) Tn (I + Ln 1J §9L t1 (Zl)Tn> Tn)
2122 n ’ n )

N

< Knz.

n n
Inty] — 1 ! t !
{ <221 — [ 2n bj,tQ(ZQ)Tn) — <221 + 29 Lnnﬂ s%tQ(zg)Tn) }

Lemma 7.1.5

E|tr (& [D72 (=0)] TE; [D74(:2)] To)

) —1 nty] — 1 - nt;| —1 -
{%b]‘,h (Zl)bj,t2(22> tr ( (ZQI — %bj,h (ZQ)Tn) Tn (ZlI — Lbj’tl (Zl)Tn> Tn)

|_nt1J

Jj—1 -1 -1
- 7§2,t1(21)§2,t2(22) tr ((I + 55 4,(22)Tn) Ty (T4, (21)Tn) Tn> H

gKn%
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Proof. By (7.2), we have
E |tr (E; [Djy, (21)] TWE; [Dj,, (22)] Tn)| < Kn.

j:tl

Thus, it is left to show that

|_7’Lt2J -1

-1 -1
nty| —1
bjty (21)bj1, (22) tr < (221 - bj,tz(z2)Tn) T, (211 B 2T 17J1 bj,tl(zl)Tn) Tn)

0 0 [nt2] o Lnt1] o o
- §n,t1 (Zl )§n,t2 (ZQ) tr I + §n,t2 (ZQ)Tn Tn I + §7‘L,t1 (Zl)Tn Tn

n

gKn%.
Invoking Lemma 7.1.4 and (6.40), we see that
(7.5)

nty| — 1 -1 nty| —1 -1
bj,tl (Zl)bj,tg (ZQ) tr < <ZQI — %bj,h (ZQ)Tn) Tn (211 — %bj,tl (21>Tn) Tn>

1 Lntﬂ 0 - L”tlJ 0 -
—bj,tl(zl)bj,tg(@)gtf I+ Spiy(22) T | T | T+ - Sy (21) T ) Ty

<

1
+ (bj,tl(zl)bj,m(zé)— - §g,t1(zl)§2,t2(22))
2129
[nts] o [nt1] -
X tr (I + —=4" tZ(ZQ)Tn) T, (I + §9Ltl(z1)Tn> T,
n " n "
SKn%.
O
Lemma 7.1.6 We have for z € C* and t € (0, 1]
1 A
= — —dH(\).
=55+ TR

and

1 A

ERERY FESTTEN LS

Proof. We begin by proving the first assertion. Similarly to (3.3), we have

o 11— .

51(2) = —Tyt + yi34(2), (7.6)
which is equivalent to

1. 1 1
5i(2) = —5,(2) + — —
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Using

and substituting this in (2.1) gives

_ B 1
Slz) = At (1 =y — ye254(2)) — ZdH()\)'

We apply (7.6) to get

- ye—1 y 1
_ L 10
5(2) z z ) AMS(z)+1 )

and solving this equation in z yields

-1 1
z:yt Y / dH(\)

5(2)  8(2) ) 14+ M3(2)
_?Jt—1+ Yt / At5,(2) dH()\) — Yt

N 5(2) 5,(2) 1+ At3,(2) 5,(2)
1 A
O y/ )T

Next, we will prove the second assertion. By using

- 1 1 1
527,5(2) = §2,t<z) + -z
Y|nt| ZY|nt z
in equation (6.3), we get
n 1 n 1
() = -4 tJ/ [nt] dH,(\) + 22— =
| = ) TR ) =z
Solving this equation in z,
Yint) / 1 Ylnt) 1
Z = —= dHn(/\) + = - 2
§2,t<z) 1+ A%éﬂ,t(Z) §g,t<2) §9L,t(2)
A 1
v e

Lemma 7.1.7 It holds

‘miﬂ( [nt1], [nta])

an(21, 22,1, t2)| < 1,

where a, (21, 22, t1,t2) is defined in (6.43).

29



60 Chapter 7. More details on the proof of Theorem 6.1.1
Proof. For the sake of simplicity, we write a,(z1,22) = an(z1, 22,11,t2). Assume
w.l.o.g. that ¢t < t;. As a consequence of Lemma 7.1.6, we see

-0 1

§n,t(z) = AdHp (\) ) (77)

Z + y n ~
B vevoEpe

and conclude that

f A2dH, (X
| nts] | nt,] Ind AL, o)+ 220 ()
" an(21,220)] = -
MdH,, (\) AdHp(N)
(_Zl ol 1+A“‘$3J32,t1<zl)> (_22 o) tary 2<Z2>>
) 1
Ints] X2dH,, ()) 2 |nta] A2dHp ( 2
Yn™ f|1+wtﬂ By (1) 2 Yn"n fuw””J s <z2)\2
= n I o[
AH. (A AdH,, ()
‘—Zl+ynf1+)\Lnt1J =0 (Zl) '_z2+ynfm
i 1
Lntlj )\2dH ()\) 2 I_ntgj )\QdH 2
Y jﬁ|L+ALnﬁJ,nt(z1ﬂ2 I JN|L+AL"”J,nt<zzN2
< — NE
AdH, (N) AdHn (A)
’—Zl +ynf H_)\Lntu =0 (2'1) '—22+ynf 1+>\Lnt2J 5 (z2)
1
LntJ A2dH,, ()\) 2
B 1 Im<_nt1( ))ynf |1+)\Ln21j791t1(z)|2
= Tnta] X2dH,, (\)
Im(z )—0— L Im(3 nt1< ))y”fllJr/\%ég,zl(z)P
1
LntJ A2dHy (N) 2
2 Im(—ntz( ))ynf ‘1+)\\.":LQJ z0 ()|2
X
LntJ A2 dHn( )
I ( )+ 2 Im< ntg( ))ynf |1+)\L”t2j =0 (z)|2
< 1.

The second equality follows from Lemma 7.7.1. Moreover,

Im(2)

X2dH,, (\)

I tm s, (2)Y )

ealeilzo | ()]

2
1

is bounded away from zero, since by Lemma 6.10 (a) in Bai and Silverstein (2010),

we have
2
It g0 0 (2)Yn Aﬁﬁ e A / Afi[ J(A)
n ’ 1+ A5 () 1+ A2 | (2)
Lntlj 0 - 4yn
< <
— yn T (I + nt1 (Z)Tn — Im(z)
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Here, we used

()t

for the first equality. This finishes the proof. O

7.2 Proof of Lemma 6.3.4

To be precise, recall the definition of Z! and Z2 in (6.47) and (6.48) and define Z
and Z2 by Z! and Z2, respectively, in the same way as M is defined by M} in
equation (6.4). The bounds for the increments of M, (z,t), z € Cp,,t € [to, 1] are
given in the following lemma, which will be proven later in Section 7.7.

Lemma 7.2.1 Fort € [to, 1], 21, 20 € C,, it holds for sufficiently large n € N under
the assumptions of Theorem 6.3.2

E| M, (21,1) = My (29, )77 < |21 — 2. (7.8)
We also have for ty,ty € [to, 1],z € C,
to| — |1t 4
E|ZL(z 1, 1)[* < (—Ln 2|~ In 1J> , (7.9)
n
£l — Int |\ 2+6/2
E|Z2(z,t, t) "7 S (—Ln 2] — In 1J) , (7.10)
n
where
Mi(z, tl) — Mi(z, tz) = Z}L(Z,tl,tg) + ZZ(Z,tl,tg), (711)

and Z! and Z? are defined in (6.47) and (6.48), respectively.

The bounds (6.50) and (6.51) for the moments of Z! and Z2 follow directly from
corresponding bounds (7.9) and (7.10) in Lemma 7.2.1.

We continue by proving the first assertion (6.49). If z; and 2, are both contained
in C,, the assertion directly follows from (7.8). Otherwise, we assume that N € N
is sufficiently large so that for all n > N

Vg > 5nn_1.

Let 2, € C, and 2 ¢ C,,, that is, 0 < Im(z) < g,n! < Im(z;). With the notation
Re(zy) = x € {x;, 2, } we have from (7.8)

E|M. (21, 1) — M (29, 8)[27° =E|M2(21,t) — M (z + ieon ", )2 < |21 — (z + igon )2
< [(Re(z1) — 2)? + (Im(z) — )7 /2
< [(Re(z1) — 2)? + (Im(z1) — Im(z,))?] 77
=|z; — 2o*".
Finally, if both 21,2, € CT \ C,, it follows from (7.8) that
E|M! (21, t) — M (2, )] =E|M}(Re(z1) + ie,n~t) — M} (Re(zy) + ig,n™")[*+
SIRe(z1) — Re(22) P70 < |21 — 207,

which completes the proof of Lemma 6.3.4.
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7.3 Proof of Lemma 6.3.6

As a preparation, we need the following auxiliary result.

Lemma 7.3.1 It holds for alln € N,z € C*,t € (0, 1]

dH,(\) .
g / T Agp, oy el

:_%E{@ﬂ oo (e, o, 1)

—ltr(LT:J 3,4(2)] T, —I) TnIE[Dt‘l(z)]]}.

n

Proof of Lemma 7.3.1. This proof is inspired by (5.2) in Bai and Silverstein (1998).
We write

Di(z) — (_ZUZJ B4(2)] T —zI) %rj 5 (—z%—tJE[én’t(z)}) T,.

7j=1
Next, we use (see (7.4))

D, (2) = B;()r}D;(2)

J J7 g5t
and from Lemma 7.1.3

[nt]

—2E[3,,(2)] = LJZ [B5.4(2)]

| nt P

to conclude

(~+kgs, T, 1)~ EIDF)

:(_ LZtJ E[3,,(z)]T, —zI)_1 [(%rj T — (—z ntJE[En,t(z)]Tn>) D (2)

1%1@{% (WJ ()T —I>_1r3 D7 (2)

1 (ME[ ()T, —I)_lTnE[Dtl(z)]] }

n n

Taking traces on both sides and multiplying by —z/n, we get

yn/ dHn()i) + 2ynE 50 (2 %E{ﬁﬂ [ ()(%E[th(z)ﬂ?n—l)lg

L+ AE, (2)]
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_ly (%E[En’t(z)rj_‘n - 1) : TnIE[Dt—l(z)]] }

n

O

Proof of Lemma 6.3.6 . We begin by deriving an alternative form for R, ;(z). By

1 1 1
Els,:(2)] = Els, ()] +
(2] = 5 BlB ()] + o =

and Lemma 7.3.1, we have

Cnt) 1 AdH,,())
B ( - TR, y/ 1+ A%E@n,xzﬂ)

= dH,(A) z Sz
o [ B o E )

[nt]

- B[ (5P D7 (s, ()T, 1)

Ly ATy, +I)*1TnD{1(Z)]>}

n n

Lt
_ N nt| ___ 1
=y SB[ (@i () ("B, (), ) T

1 [nt] 3, ~1 -1,
JElr (5 2B, ()T + 1) T D (2)])

[nt] [nt]

== Ynn ZE ﬁ]t )]:__yL”tJnilew” (%))

This implies

MRnt(z) =—z——

and we can conclude

E[3,(2)] — 54()

1 1

_ MHn () [nt] o ML)
z + yn f 1+)\LL;JE[§"¢(Z)] n Rn,t(z) z + yn f 1+)‘%§9L7t(z)

AdHn(N) AdH, () nt]
yn<f1+>\“;”§9m(z) f1+)\“;fj]}z[gn’t(z)]> += Rn,t(z)

_ AdHy (N) _ Int] . AdH,, (N)
( e R RW(Z))( 2o iy (z))

n —nt
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Il (Blz (] 20 \2drT, () Int)
b (D)) — 504(2)) | 3t opaatigmy Tl

n_=n,t

_ AdHn (N) _ Int] . AdHp (N
( 24 yn [ 1A 2R, ()] n RM(Z)) ( 2t ) 1+)\U::J§9Lyt(z)>

(7.12)
_y"% (Blsna(2)] = 3na(2) ] <1+AHEA[20<()J)>0211{+S)J°<>>
B —z4 Y [ % — %Rn,t(z)
B, ().
O

7.4 Proof of Theorem 6.3.7

In this section, D[0,1]? denotes the Skorokhod space on [0,1]* (see Bickel and
Wichura, 1971; Neuhaus, 1971, for a formal definition). We will identify the set
Ct x [0,1] with the square [0,1]?> and proceed in several steps. First, we will
show a uniqueness condition, second we prove the existence of a Skorokhod-limit
of (E[5,.()])nen. We conclude by proving that the Skorokhod-limit is in fact a
uniform limit.

Lemma 7.4.1 Let (E[5n)4(2)])nen and (E[3;n)(2)])nen be two subsequences of
(E[$1.¢(2)])nen and my and ms be functions on C* x [to, 1]. If for z € CT,t € [to, 1],

Jim E[3yn)4(2)] = ma(z,8) and - lim E[3j0,,(2)] = ma(2,1),
then we have for z € C*,t € [to, 1]
my(z,t) = ma(z,t) = §(2),
where §, denotes the Stieltjes transform of Fv given in (2.4)

Proof of Lemma 7.4.1. We show that a potential limit of the sequence (E[3,,.()])nen
satisfies an equation which admits a unique solution. For this purpose, we will adapt
ideas from Bai and Zhou (2008) and also correct some arguments in step 2 in the
proof of their Theorem 1.1. To be precise, define for z € C* and ¢ € [tg, 1]

K = bt(Z)Tn,
and note that

D.(z) — <LnTtJK - zI) = an_tjrkrz - %K

Multiplying with ((|nt|/n)K — 2I)~' and D;*(z) from the left and from the
right, respectively, and using identity (6.1.11) from Bai and Silverstein (2010) yields

(mK — ZI> o D; ()

n
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[ nt]

= Z <Lnt — zI>1rkr2Dt_1(z) _ ) (MK — zI) 71KD;1(2)

n n

_ % Bia(2) (L”—;JK . zI) rrtDp(z) - Lnt) (M—HK - zI) KD (2).

n n

This implies for [ € {0,1}

]19'6 r T (L:L;J K — ZI>_1 - %trTf@Dt_l(z)
| Lot - B
:_Zﬁ’“ Dy ()T (LZHK o) we- L [y (WJ K- 21) KD;'(2)

P n n

=r;D, ()T, ( LT:J - zI) _lrk —n ttr T <LnTtJK — zI>_1KDt1(2) (141D (2)rs) -

We decompose € = €1 + €2 + €x3, Where

t = ¢ !
e =n~Ltr TH <[n_JK — zI> D, ;(z) —n " tr T, <mK — zI) D; ' (2)

n n
t] I -1
exo =1} Dy L () T, (L” - zI> T o (L”—JK - zI> D !(2)
n b
erg = —nltr T’( ) ((1+ 1Dy (2)rs))

t
o ko ( L” Ik ZI) D;1(2)
n

= _—nltr T?l <%K — ZI) 1 {bt (I‘kat Z)rg + ) - 1}

and we have used the fact that the matrices T,, and ((|nt|/n)K — 2I)~! commute.
Similar arguments as given by Bai and Silverstein (2010) for their estimate (9.9.13)

yield
[(5 1) ]

and this estimate can be used to show

< K,

Elew|* =0, n = 0o i€ {1,2,3}.
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This implies for [ € {0,1}
1 t -1
- (E tr T;(L”—JK - zI) ~Etr T;Dgl(z)) 0, n— oo. (7.13)
P n
Using (7.13) with [ = 0 for the first line and [ = 1 for the second one, we have
Lnt]

1 n -1 -
“Etr ( n - zI) _E3,,(z) = 0, 7.14
p I+ Y\nt] an,t(z) 7t( ) ( )

1IE tr L] T, (
P n

[nt]p

-1
_ zI) —ay4(2) =0, 7.15
I+ Y|nt) an,t<z) ,t< ) ( )

where a,,(z) = (|[nt]/n)p'Etr T, D; " (2), so that 1 + Y ans(2) = bi(2). We use

1 2]
<3
1+ yngJ an,t(z) v
to conclude from (7.15)
MT -1
1+ EE tr < n " — zI) — an,1(2) — 0.
p L+ Yne) an,e(2) L+ Ynt) an,e(2)

Combining this with (7.14) yields

ant(2)

— 0
1+ Y|nt) an,t(z)

14 ZEgmt(Z) —

and, by rearranging terms and multiplying with 3.,
1
1+ Y|nt) an,t(Z)

=1 = ypnt) (1 + 2E3,4(2)) 4+ o(1).

Substituting this in (7.14), we get

1 t -1
[N (an (1= ypus (1 + 2E5u(2)) = 1) —Eduu(e) 5 0. (7.16)
P n

Due to (7.16), any potential limit §.(-) of (ES,,.(-))nen satisfies

i B 1
Si(z) = / AL =y (14 25(2))) — 2

It follows from Theorem 1.1 in Bai and Zhou (2008), that this equation admits a
unique solution 3.(+).

dH(N).

O

In the following lemma, we consider for technical reasons the functions §,.(-) :
C* x [0,1] — C with $,,,(z) =0 for t < tp and for t € [tg, 1],z =z +iv € CT

Snt(2) 2z €C,
Sp¢(2) = < iz +in"le,) tz =1, veE[0,n e,

Sni(m +inle,) tx=a, veE0,n e,
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and for t € [0,1],z € C*

n

Nne(2) = llgll Snel2) = Sn"—*l(z) =1
nal2) 1t € [0,1).

Note that for ¢ € [0,1], the functions §,:(-) and §,(-) coincide on C,, n € N and
that for z € C, the functions $,,(z) and m,,+(z) differ only in the point ¢ = 1.

Lemma 7.4.2 The set {E[m,.(-)] : n € N} has a compact closure in the Skorokhod
space D[0,1]%.

Proof of Lemma 7.4.2. The sequence (Er, .(-))nen is bounded, since by Lemma
7.7.3, we get uniformly with respect to ¢ € [tg, 1],z € C,,n € N

5 1 _ _
|E%A@|:5UEMDt%@\gEMDt%@Hgl(

We aim to show

limsup  sup  min (|[E[$,:(2)] — E[S54,(2)]], [E[5n(2)] — E[85,(2)]]) = 0,
6—0 neN (tl,t2,t)€A57
zeCt

(7.17)
where
A&Z{(tl,tg,t) : tl Stﬁtg, tg—tlg(s}

Let € > 0 be given. We choose N € N sufficiently large such that & < € and § > 0
sufficiently small such that 6 < ¢ and for all n € {1,..., N}

|nt] — |nta] =0or [nt] — |nt] =0,
where (t1,t2,t) € As. Then, it holds

sup  sup  min (|E[$,:(2)] — E[sns, (2)]], [E[$5,:(2)] — E[8n,(2)]]) = 0.
n<N (t1,t2,t)EAs,
zect

For n > N we conclude

UE[§n¢(z)]——]E[§n¢1(Z)]‘fEP(LZEJ—%;Lﬁfll
Lnt] = nty

nt| —nt
§KQLL—{+M—ﬂ+‘
n n

Dg&K

and obtain

sup  sup  min {|E[8,(2)] — E[8,4, (2)]], [E[$0.4(2)] — E[804,(2)]]} < 3¢K.
n>N (t1,t2,t)EAs,
zeCT
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Thus, (7.17) holds true. Similarly, one can show

lmsup  sup  [Elnn(2)] — Eldng ()] =0
00 neN ty,the[1-6,1),
zeCt

By definition, this implies
limsup sup  |E[f,4, (2)] — E[mne,(2)]| = 0.
d—0 neN t17t2€[175,1},

zeCct

Since $,.(2) = 0 for t < ty, we also have for § < ty

sup  sup B[S, (2)] — E[8,(2)]] = 0.
neN tl,tze[o,é),
zeCt

Therefore, it follows from the proof of Theorem 14.4 in Billingsley (1968) that

0 =lim sup su inf max su Els,:(2)] — E|5,¢(2
6—0 neIN) Zecg). (to,---, tr%\{g[jém, 0<i<lr t’t'e[tiz,ti)| [ n,t( )] [ n,t’( )H
re

=lim sup su inf max su Elm,(2) — Elm,+(2)], 7.18
6—0 neg zeCI')*‘ (to,---, tr%\IGBa,m 0<i<r t,t’e[tfl,ti>‘ [ ,t( )] [ ,t( )” ( )
re

where [t;_1,t;) is defined as [t;_1,¢;] if t; = 1 and as [t;_1,t;) otherwise, and we set

Bs, ={(to,...,t;):0=to <ty <...<t, =1, t; —t;_y >dforie{l,...,r}}.
For the next step, we have for z1, 20 € C,

[Ef5ns(a1)] — Efsus(aa)ll =21 — 22l [Etr D () D7 (o)
<K|z — 2[E||Dy ' (21)Dy H(2)|| < K21 — 2
uniformly in ¢ € [to, 1], which implies for 21, 29 € C,, or z1, 25 ¢ C,, that
[E[Sn¢(21)] — E[sn(22)]] < K21 — 2.

In the case z; = 21 +iv; € C,, and 29 = x5 + vy & C,, we conclude
Efsue(20)] — Elsni (22)]] = [ElSns(z0)] — Elsna(ws + in~'2,)]| < K|zt — (2 +in"le,)

={(z1 —22)> + (11 —n'e,)*}? < {21 — 22)* + (v1 — v2)*}?
SKlzl - 22|)

since vy < n7'e,, < vy. Thus, we have

lim sup sup |E[$,+(21)] — E[$n+(22)]| = 0. (7.19)
=0 neN  tefo,1],
21,20€CT,

‘Z1722|<5
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Since for A x B C (C*)*,C x D C [0,1]?
sup  |E[8,,,1(2)] — El3n.0 ()|

(2,2')EAXB,
(t,t')eCxD
< sup |E[S(2)] = E[Snk(2)][ + sup  [E[85(2)] — B[S0 ()],
(2,2')EAXB, Z'€B,
teC (t,t")eCxD

we conclude from (7.18) and (7.19)

lim sup inf max sup  |E[8,4(2)] — E[8,+(2)]]
020 neN ((to,20),....(tr zr))EBY Y, OSIST tpelti 1 t;)
reN 2,2' €[zi—1,2:)
=lim sup inf max sup  |E[m,4(2)] — E[fne (2)]]
070 neN ((to,20),...,(tr,zr))€BSY, OSIST tt'elt; ) t:)
reN 2,2 €[zi—1,2i)
=0, (7.20)
where
Bé?r) :{((t0,20>,...,(t7»,2r)) 20:t0<t1 < ... <t7n:]_7 O:ZO <z <... <Zr:1,

ti_ti—1>5a zi—zi_l>5f0ri€{1,...,r}}.

Note that in this definition, an element z € C* is identified with its representative
in [0, 1].
One can observe that (7.20) is equivalent to
li s 9) =0
6135 ilég WE[mn,.(-)}( ) )
where the modulus ' is defined in Neuhaus (1971). Applying Theorem 2.1 in this

reference, we conclude that {E[m,,.(-)] : n € N} has a compact closure in D0, 1]°.
[

Proof of Theorem 6.3.7. From Lemma 7.4.1 and Lemma 7.4.2, we conclude that
i dale, g ) (Bl ()], 5.0)) = . dale, o (B, ()], 5.0)) = 0,

where dy|4 for some set A C C™ x [0, 1] denotes the Skorokhod metric restricted to
functions on A. Observe that for t =1

lim sup |E[$,1(2)] — $1(2)] = 0.

n—oo ZECn

Then it is straightforward to show that
i dale, i (Bl ()] 5.0)) = . (721

The considerations in the proof of Lemma 7.4.2 reveal that 5.(-) € C(CT X [to, 1]).
In this case, the convergence in the Skorokhod space in (7.21) implies the uniform
convergence

lim sup |[E[5,:(2)] — 5:(z)| = 0.

n—=00 »cCp,
telto,1]
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A similar convergence result with respect to the sup-norm can be shown for the
Stieltjes transform 3, ,(z). More precisely, since

_ 11— _
5:(2) = —Tyt + y54(2),

~ 1 —Ynt ~
S (Z> - _% + yl_ntJSn,t(Z)7

we also have

lim sup [E[3,,(2)] —5(z)] =0.
n—oo Zecn7 ’
te(to,1]

7.5 Proof of Theorem 6.3.8

The second assertion directly follows from the first one combined with Theorem
6.3.7. Therefore, it is sufficient to show that (M?),cy is uniformly bounded. For
this purpose, we use the following lemma.

Lemma 7.5.1 We have

Im(3" (2
ILICHCTI
TLEN, Im(Z)

ZEC’VL7
tE[to,l}

Proof of Lemma 7.5.1. We have for sufficiently large n

(3 (2)) = / e ! JAE" " () = / _I|I;\1(_—>\Z_’2,Z>dEyL"”’H" )

—Z

B Im(z) ~ Yint) s Hn
_/ (A —Re(2))2 + ImZ(z)dE () < Klm(z),

since for z € C;UC,, Re(z) € {x, x,} is uniformly bounded away from the support

of EyL"”’H" for sufficiently large n (Lemma 6.4.1). If z € C,, then Im(z) = vy is
constant and hence, the denominator is also uniformly bounded away from 0.
O

To continue with the proof of Theorem 6.3.8, we note that it follows from (7.12)
in the proof of Lemma 6.3.6 in Section 7.3 that

[t (B3, 4(2)] — 3n4(2)) — [nt] Ln—TfJRn,t(Z)E[Sn,t(Z)]Sﬁ,t(Z)

Lnt] z =0 N2dH, (N
o Lt (BlBa(2)] = 30(2)) | G5B, oo BT, o

(== o st oy~ e (= = 4o et )
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which is equivalent to

[t | 2L R () E[3,.(2)]50.0(2)

LntJ( [_nt(z)] - ég,t(z)) = Mf N2dHp (N)
1 _ Yt e, on (a2 s 50 ,(2)
(—z+ynf LM_Rn,t(Z)) (—z—i—ynfM)

1Al (2] 1A 50 2

Note that Q?Z,t(z) is uniformly bounded which follows by a similar argument as given
in the proof of Lemma 7.5.1. In order to show that the sequence (M?2),,cy is uniformly
bounded, by using (6.53), it is sufficient to show that the denominator is uniformly
bounded away from 0 for sufficiently large n. For this aim, it is sufficient to prove
that

AN . CILACY
Yn"o” ) TR, o) (A28, (7))

‘ AdHp (A ANdHp (A
i WK (ppwAr iy

St

‘<1

holds uniformly. Similarly to the proof of Lemma 7.7.6, we conclude that for any
bounded subset S C C*

Using this, Holder’s inequality, Lemma 7.5.1 and Lemma 7.7.1, we obtain for suffi-
ciently large n

f 2Lt am, (3 2
ATEs, (D ARIE0 | (2)
Yn
AdH . (\) AdHy (M)
<—z+ynfm _R"’t(z)><_z+y”fwmt—m>
Int] [ L) ol [ 20
) [1eakels ) J LA E < il
< 2
AdH AdHp ()
"”WW‘ “Z+ynfm_3"’t(z)

. ~ N dHn (A
B Im(E () [ i

n Snt

a Ln] 1 (30 ()
IIH(Z)+ n Im<§n,t(z>)ynf|1+/\%§%,t(z)|2

- A2dHn (X
I (B3, (2 )])ynf‘1+AmE[giz<z>n2

X - ~ il

m(2) + S (B[S, () [ it e + Im(Rui(2))

Im(2)
<1- [nt] A2dHy, (M)
Im(2) + 52 (8 (2)yn | T o
Im(2)

<1- 5 <1- <1,
T Im(z) + PUK Im(2)y, [ dHe) 1+ K

1+ L2850 | ()2

where we used the fact that Im(R,, :(z)) + Im(z) > 0 for sufficiently large n, which
follows from Lemma 7.7.8. This finishes the proof of Theorem 6.3.8.



72 Chapter 7. More details on the proof of Theorem 6.1.1

7.6 Proof of the statement (6.53)

Using (6.14) and the representation

-2

Bi1(2) = Buu(2) = Boo(2)354(2) + Boa(2)Bia(2)42,(2), (7.22)
we obtain

|t ]
1) R (Bl (2)) = w1y D B2}l

[nt]

oy SB[ T 07 (e, ()T + D' Tha,

_ ];E[M%E[sm(z)m +1)7' T, Dy 1<Z>} H

[nt] ) 1
==y ) E [@,t(z){q;Tq%D;tl(z)(%E[&n’t(z)]Tn +1)7'TZq;

L?ZJ E[3,,(2)]T, + 1)~'T,D;} <Z)} H

[nt] J

[nt ZE[ﬁjt

=T,1(z, t) + T,2(2,t) +0(1)

- 1I['E[tr(

J7t

E[5, ()] T + 1" T,E [D;(2) - D7}(2)] |

uniformly with respect to z € C,,t € [to, 1], where the terms 7}, ; and T}, » are defined
by

|nt|

Tustest) = s SB[ H{G IO s, ()T, + D' Thg,

_ 5E[tr(LnTtJ]E[§n,t(Z)]Tn + I)—lTnD;tl(z)} }'A}/M(z)] , (7.23)
Tnal=t) = =y LfE 3,4(2)| E |B(2)x;D (Z>(L7ZJE (T, +1) T,D e,

(7.24)

For this argument we used the fact

n * % - nt 2
£ (7, {a;min;! () UUEE, ()T, + DT,
1 [nt] 1 —1 _
—];E[tr( CE[3, (2)] T, + 17 TLD;) (2)] H —0
and that by the estimate (9.10.2) in Bai and Silverstein (2010)

B[54 (:) 0540 {4 D; () ("B, ()T, + 1) T
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B EE[ (U:J E5,,(2)]T, + 1)—1Tan3(z>] }%(@2’

728, {ayim; (B, (o)1 + DT,
- B[, (T + DD )] B )|
<Kn'n’=o (n_l) .

<E2

For the term in (7.23) we obtain the representation

[nt] |
Tou(=.1) ymZE[ﬂ {aming () (e, (), + )Ty,
1. |nt] .. 1 1 .
- ];tr<TE[§m<z>}Tn +D)7TLD; 1 (2) Fiel2)]
Lt (Lo
— Y ZE[ o(2) = (B[S, (2)] T + D7 TLED (=) 50(2)]
ntJ I_ntJ
v 3 E|8}4(2) tr(2 5, ()] T+ D7 TuD} (2)55(2))

ntJ

<o B[ {;T%D;;< /g5, ()T, + ) T,

_ltr(%ﬂi[ ()T, +1)” 1TnDj}1(z)}’%,t(z)]

vy Y 5 B[ {aTiD; () PUEE, ()T, + 1) Tha,

E[5, ()] T + 1) TuD}(2) F0(2)] + o(1),

where in the last step we used the inequality (9.10.2) in Bai and Silverstein (2010),
to replace all of the terms 3;,(2), 3,(2), b;¢(2) and similarly defined quantities by
—25,(z). This argument also implies for the term 7, » defined in (7.24)

Tn2<Z t Z §t

LZ [trD (LTZJE (2)T,, +I> T,D ()T, + o(L).

We now consider the complex case, where we have from equation (9.8.6) in Bai and
Silverstein (2010)

Toa(z,t) = ’Z§t LZ: [ (LZtJE[sM(z)]TnH)1TnDjj§(z)Tn +o(1).
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which yields T, 1(z,t) + T,.2(2,t) = o(1), and as a consequence (6.53) in this case.

Next, we consider the real case using again equation (9.8.6) in Bai and Silverstein
(2010), which gives

[nt] Ry 1(2)E[3,,4(2)] = Thi(2, 1) + Taa(z,1) + o(1)

LntJ
2257 (z

- B ZE[trDJt & (B, ()T +1) 1D T + o)

LntJ
_ ZL;; ZE [tr D1 (2) (t3,(2) T + 1) T, D51 (2)Tn] + 0(1). (7.25)

For a detailed analysis of the random variable in (7.25), we recall the decom-

position of the resolvent Dj_l(z) given in (7.42). In the following, investigate these
terms appearing in this representation in more detail.

Using the decomposition given in (6.25), the estimates (6.32) and (6.33) (which
shows that all terms involving B;(z) and C,(z) are negligible) and the fact

Eftr (1 - Py ) (15,(2) T 4 D TLA)T,] = 0,

we obtain

Lnt)

Y\nt] ZE[ﬁj,t(z)dj,t(Z)]

) Lo 3
== :L?thn ZE[ < m%(z)ﬂ) (t3,()T, + 1) 'T,

n

X (zI - %bﬂ(z)n) 1Tn}

|_nt

Z at Z [tr Ay(2) (t3,(2) T + 1) 7' T, Ay (2)T0] + 0(1)

|nt|n

~2
Sy

—%E [tr (t3,(2)T, + I~° T?]
LntJ
Lz jan Z [tr Ay(2) (t5,(2) T, +10)! T,Ai(2)T,] + o(1). (7.26)

For the term Ay(z) in (6.26) (which actually depends on j) we have

Ai(2) = Z (ZI - %bﬁ(z)T“) - (rir; —n~'T,) D} (2)

1,5,t
i#5,1<i< | nt]

= Y pE - (- )

i#§,1<i< |nt]
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which follows from A;(z) = (A4(Z))". Substituting the first and second expression
for the term A;(z) on the left and on the right in (7.26), respectively, yields

E [tr A(2) (t3,(2) T, + I) ' T, A4(2)T,]

j=1
4,y nt]

:ZE‘SZ(Z) > ”Z#]E [tr (zI — %bﬁ(ﬁz)T”)_l (I‘irf - n‘lTn) D;]{t(z)
(T, 4D D) (o =0 ') (- P n) ]
- %ZA’ %8 +oll), (7.27)

|nt|n petiyey i '
where

Airi(z,t) =E [tr (t3,(2)T, + 1) T, (rix} — n_lTn) DL (2) (t3,()T, +1)"' T,

,J,t
X Dl]t( z) (rry —n'T,) } .

In the following, we will show that the sum of the cross terms A;, ;(z,t) (ie., | # i)
in (7.27) vanishes asymptotically. For this purpose we use the following formula for

i

Di_,jl,t<z) Dl7,]t< ) Blz]t( ) lzgt( )rlrlDlzljt( )
where

1

rasule) = Tper o

Note that the expectation appearlng in the cross term A, ;(z,t) will be 0 if D;,(2)

or Dl,],i&( z) are replaced by D;} .5.0(). Hence, it remains to bound for i # I (use also
(7.22))

|Airi (2, )]
=|E tr (t5,(2)T,, + I)_2 T, (rx; —n'T,) (D}

1i,jt
X Tn ( ”]t Dl_jlt(z)) (rlrl* — n_lTn) } ‘
=|E[ tr (13,(=) T + D72 T, (v} — 0 ') i (2)D; ()DL (2)

X (15,(2) T + 1) Tt u (D5, (It Dity (2) (vt — 07T |
=0 (n_l) ,

which is shown in Lemma 7.7.7 and corrects a wrong statement on p. 260 in the
monograph of Bai and Silverstein (2010).

(2) = Dij4(2)) (t3,(=) T + 1)
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Summarizing, we have shown that

|nt]
Yint) > EBja(2)dja(2)]
Jj=1
~2
g 11 5, + 1) T3]
n
LntJ
# 22 S S o (15T + 1 T (v =) D) ()T 1)
n 2J
J=1 i#j

X D”t( z) (rrf — n_lTn)] +o(1)

_5 g [ (3,(2)T + 1 T2

) Lot
“t ZZE[H 3,(2) Ty + 1) Turaxi D (2) (t3,(2) T + 1) 7 TuD (2)rr}
J=1 i#j
+0(1)
:¥E e (43,() T + 1) T2]
=
Lnt n3 ZZE[H (t3(=) T + 1) T3 } 1 {D; ], (2) (t3,(2) T + 1) ToD (2 )T”}]
J=1 i#j
+o(1)
g [ 13,97, + T2
) Lot
Z St ZE[tr (t5,(2)T, +1)" T2} (7.28)
x tr{D;}(2) (t3,(z)T, + 1) T,,D;} n}] +o(1). (7.29)

Here we used for the last estimate the fact
‘E [tr (D;}(2) (t3,(=) T, + 1) TnDjjg(z)Tn}

— tr {D;},(2) (t3,(2) T, + 1) T,D; (= "}”

<E|tr (D;},(2) = D;}(2)) (t3,(z)T, + 0! T,D;;(2)T,

1,9, J,t

+E

tr D;jvt(z) (t3,(2)T,, + I)_1 T, (D.—A1

2,7,¢

(2) = D/ (2)) T,
=E|8,54(2)riD; },(2) (t3,(2) T + 1)~ T, D5 (2)TD; J (2)r;
B’i,jt( )I‘ ngt( )T ngt( )(tit(/z)Tn_'_I) T Dljt( )

<K + E|f(2)riD; (=) (13, ()T, + D' T,

+E
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X( z]t( ) ﬁl]t( ) 2]t( )rl *D’th( ))T D’th( )
<K.
Hence,
L
z St ZZ (t3,(2)T, + 1)~ TQ}E[tr{D 2) (t3,(2) T, + )7 T, D A (2)T, )

- tr{D;,;,t 2 <tst<z>Tn + D)7 D ()T} | = o).

We now apply (7.25) for (7.29) and obtain
Lnt]

Y\nt] ZE[ﬂj,t(Z)dm(Z)]

— @E [tr (t3,(2)T,, +1)"° T?]

n

52(2) [t i
+ S 0 {(15,(2) T + 1) T2 }ywzwﬂ ()] + o(1).

This implies (6.53) for the real case, namely,

[t 8(2) 5 2
Lot {(t5,(2) T +1) 7T
Ynt] ZE[ﬁj,t(Z)dj,t(Z)] = §2(z)|_ntj{ t }
=1 =2 o {(5,(:) To + ) T3

32(2)\2
yf Wdﬁw\)

+0(1)

= + o(1).
32(2)\2
t f (t3, Ez A+1)2 dH()\)
7.7 Further auxiliary results
Lemma 7.7.1 It holds
|nt] A2dH, () |nt| ~0 A2dH,, ()
Yn fm - Tlm(ﬁn,t(z))ynfm
2 n ~ A2dHp (M
it n(2) + 52 (&0 () [ e

1AL Z0 (2

and

|nt) A2dHn (A)
s f AR, ()2

2
AdHy (\)

Tl ) T

’—Z‘f‘ynf
. A2dH, (A
I T (E[3,, ()] yn [ ‘1+>\ME[§(,LZ(Z)H2

n ~ A2dH, (A
tm(2) + B (B[S, (=) ) | e+ T (Re)

Y

where R,,; is defined in Lemma 6.3.6.
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Proof. We only show the first assertion, since the second one can be shown in a

similar way. Applying
Im 1\ _ —Im(2)
z |22

Im(z) + 24 Im(30,(2))y, [ —2rdH= ()

to (7.7) yields

n n.t ey
Im(gg’t(z)) = [1+A i 3n,e(2)] '
AdHyn (M
e
We conclude
Lnt] _ NdHan(\)
w V) Ty, o L Im(z)
2 2
_ AdHy, (M) . AH,(\) ~0
zZ 4+ Yn f 1+>\LY;7”§2¢(2) ‘ z+ Yn f 1+>\L7:17H§_2yt(2) Im(§n’t(z))
I
L m(z)

~ = N2dHy (A
Im(z) + 24 (30, (2))yn [ ﬁ

. ~ M dHy (A
L 5, (=) [ roete—

Tm(z) + 2 (30, (2))y, [ — i)

.t 1+ 12850 | (2))2

Lemma 7.7.2

w H(L?;—tJE[gn,t(zﬂn +07 < k.

neN,zeCp t€[to,1

Proof of Lemma 7.7.2. By Lemma 6.10 (a) in Bai and Silverstein (2010), we have

for z € Cy, t € [to, 1]
-1
|‘(ﬁ§iE@nxzn1~+1) < mox (122)1)2) < max (2.2,
n ’ NV Vo

Thus, the assertion holds for z € C, x [to,1] C C,. Let x € {x,2,}. Since z/t ¢
[ gy for t € [to, 1], it follows from Lemma 6.1 in Bai and Silverstein (2010),

X

~(2(5)) " #Tu 5o —t5(e) " ¢ Tn

and thus, for any A € I'y

t3,(T)A+1 £0.
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Let Ao € I'y. Then, there exist 61, 3 > 0 such that

inf [15,(2)0 + 1] > 01, (7.30)
zeCv,
tETto,l]
s 11(2)] < a, (7.31)
zeCo,
te(to,1]

where
C' = {x+iv:v € 0,v]}

The boundedness condition given in (7.31) is clear, and we continue by proving
(7.30). Assume that,

inf |t3,(2)\o + 1| = 0.
2€CY,
te[to,1]
Then, there exists a sequence (2,,t,)nen in C° X [tg, 1] such that
tn3, (zn)Ao +1 =0, n — oo,

which contains a further subsequence (2, , t,, Jnen converging to (2*,t*) € C°x [to, 1].
By continuity of (z,t) — s,(z) on C° x [to, 1] (see proof of Theorem 6.3.7), we have

by 8s,, (2n) 0 + 1= 5. () o + 1, k = o0,
yielding the contradiction
O - t*ét* (Z*))\O + 1.

Thus, (7.30) and (7.31) hold true. Since H, 2 H and hence Ay € T'y, for sufficiently
large n, there exists an eigenvalue A\(T,) of T, such that

Recalling Theorem 6.3.7, we also have for sufficiently large n
. . 01

sup [B[5,.,()] ~ 5(2)] < -

2ECn,

telto,1]

Since
15,(2)h0 + 1] < [3,(2)|IAT = Xof + [t3,(2)AT + 1]

<5 (2)[INT = Aof + HE[3,,(2)] — 5()IAT] + [tE[5,, ()] AT + 1

we get a contradiction to (7.30) if

01

inf 3 T < 2

Jnf B[S, (2)AT + 1] < 3
te(to,1]

would hold true. This proves Lemma 7.7.2. O
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Lemma 7.7.3 We have uniformly in n € Nt € [ty, 1],z € C,
E||D'(2)]| < K, (7.32)

where K > 0 is a constant depending on q € N. Similarly, for pairwise different
integers i,j,k € {1,..., [nt]},

max (E|[Dy " (2)||%, El|Dj, (2)I|*, E|| Dy, ()||) < K.
It also holds that
1D ()] <K + ne, I{|Buell > e or Ap(Bng) < miet, (7.33)
where ., denotes a fixed number between

lim sup [T, [|(1 + v/e)

n—o0

and x, and n;+ between

liminf A\, (T,)(1 — \/@)21(0,1)(%)7f

n—oo

and x;.

Proof of Lemma 7.7.3. We begin with a proof of (7.33). Let first z € C,, that is,
z = x + vy for some z € [x;, x,]. Then,

1
min(|Ay(Bys) = z[, [M(Ba) — )

_ 1
D, (2)]] = <—=K
Vo

This implies E||D; !(2)]|? < K. Next, assume z € C; UC,, that is, z = x, + iv or
z = x; + v for some v € [n"'e,, vo]. By formula (9.7.8) and (9.7.9) in Bai and
Silverstein (2010) we have for ¢ € [to, 1] and any m > 0

P(||Bnt|| > nrt or A\p(Byy) < mit) =0 (Lntj _m) =0 (n_m) ) (7.34)
We estimate

ED; " (2)||? <KE [||D; " ()| {[|Brl| < 1 and Ay(Boy) > mie}]*
+ KE [||D;1(Z)||]{||Bn,t|| > N oF Ap(Byyg) < Ul,t}}q

To derive a bound for the first summand, we distinguish the cases z € C, and z € (.
For the sake of brevity, we only consider the first one. It holds

D ({]IBuell < 7y and Ap(Be) > e}
_ H|[Bug|| < nre and Ap(Bo) > e}
min([A(Brt) — (@ + i0)], i (Bug) — (2, + i0))
1
Ty — )\1 (Bn,t)

< I{HBn,tH < M and )‘p(Bn,t) > nl,t}
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1 1
< . =K 7.35
_Ir_nr,t - xr—11msup||Tn||(1+\,yt0)2 ( )
n—oo
For the second summand, we conclude
1D (I {IBoel| > e 08 Ap(Brg) < s}
1
< H{||B,.4|| > n, A(Bi) <
=3, (Bre) — o, Pa(B ) — 2]y ol = e of A (Bee) <
Sngr_;,l[{HBn,tH > Nrt or Ap<Bn,t) < nl,t} . (736)

The bounds in (7.35) and (7.36) show that (7.33) holds true. The assertion in (7.32)
follows by applying (7.34). O

Proof of Lemma 7.2.1

The proof of Lemma 7.2.1 requires some preparations. Note that while a fourth
moment condition is sufficient for proving the convergence of the finite-dimensional
distribution of (M!),en (Theorem 6.3.1) and the convergence of the non-random part
(M2),en (Theorem 6.3.3), we need the stronger moment, assumption from Theorem

3.2.1, namely

sup E|z;;|"? < o0, (7.37)

Z7]7n

~

exclusively for a proof of the asymptotic tightness of (M!),ex.
Under this assumption, by Lemma B.26 in Bai and Silverstein (2010), the following
estimates for moments of quadratic forms hold true for ¢ > 2

E|x;Ax; —tr A7 < (tr AA*)q/2 + 777(12‘1_12)V0n(q_6)\/0 tr(AA*)q/2
_ ) (tr AAY)TE (14 nlamov0),
T nPlA A (OOl Al
Thus, we have for ¢ > 2

(tr AA*)Q/2 n~(76)

| A |20~ (a/279), (7.38)

ElrfAr; —n ' tr T,Al7 < {

Furthermore, combining (7.38) with arguments given in the proof of (9.9.6) in
Bai and Silverstein (2010), we obtain the following lemma.

Lemma 7.7.4 Let jym € Ng, ¢ > 2 and Ay, L € {1,...,m + 1} be p X p (random)
matrices independent of r; which obey for any g > 2

E||A)]] < 00, 1€ {1,...,m+1}.
Then, it holds

m

E’ (H r;Akr]) (r;Aerj —n ttr TnAmH)

k=1

! < -(a/205)
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If even for anyl € {1,..., m+1}, ¢ > 2
E [tr AA}])? < oo,

holds true, then we have
T q
E‘ (H r;Aer) (r;Am—Hrj —n " r TnAm+1) ‘ < n—(a1\6)
k=1

Remark 7.7.5 In fact, as the proof of Lemma 7.7.4 reveals, we could impose a
less restrictive condition on the spectral moments of A;, I € {1,...,m + 1}. For
our purpose, it is sufficient to state the previous lemma in this form, since, when
applying Lemma 7.7.4, the involved matrices will have bounded spectral moments
of any order.

In particular, the second assertion will be useful if B; involves a term like ryry for
some k # j among other matrices like D} ! ;i .(2), while we will make use of the first
assertion in the case that B; only involves matrices like Dj_’tl(z). In the latter case,
contrary to the first one, we are not able to control moments of tr B;B} uniformly
in n.

Proof of Lemma 7.7.4. For m = 0, the assertion of the lemma follows directly from
(7.38) for any g > 2. We continue the proof by an induction over the integer m for
some fixed ¢ > 2.

b q
E’ (H r;Akrj> (r;Aerj —ntr TnAm+1) ’
k=1
m—1 q
SE’ ( H r;Akrj> (r;Amrj —n tr TnAm) (r}Aerj —n ttr TnAm+1) ’
k=1
~1
+ E‘ ( r .Akr]-)n*l tr T, A,, (r;Aerj —n " tr TnAm+1)

k=1

3

q

m—

1 1
(E‘ < H Akr]) (cfA,r; —n Hr T,A,,) ‘qu | (C5 At — 7 e Ty Ay ’2q) 2

k=1

q

m—1
+ E‘ ( H .Akr]-)n*l tr T, A,, (r;Aerj —n tr TnAm+1)

By applying the induction hypothesis to these three terms, we get the desired result
for each case. O

Adapting the proof of (9.10.5) in Bai and Silverstein (2010), we obtain under the
strong moment condition (7.37) for ¢ > 2

Elv;(2)|? S n~ @209, (7.39)

We need an estimate for moments of complex martingale difference schemes. We
refer to Lemma 2.1 in Li (2003), which is a corollary from Burkholder’s inequality
and can easily be extended to the complex case. We are now in the position to give
a proof of Lemma 7.2.1.
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Proof of Lemma 7.2.1. In the following, we will often make use of the decomposi-
tions

D; ' (z) = Dj}(2) = Bju(2)D;/ (2)r;xiD; 7 (2), (7.40)
Bin(2) = bju(z) — 5j,t(2)bj,t( )’Yj,t( ).

Observing the decomposition (7.11), our aim is to show the inequalities in (7.9) and
(7.10), where we assume to > t; w.l.o.g.

Step 1: Analysis of Z>
Beginning with the proof of (7.10) for Z2, we are able to show that (using Lemma
2.1 in Li (2003) with ¢ = 4 + 6)

[nt2 | 446
EIZ2( b )| =B 0 (B~ Bj)Bia (23D 2 ()
Jj=|nt1]+1
Lnth s
1+46/2 _
Sllnto) = ()7 Y BB — Ej1)Biaa(2)1}D; 2 ()1
j:[nt1j+1

5( |nty] — |nty] >2+5/2’

n

since we can bound

) 4+6
E|(E; — E;1)8;1,(2)r;D; 2 (2)r,]

SE|(E; —Ej1)bjs,(2)r *D] 1 ()L
. 445

+E (B — Ej_1) 8.4, ()b, (2)r7D; 2 (2)15%., (2)]

SE|(E; —E; 1) {r'D;2(z)r; — n ' tr T,D; 2 (2) [

446
+E |8, (2)bjaa (2)17D; 2 ()17 (2) |
< n_(2+6/2)'

~

’4—&-6

(7.41)

We should explain the bound for (7.41) in more detail: First, note that we are able
to bound the moments of ||Dj_t1(z)|| independent of n, z,t (see Lemma 7.7.3). As a
further preparation, we observe for z € C,,t € [to, 1] from Lemma 7.7.3

D ()| ST+ neg T{Bull = 0 or Ap(Buy) < mieh
<1+ 2 I{|[Bugll = 1 o8 Ap(Bg) < e}y (7.42)

where we used the fact that €, > n™® for some « € (0,1). Thus, since |r;|* < n, we
obtain

1Bia(2) =1 = ;D (2)r;] < 1+ | "Dy (2)]
S1+ [ + 0P H{[[Bul| = e 0r Xp(Bu) < et (7.43)
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It is easy to see that the inequality (9.10.6) in Bai and Silverstein (2010) also holds
for 8;.(%) and by the same arguments following (9.10.6), we obtain

[bje(2)] S 1. (7.44)

Similarly to these bounds, using (7.33) in Lemma 7.7.3 for the matrix D;tl(z), we
get for any m > 1

=[r:D7} (2)r ~—n-1E[trT D3} (2)] < [r;2[D;} (2)]| + E[[Dj} (2)]]
Sl + [y [Pne,, 11{||B M| > s or A,(BL) < et

+ [rj2ne, "P{IBE || = i or A(BY) <k
<[r;]* + 0B = mre or \(BL) <k +o(n7™),

7.6(2)

where we used the fact that for any m > 0

P{|[By || > mrs, o Mp(BS) <y} =0 (n7™),
]P){HBTL,QH Z Nty OF AP( n,tQ) S nl,tz} =0 (n—m) (745)

and the notation
B,/ =B, —r;r}.
Using (7.38) and (7.39), we can also bound
449
E|leP50(2)| =Bl S B (55 — 07t 6 T) () + Elnt tr(To)y5(2)[*42
1
< (Elrjr; — n” e To[S2E ]y (2)[77)* + Elnja(2) [T S n7 72,

By induction, one can show for some ¢ € Ny and 6 > 0

< p(2+9/2), (7.46)

~

9 4446
E|le;[*54(2)]

Combining these inequalities, we conclude

E |B502(2)biaa (2)5 D2 ()1 700 (2)]
SE| (14 2 4+ 7 H{IBsal| 2 1t 08 Ap(Bu) < miea} ) gl

2
$ (1 2 LB = mesy o8 M(BLE) < ) v (2)

440

446

(7.47)

The expectation in (7.47) can now be estimated by multiplying these terms out
and using the inequalities (7.44), (7.45) and (7.46).
Thus, we conclude that

* 449 _
E |51 (2)bs, (2)2D; 2 (2)r 750, (2)] 7 S = BH/2,
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Step 2: Analysis of M!(z1,t) — M}(29,1t)

Before investigating the term Z! in the decomposition (7.11), we show that (7.8)
holds true in a similar fashion to the considerations above. We write for 2z, 2, €
Cn,t € [to, 1]

[nt]
My (z21,t) = My (20,t) = Y (E; —E; 1) tr (D7} (21) — D' (22))
=1
Lnt)
= (B —Ej_1)(21 — ) tr D (21)D; ! (22)
=1
= Gnl + GnQ + Gn3>

where
Lnt] )
Gn1 = (21 — 2) Z(E] —E;j_1)Bj(21)B;(22) (I‘;Dj_,tl(zl)Dj_,tl(Zz)rj) )

j=1
[nt]
Gz = — (21— 22) Y_(Ej — Ej_1)B;4(21)r;Dj2(21) D5} (2215,

j=1
Lnt]
Gus = —(21 — 22) Y _(Bj — Ej_1)B;4(22)17D; 2 (22)Dj (21)1;.

Jj=1

The terms G,2 and G,3 can be estimated using similar arguments as given in the
proof of (7.10). More precisely, we obtain for the second term

E|Gn2|2+5 5 |21 o 22|2+5’
and a similar inequality holds for the third term. For the first summand, we have

Gn1 = Gpi1 + Gig + Ghas,

where
[nt] )
Gt =(21 = 22) Y _(Bj — Ej_1)bja(21)bju(22) (17D} (21)Dj} (22)1;)”
=1
L] 2
Gz =— (21 — 22) > _(Bj — Ej_1)bj(22)Bja(21) Ba(22) (v}D; )} (21)Dj (22)1;)” vja(22),
=1
L] 2
Griz = — (21 — 22) Z(Ej — Ej_1)bja(21)bse(22)85.¢(21) (25D; ) (21)Dj (22)r5)” i (21)-
=1

Here, the terms G,,12 and G,,13 can be treated by similar arguments as in the deriva-
tion of (7.41) using Lemma 2.1 in Li (2003), which gives for [ € {1,2}

E|Gn11|2+6 5 |Zl — 22|2+6.



86 Chapter 7. More details on the proof of Theorem 6.1.1

Therefore, it remains to investigate the term G,,11:

L] 246
|G| Slz1 — 2[*n’? ) R ’(Ej —Ej_1)bj¢(21)bj(22) (T§Dj_,t1(zl)Dj_,t1(Z2)1“j)2‘

j=1
We obtain for the summands in E|G,,11|*" observing (7.44)
1 1 9]2+4

E [(B; — Bjo1)bia(0)bsu(22) (1}D5 (:0)D; (z2)1)

*1Ty—1 -1 2 240
SE |(E; — Ej—1) 17Dy (21)Dj (22)r5)

2+6

=E|(E; —E;_1) [(r*Djftl(zl)Djfg(zz)rj)Q — (nil tr TnD;tl(Zl)Djitl(22>)2:|

J

r'D7} (21)D; }(z2)r; — n~ tr T, D7} (21) D5} (22))

:E‘(Ej —Ej) [( 3
1 1 1 1 1 2+4

X (1D5 (20D () + 7 e TuDy (20D (22) ||

SE|(E; — Ejm) | (505, (21)D; (z2)r; — 0™ tr TaDj (1) D5 (22))

*1Ty)—1 -1 240
X 1D} (21)D; ()]

+E (E] — Ej_1> I (I';D;tl (Zl)D;tl (ZQ)I'j — n_l tr TnD;tl(Zl)D;tl (Zg))

» » B 245
xn~tr T, D7 (z1)Dj, (22)} ‘

<p~(+6/2).

where we used Lemma 7.7.4 with ¢ = 2+ 6 and m = 1 and Lemma 7.7.3 for the last
inequality. These considerations show that (7.8) holds true.

Step 3: Analysis of Z}

Next, we show the estimate (7.9) for the term Z!. Doing so, we will need condition
(7.37) on the moments of z;;. For the following calculation, we will write f; instead of
Bi(z), D; ! instead of D; *(z) and further omit the z-argument for similar quantities.

We have for j < |nt; ]

) D2 )
Bj st jtz — Bjnr ]tl = (Bjt, — /ijtl)r*Dj 5+ Bin ; ( th - D],tl) rj
1 -1 1 -1
:(ﬂj,tz B )T *D_] th] + B] 6l (D] to Dj,tl) D_] 1T+ Bjnr ]tg (D] to Dj,tl) rj

[ntz]
= ( *Dt1 rj — *DtQ I‘]) ;Dj_,tirj - ﬁj i1 *DJ t11 ( Z rkrk)D] tQD] ty
k=|ntq|+1
[nt2]
53 131 ;DJ t2DJ 7511 < Z rkr;) DJ to1j
k=|nt1|+1
[nt2] [nt2]

:r;Dt_;( Z r"?rk>Dt1 L;r; Jtz — Bin *DJ t11< Z rkr/f)DJ t2D]t1

k:|_nt1j+l k’=\_nt1j+1
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[nt2]
— B *D D} E rirr ) Dlrs
R e R ) klEk GitatJ
kZl_nt1J+1
[nt2]
. *Ty—1 *Ty—1
= E {I'th2 ryrpD; e D]t2 Bj,ter rkrkD]th]tlrj
k:LTLtlJ—‘rl

1
— Bin *D] th] tlrkrz jtzrj}
Hence, using the identity (7.40), we obtain the representation

Zy (2,11, ta)
[nt1]  [nt2]
- Z Z (Ej - Ej_l){ B Bj’tlr;D;g1rkrij t2DJ t17J Bj’tl *D DJ tlrkrsz t2

J=1 k=|nt; |+1

* *
+ 17D t2rkrkD]t1 D; it = Bt Jtzrkrk T DT DJ t2T.
*
= Bjar ]tz it Dj. tzrkrkzDJ t DJ t

* * *

+ﬁ] tl/BJtQ jtg DJ thkrk ]tl D]tl D] t2 }
We use the substitutions
1 _p-! 1
D] ty kj to — Brjita kj,tgrkrk‘Dk]tQ (7.48)

and

Bit =it — bjuB5eVits Brijts = Okjits — Ok jitaBrjita Ve jitos

where v, j(2) = rka;t( Jry, — n'Eftr TnD,;;t(z)] This yields the representation

\_nt 1 \_ntz

Z}z(zvtlaw Z Z Z *1)Tj7k

J=1 k=|nt1]+1

Here, the first sum corresponds to the summation with respect to a finite number
of different terms 77, which are of the form

q qiy
H (I‘;All ( H rkrzBll,lg)I‘j>7

1=1 2=
q qiy

Bt Vi)™ (Bias Vi) H <r§A11 ( H rerBh,zz>rj>7

h=1 lo=1
a,

q
X * *
Brjerien)” |] (I“jAh < 11 rkrkBlLb)rj)?
=1 lo=1
a,

I‘;;Al1 < H I‘kI'ZBlhlz) I'j) .

=1 l2=1

X X
<5k7j7t2'7k,j¢2) (/ijtl ’Yj,h) ' (Bjﬁtz'yjh)

&
=
/N
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Here, ¢ € N, ¢, € Ny, I; € {1,...,q}, there exists an index l; € {1,...,q}
such that ¢, > 1, and the matrices A;, and By, ;, are products of the matrices
D; tl,Dk;t and T, for lo € {1,...,q,}, L € {1,...,q} and of the deterministic
scalars b, 051,,b551,- We assume that X € N and that one of the exponents
X, € Ny and Xy € Ny is positive, that is, X; + X5 > 1. Since, again by Lemma 2.1

in Li (2003),

ntlj TLtQJ

E\Z(ztl,tzy_lﬁz(zz S (E B, )Ty

J=1 k=|nt1]+1

nt1 L’I’LtQJ

<ny ZE‘ S (B B )T

k= \_ntlj +1

4
)

in order to prove (7.9), it suffices to show that for j € {1,...,|nt;|} and k €
{Int1| +1,...,|nt2]}

E|(E; —Ej1)Tjul' Sn°

In order to derive this estimate, we note that we can ignore the deterministic
and bounded terms b;4,, b] t2: Dk i1, and denote by Ay, 1 € N, a p X p (random) matrix

which is a product of D7 ,Dk}t and T,,. For the sake of brevity, we only consider
terms of the type
Ry =E|(E; — E;j—1)8) 5 Arrjrf Aoty Aty ) (7.49)
R2 :E|(E] Ej_l)r;AlrerAgrkrzAgrj|4, (750)
Rg :]E’(]EJ — E]’,1)5j7t2r;A1rkI‘2A2r]”}/j7t2’47 (751)
Ry =E|[(E; — Ej_1)Brj X ATt Aoty At e | (7.52)
R5 =E|(E; qu)ﬁk,j,tg5j,t2T;A1I'krzAzl“erA:sI'j’Vk,j,tg”Yj,tz‘4- (7.53)
For further investigations, we observe that
q1
(E] - Ej—l) tr (HI‘k[’EAl) = 0, (754)
=1
since rirj Ay, [ € {1,...,¢1} does not depend on r;. In order to estimate the term

in (7.49), we note that due to independence
E|(E; — Ej_1)8jt;Airxf Ay (rirpAs — n” T Ag) vy, |* = 0,

so that we obtain, using similar arguments as in the derivation of (7.41), in particular

the bound in (7.46),

Ry SE|(E; —E;1)8;, tlr]Alr]r A, (I'kI'ZA?) - nflTnAS) I'j’Yj,t1’4
+n_4E\(E ]EJ 1)6] tlI'jAlI']I' AQT Agrj’}/jt1|4
—n*4E\(E —E;_1)5; n T AT T AT, Agrjfym\ <
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For (7.50), we have using Lemma 7.7.4 and (7.54)

Ry = E‘ (E; —E;_4) [r}AlrerAgrkr;A;;rj —nttr TnAlrerAgrkr,:Ag] ‘4
g]E‘ (E; —E;—1) [r;Alrk (rZAQrk —n ttr TnAQ) r;Asr;

—n " tr T, A r, (rZAQrk —n "t r TnAg) I'ZA3:| ‘4

4
+ E)(E] —E; 1) [r}Alrk (nil tr TnA2) rpAsr; — n~ttrT,A r (nil tr TnAz) rZAg}

:E‘ (E; —E;—1) [rj*.Alrk (rjAsry — n~ ' tr T, Ay) T Asr;

4
—n  tr T, A rg (rZAQrk —nttr TnAg) rZAg]

4
+ n_4E‘ (EJ — ]Ej_1> |:I';A1Tn (n_l tr TnAQ) Agrj - 7’L_1 tr TnAlTn (n_l tr TnAg) A3] ‘

§n_4E (tI‘ (Alrk (I';;Agrk — n_l tr TnAQ) I'ZAg) (Alrk (I'ZAQI']C — n_l tr TnAg) I';;Ag)*)Z
+n°

2

=n"E <tr (Alrk (rZAQrk —n ttr TnAQ) I'zAg) <A§rk(r2A2rk —n~Lttr TnAg)rZA{»
+nt

:n_4E| (I‘ZAQI’k — n_l tr TnA2)2 I‘ZAgAgrkI'ZA,{AlI'kF + TL_6

<n~°.

Next, we have for the term R4 defined in (7.52) by similar arguments as in the

derivation of (7.41)

R4 ZEKEJ - Ej—l)ﬁk,j,tg{r;AlrkrzAQrkrzA?)rj — n_l tr TnAlI'kI'ZAQI‘kI‘;;Ag}’}/k,j@ |4

<n™E [ (tr (AqrgryAorgryAg) (AlrkrzAzrkr;Ag,)*)z | B jita Vit |4]

—6
<n

)

where we used the bound in Lemma 7.7.4 and the fact that r; is independent of
Vi,j to and /Bk,j,tg'

Concerning the term Rz in (7.51), we first decompose using (7.48)
Vit (2)
=Yjkot2 (2) — (Blwtz( )r Dk;tQ( )rkrka]t (2)r; — n~'E [ﬁk,j,tz( )tr Ty, ijt (2 )rkrka]tQ(z))]
_PYJktz(Z) B (2 )(r Dk;tz( )rkrkam( 2)r; —n T Dk;t (2 )rkrka]tz(Z))
T (Brjan (2)TEDE 4, ()T D (2)1k = B [Brjiny (2) tr ToDy (2)rari Dy (2)])
:%}k,m( z2) = Brjn (2 )( *Dk}tg( )rkrkam( Z)rj — n~trT Dk:;t (2 )rkrka]tQ(Z))
_n_lblw}tz( )(rkaJtQ( 2)T, ijtz( Z)r —n” 'E [trT D, (2)Tn Dk}tg( )D

k,j,t2

1 0 (2) (B ()TED iy () TuDy Ly ()T (2)

—E [Bra(2) 0 TaD o, (2)0iDy L ()90 (2)] )
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=Yjkot2(2) = Brjitn (2) ( ]Dk;t (2 )rk‘rka]tg(Z)rJ —n ' T Dkgt (2 )rkrka]tz(Z))
=1 gy (2) Tk (2) + 107 g1 (2) (Bk,j,tz( D51 () TuDi 1y (2T Ykt (2)

E [Brts (20D} by () Dy ()52 (2)] )
=itz (2) = O gt (2) (5D 4, (2)TariDy s 1, ()1 — 07 tr Ty Dy (2)reri Dy, (2))
+ Ok b2 (2) B gt (2) (r Dk;tQ( )rkrka]t2< z)r; —n T Dk]t (Z)rkrka,j,t2(2>) Vijita (2)
=1 ks (2) Tt (2) + 17 O (2) <5kz,j,tz( 2Dy, ()T Dy (2)Tk Yk s (2)

~E [Braa(IDL} 1, () TDy Ly (I as (2)] ),
where
Vit (2) = rk‘Dk‘]t (2)Thn Dk;t (2)ry, —n"'E [trTnDI;,},t (2)Th Dk}tg( )} :

Thus, we conclude for (7.51), using the notations Az = D,;;t2 and Ay = D,;j T Dk}tg
and the fact that by, is deterministic and bounded,

Ry S E|(Ej — Ej_1)8;,1; AR AT g |

+E[(Ej — Ej_1)B;,,bk,j,0, 7 A1rar Aot (rjAgrerAgrj —nttr TnAgI'kI'ZAg) k

+ E[(E) — Ej1) 55628kt br g ta T ArTatf Aot (v AsryriAsr; — ' tr T AgririAs) Ye |
+ n*4E\(E —E;_1)5; t2bkjt2r AlrkrkAng’yk]tQ\

+ 0 B[(Ej — Ej—1) 5.t Bk it Ui it AITRT R At TR AT Y 1 |*

+n 4E|(Ej - qu)ﬁj,tzI‘jAlI'krkAzI‘j’ E|ﬁk,j,t2bk,j,tgrkAﬂ'k’Yk,j,tz|4

< Rai + Rsp + Ry +1n~°,

where

Ry =E[(Ej — Ej1)Bj0t; Airiri Ast;vjn |, (7.55)
R3, =E|(E; — Ej,l)ﬁj,th;AlrerAzrj (r;AgrerAgrj —nttr TnA3rkrzA3) 4,
E

R33 :]E‘(]E] — j71)Bj’hﬂk’j’bI‘;AlrerAQI'j (I’;AgrerAgrj - n_l tr TnAgI'kI'ZAg) VE,j,t2 ‘47

(7.56)

and we used an analogue of the estimate (7.46) for the terms vy, and ¢, in the
last step. The term Rg; in (7.55) can be bounded using the bounds in (7.42), (7.43)
and (7.45) as follows:

R31 S R3in + Rgi2 + o (n_l) )
where

* * 4
Ran =E[r; Airerp Aot

R31p =E|[rjr;r] AlrkrkAgrj%m]
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Since R312 can be handled similarly to Rsy1, we only consider R3;; and obtain by
Lemma 7.7.4

R311 SE’ (rZAgrjr;Alrk — nil tr TnAQI'jI';Al) ")/j7k,t2|4 + n74E]r;A1TnA2rj’yj’k,t2 ‘4
_ _ * * *\ 2
S’I’L 6 +n 4E |:|’Yj,k‘,t2|4 (tI‘ (AQI']‘I'jAl) (AQI‘jI'jAl) ) :|

<n~S,

Note that the term Rss defined in (7.56) can be bounded similarly. Similarly as Rg;
given in (7.55), we bound |§;,| and get

Ry S Raor + Rspo + 0 (n_l) ;
where

* * * * -1 * 4
Rso1 =E[r; Ay Aor; (I'jAgI'kI'kAgrj —n tr TnAgrkI'kAg,) %,

* * * * * -1 * 4
R322 :E|rjrjrjA1rkrkA2rj (I'jAgrkI'kA3I'j —n tr TnAgrkrkA:g) | .

For the sake of brevity, we shall limit ourselves to investigating the summand Rs;.

R301 S E| (I’ZAQI‘jI';Alrk —n ttr TnAgrjr;Al) (r;AgrerAgrj —n ' tr T, AsrrfAs) 4
+ n_4E|r;A1TnA2rj (r]*-AgrkrzAgrj —n "t r TnAgI'kI'ZAg) 4

. 1
<n %4 (E]r;Agrjrj*.Alrk —n "t tr TnAgrjr;AlISE]r;A;;rerAgrj —ntr TnAgrk-I'ZAg‘S) 2

-6
<n".

Finally, invoking Lemma 7.7.4 and (7.46), we can show for the term Rs defined
in (7.53) that

Rs S Rs1 + Rsa,
where

* * * -1 * * 4
Rs1 =E|BkjtsBits (5 AITEr ATt Asr; — 0™ tr Ty Aqrpry Aot As) Vi jts Vit
j

[N

* * * —1 * * 8 8

< (Efrf AgrprAgriry Asr; — n7 ' tr Ty Agrri Aot AsPE| B i, 8.6 Vhojita Vita])

—6
<n

?

—4 * * 4 —6
Rso =n""E| Bk jit, 55 1o T A2kt As T Ayriye i1, Vit S0

~

Thus, the moment inequalities (7.8), (7.9) and (7.10) for M} hold true. O
Lemma 7.7.6 For any bounded subset S C C*, we have

inf s.(z)| > 0.
z€8,t€(to,1] |_t( H
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Proof of Lemma 7.7.6. Let us assume that the assertion does not hold. In this case,
there exists sequences (2, )nen in S and (t,)nen in [to, 1] with the property

nh_}m 5, (2zn) = 0.

By choosing appropriate subsequences, we assume without loss of generality that
(2n)nen converges to a limit in the closure of S and (t,),en converges to a limit in
[to, 1]. From (3.2), we conclude

S, (zn)
li T dH(\) = 1.
ngﬂloy/ 1+ Mn3; (2n) ()

But, using the fact that H is compactly supported, we see that the expression
above tends to 0. Thus, we get a contradiction. O]

Lemma 7.7.7 In the real case, it holds fori #1 (i,1 € {1,....,n}\ {j})

sup
2€Cp,
te(to,1]

X (15,(2) T + 1) Tofiaa ()DL (et Dyl (2) (k=0T | ‘ (7.57)
=0 (n’l) .
Proof of Lemma 7.7.7. Denoting
’Ayi:lyj:t< ) =r; Dz llj t( ) i 1trT Dz lljt( )

Ez‘,j,l,t<z) 14 ltrT 2Dy, llj t( )’

E[tr (tst(2>Tn+I)_2Tn (rir:_nilT )Blljt( ) lzgt( )rlrlDlzljt( )

we use the representation (7.22) in order to replace 5, ;(z) and f;;;+(2). Note that

[||Dl”t( 2)||] < K and || (3,(2)T,, + 1)~ || < K which follows from Lemma 7.7.3
and Lemma 7.7.2 in Section 7.7. By applying the triangle inequality, this gives us
several summands for the mean in (7.57). More precisely, we can write

[ (15,(=)T, + D7, (1t — 07, g (D7 (iDL ()
x (t3,(2) Ty + I)_l T.Bia4(2)Dyy (2T *Dzl]t( 2) (rlr? - nilTn) ] ’

<Y IE[T(G G

C1,€2
where T'((1, (2) has the following form
b (15,(2) T + 1) T (1! — 07 T,) QDL ()t DL (2) (15,(2) T + 7' T,
X C2Dzl]t< )I‘ r*Dzl]t( ) (I‘lI‘f —n Tn) ’

and

G € (Briju(2), —Brise(2Viin (), Buise(2)Brise(2)3Rs0(2)},
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G2 € {Bi,l,j,t(z)a_Bi,l,j,t(z)%%,l,jt( ), legt( )5zzyt( )%’%l,j,t(z)}'

The assertion now follows, if we show that for all ¢y, (s

E[T(¢ &) =0 (n7). (7.58)

In the following, we restrict ourselves to three different cases noting that the re-
maining cases can be handled similarly.
To begin with, let ¢, = 8, ;,(2) and (3 = 3, ,,(2). In this case, we have

|E[ (ChCQ ”
<K|Etr (t5,(2)T, + ) * T, (rir} — n'Ty,) DL (2)rr; Dy}

— l,i,j,t

(2) (13,(2)T, + 1) T,

)
(

X Zl]t(z)r r;D; lljt( ) (rlrl* — n_lTn)
(

<K|Etr(t3,(2)Tp + 1) > T, r*Dl”t( 2)rir; Dy, let( 2) (t3,(2)T, + 1)~

rD1

x T Dzlljt(z zl]t<z>rlr

+ Kn Y Etr (t3,(2)T, + ) T2D; ), ()t DL (2) (t3,(2) T + 1)

1,i,5,t 1,i,7,t

x T D_ljt(z rriD;}

1l]t<z)rlr

(2) (t5,(2) T + I)_l

1,i,7,t

x T,D:}

i,0,75,t

(2)r;r;D; )}

i,0,7,t

(2)Th

)r
(
)
+ Kn~'Etr (5,(2) T, + 1) T} D, (2)1ri Dy}
)
(

(2)ririDy 1, (2) (t3,(2) T + 1)

1,i,7,t

+ Kn~ ’]Etrt ()T, + D)2 T2D; .,

x T Dzlljt( ) *Dzl1]t<z>Tn
:K(T1+T2+T3)+0(n 1),

where

lz]t( )(tét(z)Tn+I) T Dzlljt( )I‘ r*Dzlljt(z)

Tl :’]E[ *Dllljt( )I‘ZI'ZD !

Y

x 1y (t5,(2) Ty + 1) TnI‘z}

Ty =07 [Btr (15,(2) T+ 1) 2 T2 ()t Dy L (2) (15,(2) T + 1)
x T,D;, lljt(z)r *Dzlljt( 2)rry|,

T :n—l(Etr (13,(2) Ty + 1) 2 T DL L (e DL L (2) (13,(2) T + 1)
x T,D; lljt(z)r r*Dzlljt( 2)T|.

For the first summand, we obtain using (9.8.6) in Bai and Silverstein (2010) for the
real case

T, < ‘Eﬂ[{r*D,;]t< e DL () (13,(2) Ty + 1) 7 TD; L (2)r

1,i,7,t
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—n T Dlzgt( )rlrlDllljt( z) (t3,(2)T,, +I) T Dzlljt( )}
x {r/D;] lljt
+o(n")
=0 (n’l) .
With similar ideas, it can be shown that 7o = o(n™') and T3 = o(n™') and that
(7.58) holds true in the case (; = Bl7i7j7t(z) and ¢, = —Bfl]t( 2) i (2)-
Finally, we consider the case (; = —Bim’t(z)%i,j «(2) and (& = 5?13 (2)Fi054(2).
Note that 3, ;,(2) = 8;,;.(2). We obtain (7.58), that is,
E[T(G. G|
’E[ 39,0 t( ) tr (t3,(2) T + I)_2 T, (rirf - "_1Tn) Dl_,z%j,t(z)rlrl D, 11] +(2)

X (t3,(2) T + 1)~ Tz (2)D;L  (2)rix D) (2) (rr) — 07 'T,) %,W(Z)] ’
<E:|E\[E7| B 'E|Es|* = 0 (1),

Jrir; (5,(2) Ty + 1) 72 Tyr; — 0 e T, DL (2)mr] (63,(2) T + 1

if
E:z|Ei > < Kn™!, (7.59)
Ei|Ey|* < K, (7.60)
Ei|Es|* = o(1), (7.61)
where

—4 . .
Ey :6ijlt( 2) %0, (2) V5.0 (2),

E2 :rl l2] ( )(tét(z)Tn—i_I) T Dzl1]t< )ri?

By :tr{ t5,(2)T + 1) Ty (v — ') Dy (2)rii D (2) (v} — 7' Ty) }

We begin with a proof of (7.59). Note that 4;;,;.(z) is independent of r; and 3, ;, ,(z)
is independent of r; and r;. Using (9.9.6) in Bai and Silverstein (2010) twice, we
obtain

E|E,|*> < Kn™?

Y

which proves (7.59). The estimate (7.60) can be proven similarly to Bai and Silver-
stein (2010), p. 290.
Finally, we will prove that (7.61) holds true. We obtain

Es =r} Dzljt( z) (rlrf — nilTn) (t5,(2)T + I)_2 T (rirf — nilT) D;i%j7t(z)rl
=F31 + L3 + Es3 + Eay,

where

Ey =D, | ()] (13,(2)T + D7 DDy [ ()

oz
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E32 = — n_lr*D._l

i z,l,j,t(z)rlrl* (t3,(2)T + I)_2 T2Dl_,i%j,t(z)rla
(

Ess =—n"'r/D;} ()T, (t3,(2)T + 1) Trir} DL (2)1,
B3y =n"r/D; ! ()T, (t3,(2)T + 1) 2 T°D; ., (2)r1.

For k € {2,3,4}, it holds
E|Es.[" = o(1).
For the first summand, we conclude
E|Es |
<KES vt (t3,(2)T + 1) mr;DM{N(z)rlf

<KEz|r} (t3,(2)T + ) > Tre'D; ) (2)r — n 60 T (¢3,(2)T + 1) 2 Tryr’ DL (2)

8
l7/[:7.j7t liihj?t ‘

. 8
+ KE2|n " tr T (t3,(2)T + I) 7> Tr;r'D; L (2)

l7i7j7t

8
<KE?|r} (13,(2) T + 1) > Trie} D (2)r — n ' e T (13,(2)T + 1) 2 Trl-rfDl_’il,j’t(z)‘
+ Kn™*

<Kn“z+ Kn™*=o(1),
which proves (7.61). Hence, the proof of Lemma 7.7.7 is finished. O

Lemma 7.7.8 It holds for sufficiently large N € N

. -
Jnf inf (Im(z) +Im(Ry,(2))) 2 0
telto,1]

Proof of Lemma 7.7.8. We start by investigating real and imaginary part of 1/E[3,, ,(2)].
As a preparation for the latter, one can show similarly to Lemma 7.7.6 that Re(3,(z))

is uniformly bounded away from 0. Thus, due to Theorem 6.3.7, we also have for
some sufficiently large N € N

nf inf |ReE[s,,(2)]| >0and inf inf [E[g,,(2)]| > 0.
telto,1] telto,1]

Using also |E[3,, ;(2)]| < 1/Im(z), this implies for the real part of the inverse for
some K; >0

1 _ Re(E[5,,(2)])
e (E[sn,xz)]) ~TEE,, ()P

For the imaginary part, we conclude for some Ky > 0

1\ —m(EE,()) 1 g
i (E[é <z>1)‘ B, CIF G (zwmm(/ W)

_n,t —n,t —n,t

> K Im?(2).
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1 —Im(z
- E dFB ) > KE/ dFB
[E[S,+(2)][? |Z—A|2 M—ZP

By definition of R, +(z), we have for all n > N

[nt]

IR (2)) = ypory It~ Zlm( Ba(2)d54(2)] (El5,,,(2))) ")

[nt]

—re Zlm 184(2 ()])Re(@)
[nt]

+ Ynt Lnt ZRG /Bjt ( )]) Im <E[S 115(2:)])

Lnt)

Lnt]
> K T (2) ot )~ T (y10n) S EBs(2) a2 1 {Im (X EBu(2)dsu(2)]) > o}

Lnt]
— Ky Tm(z) [0t 7 Re (g Y ElBjo(2)ds(2)]) I {Re (D EBiu()dsu(2)]) > 0} ,

j=1
which implies that

Im(R,(2)) + Im(2)

[nt] [nt]

>Im(z) + K; Im?(2)|nt] ' Im (yntJZEﬁ;t > {Im(ZEﬁ]t ) >0}

[nt] [nt
~ Ko Tm(2) nt]~ Re (g ZE[@M@,A@DI{ Re (ZJEWz)dj,t(z)]) -0}
[nt)

1 K Tm(2) [t ] T (g ZE[@j,t(z)dj,t(z)])z{ m (Y E[,:(:)du(:)]) > 0}

>1Im(z)

[nt] [nt]

— Ky|nt] ' Re <yLntJ ZE[ﬂjt(z) ) {Re (ZE Bz ) > 0}]

j=1
Due to (6.54), we have for some N € N

[nt] [nt]

sup sup |1 Im(z) [nt] " Im <yw ;E[ﬁj,t(z) ) { Im (ZE Bia(2) ) > 0}
te(to,1] =

[nt] |nt]

— Ky|nt]| ' Re (mm 3 E[B4(2)dsa ) {Re <ZE B, ) > 0}‘ <1

j=1



7.7. Further auxiliary results

Thus, we conclude that

inf inf (Im(z)+ Im(R,+(2))) > 0.

n>N z€Cy,
telto,1]
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Chapter 8

Proof of Theorem 5.2.1

8.1 Proof of Theorem 5.2.1

Due to the invariance of U, , under H,, we may assume w.l.o.g. that that ¥, =
... X, = I, which implies f]n,t = B, Let fi(x) =z and fy(x) = 22, We recall from
Corollary 4.2.1 that

((Xn(fb t))te[to,l]a (Xn(f2> t))te[to,l])neN ~ ((X(f17 t))te[to,lb (X<f2> t)>t€[t0,1])
in (£>([to, 1]))?, where
Xn(fb t) =tr (Bn,t) - I_HtJ Yn,

Xahot) = tr (B2,) — Ity (29 4, € 1.1,
and
BIX (1)) = 0, B[X(f20)] = t, .1)
and

cov(X (f1,t1), X(f1,t2)) = 2y min(ty, to),

cov(X (fa, t1), X (fo, t2)) = 4min(ty, t2)y {2t1ts + [min(ty, to) + 2(t + t2)] y + 247},
(8.2)

COV(X(fl, tl), X(fg, tg)) = 4min(t1, tg)y(tg + y), tl, tQ S [to, 1]
With the definition ¢(z,y) = %, we obtain the representation

1 1,
Upi = qs(]; r(Bry), tr(B2,)) ¢ € [to, 1], n €N,

for the process U, in (5.3). Consequently, the assertion can be proved by the
functional delta method.
To be precise, note that it follows from y,, = p/n

Lir(B,,) — 4
v <;t (B ) _ Lot (12, - (5) 83)
p T\ Dn Yn reto] 2: %)/ telto,1]

n n
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I and b, (t) = 2 (12 4y, such that

in (£>°([to,1]))* . Let an(t) =
lim a,(t) =t =a(t), lim b,(t) =t(t+y) = b(t)

n—oo n—oo

uniformly in ¢ € [t, 1]. For a sequence (I, 1, hn2)nen in (€°°([to, 1]))? converging to
0, a straightforward calculation shows that
_ _ hs  2bh
p {¢ (Gn +p 1hn,1a by +p 1hn72) — ¢ (an, bn)} — a; 71 = ¢/(a,b)(h1> h2)

in [*([to, 1]), as n — oo. Moreover, we have

[nt] [ |nt]
— (= +Yn n nt

¢ (an(t), bo(t)) = 2 (D>~ [t \

n

Thus, it follows from (8.3) and Theorem 3.9.5 in Van Der Vaart and Wellner (1996)

that
1 1
AUt = L= v}y = {0 (Bus). 5 0BE)) = 6 (@ bal®) }

~r (Ut)te[to,l]

in £>([to, 1]), where

7, = X(fa,t) — Zii(fht)(ﬁy), t € [to, 1]

is a Gaussian process. Recalling (8.1) and (8.2) we obtain for t,t1,ty € [to, 1] with
ty <ty by straightforward calculations
1 ty
ElU:] =5 (BIX(f2,0)] = 20 + EX (fu.O)]) = 5 = v,

t2
cov(Uy,, Uy,) =2 OV (X(f2,t1) = 2(t1 + ) X (f1,t1), X (fo, t2) — 2(t2 + y) X (f1, 12))
1%2

:W{thgy {2t1t2 + [tz + 2(t1 + t2>] Yy + 2y2} - 2<t2 + y)4 min(tl, tg)y<t1 —+ y)
1%2
= 2(t1 + y)dmin(ty, t2)y(t + y) + 4(t: + y)(t2 + y)2y min(t, tz)}

:W{%y {2t1ts + [ta + 2(t1 + t2)] y + 20} — 8(t2 + y) min(ty, t2)y(t; + y)}
12
2
) 2

:4E = 4ymax(t1,t2)‘

which proves the assertion of Theorem 5.2.1.
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8.2 Auxiliary results for the proof of Theorem
5.2.1

8.2.1 How to calculate mean and covariance in Theorem
3.2.1

Proof of Proposition 4.1.1. If suffices to consider the real case. Since H = 61, we
obtain from Theorem 3.2.1

1 Y, e .
E[X(fi,1)] =— i fi(2) Uil 2;21;3 sdz, i =1,2,
i _ 52(z
T C (1 ty (tgt(;)ﬂ)?)

1

cov(X (fi,t1), X(fo, t2)) = o2

$ f ARG BT,

2
where the contours C,Cy,Cy enclose the interval given in (3.7) and C; and Cy are
assumed to be non-overlapping.
Step 1: Specifying the contours
We claim that it suffices for C = C; to enclose the interval [t(1 — \/y;)?, t(1 + /¥r)?]
and we will prove this assertion in a first step. Similar arguments hold true for
contours C; = Cy¢, and Cy = Cay,.
The assertion is clear in the case y; < 1. In the case y; > 1, the transformed
Marcenko-Pastur distribution F¥L=¢ has a discrete part at the origin for sufficiently
large n. A priori, the contour should enclose the whole support of Fue, including
the origin. However, by the exact separation theorem in Bai and Silverstein (1999),
we see that the mass at 0 of the spectral distribution FBn¢ coincides with that of
Fuint for sufficiently large n. Thus, we can restrict the integration in (3.5) to the
interval [t(1 — \/y;)?, ¢(1 + /¥)?] and neglect the discrete part at the origin.
Step 2: Calculation of the mean
Recall that h; = /y;. For calculation of the mean, we use a change of variables

2(6) =z =t(1 4 heré + hyr 161+ B2),

where > 1 is close to 1 and |£| = 1. It can be checked that when £ runs anticlock-
wise on the unit circle, z will run a contour C enclosing the interval [t(1— h;)?, (1 +
h:)?]. Using the identity (3.2), we have for z € C

1 5,(2) B
t(1+ her€) " 15,(z) + 1 ther€

Thus, we can write for i € {1,2}

$,(2) =— , dz = thy(r —r 1 2)de.

e U ey () -
E[X(fl,t)]—l\ﬂm,gfl F(2(€)2h3 (1—t2h2(thr5) athn (=171 ) de
~ i ) e

l§1=1
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_ ¢
= _l‘{fiz_m ]{ Ji(z R
|€]=1
g 1
—}f{%% f 1) (@ ==y — %
|€l=1

Step 3: Calculation of the covariance function
In order to calculate the covariance structure, we define two non-overlapping con-
tours through

RZj = Zj(gj) =t (1 + htjgj + hthj_lgj + h?]) s ] = 1, 2,

where r9 > r; > 1. Thus, we have for t5 < t;

ro>r1, 272
12N

X 031 t2(21(51) 22(52))t1ht1(7“1 — 1 & by, (ry — 151657 )dExdE

71,72\ 1
X 07 4, (21(61), 22(6)) ke, (1 — 77 60t huy (e — 15165 déadé,y.

Proceeding similarly as for the mean, we get by straightforward but tedious algebra
the desired formula for the covariance (we partially used a computer algebra system).

]

cov(X(f1,t1), X(fo,t2)) = lim j{I 1f| 1 1(21(60)) fa(22(&2))

8.2.2 Proof of Corollary 4.2.1
We apply Theorem 3.2.1 for the special case fi(x) =z, fo(z) = 22, T,, = I, that is
Xn(fl; t) =tr (Bn,t) - Lnﬂ Yn,
nt
(f27 ) (B2 ) - LntJyn(u +yn>> le [t07 1]

n

Note that all conditions from Theorem 3.2.1 are satisfied, and therefore

(( <f17 ))te [to,1]» ( n(f27t>)t€[to,1])n€N ~ ((X(f17t>>t€[to,1]7 (X(f27t))t€[to,1]) (84)

in the space (£°([to, 1]))?, where (X (f1,1))terton), (X (f2,1))tefto)) is a Gaussian pro-
cess. Thus, it is left to calculate mean, covariance and the centering term appearing
in Theorem 3.2.1. We begin determining the centering term. Using the moments of
the Marcenko-Pastur distribution (e.g., see Example 2.12 in Yao et al. (2015)), we

get
\/fl($)dﬁ’y["” (ZE’) - /$dﬁ’ytntJ (ZIZ’) = Ln_tJ \/I’dFyL"tJ (37) — Ma

n n
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where FY denotes the Marcenko-Pastur distribution with index parameter y > 0
and scale parameter o2 = 1. Similarly, we see that by using Proposition 2.13 in Yao
et al. (2015)

[ r@arnen @) = [eamen) = (B 14 ) - 2L L),

n

We calculate the quantities given in Proposition 4.1.1 by using the residue theorem.
We find for the real case

E+ hr&? + hyr™t + h2E 1 1
E[X(fi.1)] =—— 1 ( —2\)d
X (1)) 271 rl\rﬁm ) & &2 —r—2 5) §
ot [ S @b Rt [ e e hfgdg
277 N\l (E—=r=)(&+r 1 27i &2
|§]=1 |¢]=1
(8.5)
. €+htT€2+htr_1 —l-h%f . f+ht7"f2+ht7"_1+h,52§
=limt ‘ + lim¢
N\l E+rt g=r=1  r\d §—rt g=—r1
— t—§ (& + her€® + hyr ™' + B7€) ‘ B
o 2r 4 2n2rt

Note that & = +r~! are poles of order 1 for the first integrand in (8.5), since r > 1,
while £ = 0 is a pole of order 2 for the second integrand in (8.5). For the complex
case, we directly have E[X(f1,t)] = E[X(fs,t)] =0

For fy(x) = 2?, we have

E[X(fy,t)] = 1 — I,

where

2 (€ + her€® + hyr™t + h2¢)”
I, =—lim dg,

27 r\l E&—rH)(E+r1

[€1=1
2 2 -1 2¢\2

IQ:t lim % (& + hr&® + hyr ™' 4 h{E) .

2mi r\1 &

|€]=1
The integrand in I; has poles which are all of the order 1 at the points 0,771, —r~1.
Thus, using the residue theorem,

(€ + her€2 4 hyr=! + h2¢)? ‘ g E € ! + h2¢)°
E—rDE+r D) leo E(E 1) -
(&4 her€ + byt R2E)
. ’l“l\rg E(E—r1) L=r—1

I, =t*lim
N1
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t2(1 -5 hy)? N (1 ; ) 2y (1 -; ) N (1 ; ht)4.

Using that the integrand in I, has a pole at & = 0 of order 3, similar calculations
vield I, = (1 + 4h? + h})t?, which gives

E[X (fo,t)] = th> = ty.

For the covariance function of (X (f1,t))icft,1], We have for 5 < ¢,

= —t?h? +

27T2 ro>r1,

1
COV(X(fl, tl) (fl, tQ)) lim % f i1 (1 + ht1€1 + htlr,«l_lgl—l + ht21) to
rr gt jgglet

X (14 hyybo + hyyry P& + h2) 9161, &) déodé,
92(517 52)
_ 2mi i ]{ he tito(hy + & + R3ri&y + hn«fg%)d&
A2 ro>r, 7”17’251
7‘177‘2\1|§1|:1
_(2m)® 0% hytita(hy + & + hir& + harig)
- 272 7"2>r1 0%&, 213 £1=0
1,72 \(1
h3t
=2 lim 52 = 2hity = 2yts,
r1>12, ’["2
712Nl

where we used a computer algebra system for simplifying the first integrand and
then applied the residue theorem twice. Considering the function f5, we have for
(t2 < t1)

cov(X (f2,t1), X(f2,t2))

L. I 2
“om % ]{ 0 (U b+ b 60 03, ) 78
R

h?Q)Q 91(&752)

X (14 hyybo + hyyry 16571 dé.d
( = w'2 b g2(§1, 52) L2ty

271 . 2h1t1t2 9

T o2 rlgﬁ, % 7“%7"355- (h1 + 1z + hiro + h1r%§%)
rir2 g | =1
X (_hltl — hiriti& — rirsti& — harirsti & + haritaly + hirit & — 27“125251) d&;
(8.6)

(2mi)? 19 2h1t1t2 )

~ on2 rlg%l (5—1)! 3451{ (hl + & + i + hlrlfl)
1 7‘2

X (—hity — hirt & — ririt &y — harrati &y + haritaly + hirtth & — harit€}) dfl}
:4t2y {Qtltz + [tg + 2(t1 + tg)] Y+ 2y2} s to < tq.

&1=0

Note that & = 0 is a pole of order 5 for the integrand in (8.6) and that in the
special case t; = t5 = 1 we recover the mean and covariance given in (9.8.14) and,
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respectively, (9.8.15) in Bai and Silverstein (2010).
Finally, we want to calculate the dependence structure between X (fi, ;) and X (fa, t2).
Using similar techniques as above, we obtain for t, < ¢4

cov(X (f1,t1), X(f2,t2))

1 ) R
g dm a0 )
7“1,7“2\1‘51':1 |§2]=1
< (U b+ b e +02)? 188 g ge g
92(&7 52)
2mi . 1 2 2 2¢2
:—2 lim mthtZ(hl —+ 7"151 + h17’1£1 + hlrlgl)
212 2> LIS
r1,m2 A
[€1]=1
x {—hity + hirt & (=1 +ri€) — & [(14 h3)rity + hata(—1 + ri&})] } d&y
(8.8)

After simplifying the integrand in (8.7) with a computer algebra program, we see
that it has a pole at & = 0 of order 2. Note that the pole at

i hary
hyri&
is not relevant for an application of the residue theorem, since

‘ hars \/Erz :\/ET2>1
hiri&: vt Vitar

The integrand in (8.8) has a pole at & = 0 of order 4. Similarly, we have, again for
t2 S tla

&2

COV(X(fQ, tl), X(fl, tg)) = 4t2y(t1 + y) (810)

By combining (8.9) and (8.10), we have for ¢;,ts € [to, 1]

cov(X(f1,t1), X(fa,t2)) = 4min(tq,t2)y(ts + y).

8.2.3 Proof of Corollary 4.3.1

We apply Theorem 3.2.1 for the choice h(z) = log(x). Note that, if y > to, the
interval in (3.7) contains the point 0. Thus, we have to impose y < tg, since h is not
analytic in a neighborhood of 0.

Using Example 2.11 in Yao et al. (2015), we obtain for the centering term

~ t
/log xd PV (x) :/log xdFYin) (ﬁx) = /log xdFY1" (x) 4 log (m)
n n

=1 t
Y|nt| n
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-1

K2
log(1 — yin log (=— —yn ),
o 0g(1 = ypny) + 0g< - y)

which implies

~ nt
p/log xdFY (x) = —p — |nt] log(1 — yLntJ) + plog (% — yn) .
By Proposition 4.1.1, we have for the mean of the limiting process D in the real case
E[D(®)] = I, + b, (8.11)

where

1
L =s—1lim ¢ log(t(1+ heré +he '€ + 7))
2 r\1

€1=1

£
g%

S, (8.12)

1
=—lim log(¢|1 + htfﬁ)ﬁ

271 v\
l¢]=1
1 —1g—1 2 1
I, = — —lim log(t(1 + hyré + hyr™ & + hi)) zd§
2 r\1 §
l¢]=1

L. 2y 1
=- 2—7”71}\12 log(t[1 + h| )Edg

l§l=1

(see also Wang and Yao (2013) for a similar representation). Beginning with Iy, we
further decompose (note that for |£] =1, it holds {71 = &)

I = 111 + Lo,

where

1 :
I _2_71'2}‘1{2 log(t(1 +htf))(€_7,_1)(€+,,,—1)
1€1=1

:é tn {log (¢ (1 + hur)) +log (¢ (1 = her ™))} = %log (£ (1 12)) .

1 £
— i t(1+ ht™?
Lo 9 ll\fﬁ log (t(1 + I ))(5—7“_1)(§+T_1)
1€1=1
L log(t(1 + hy2)) - d
=—111mn (0) z z
21 N\l & e =)+ 2)
|z|=1

dg,

dg

2

:}1{1} log(¢(1 + hm))m T log(t).
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These calculations imply
1
I = 5 log (t* (1= h)) — log(2). (8.13)

The quantity I in (8.11) can be determined similarly using the decomposition

Iy = Iy + s,
where
I L 1 (t(1+h£))1d£ log ¢
= — —lim o) —dé = —lo
21 271 N1 & t f &
I€]=1
I L 1 (t(1+h5—1))1dg logt
= — —— 1IN - — .
22 o7 o 0og ¢ ¢ 0g
l€]=1

This gives I, = 0, and by (8.13) and (8.11), we obtain

1 1 1
E[D(t)] = 5 log (£ (1= n7)) —log(t) = 5 log (1—h) = 5 log (I—w).
Next, we calculate the covariance structure. Similarly to (8.12), we obtain for to < t;

cov(D(t1), D(t2))

1 : 2 5 9161, &)
o2 rlg{’ll’l ]{ 7{ log(falL + A &1 log (fall + heabel )92(51752)d§2d51
EBER [€1]=1 |€2|=1
_ b 2 oy 91(&1,62)
_27'('2 rll>r£11,1 f % 10g(t1’1 + hhgl‘ )10g<t2|1 + ht2€2| )g2<£17 §2)d£2d51
e !
=I5+ 1y,
where (note that |1+ hi,&ol? = (14 i) (1 + i) )
_ 1 : 2 91(51752)
I3 53 Tlg{i’l 7{ log(t1|1 + e, &1|7) ]{ log(ta(1 +ht2§2))md§2dfl,
T2 N =1 |é2|=1
1 . 3 ’
Iy =-— lim j{ log(t1]1 + hy,&1]%) 7{ log(ta(1 + he,&5 1))—91(61 fQ)d&dgl,
212 2>, 92(&1, &)
T lg =1 je2l=1

Using a computer algebra program for simplifying I35 and 1, we see that I3 = 0 and
for I, and we perform the substitution & = 2, ', which yields

i h
I =" lim flog(t1|1+ht1§1|2) 1

A2 ro>r, r9 + hﬂ“lfl
72 dg =1

d&y = Iy + Iy,
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where
2m . hiry
I =— 1 log(t1(1+ h —d
w =g dm f losta(1 o) e
T1,7’2\1|§1‘:1
2mi . _ hiry
Iy ="— 1 log(t1(1 + hy, &7Y)) ————d&;.
42 272 T21>r£111 f Og( 1( + t1£1 ))T2+h17’1£1 51
7“177“2\,41|§1‘:1

It holds I;; = 0, since we have for the pole at & = —ry/(hi7) that |& ] >

L >l >,
y — y —
As above, we perform for I, the substitution & 1 — 2, and obtain
271 by,
Iyp=—— 1 log(t;(1 4 hy, 21)) —————dz
42 2 7“21>r£117 % g( 1< + h 1))ht17’121+7”22% !
12N 1
271)? hZr
= (2mi) lim { —log(t1) + log (t1<1 - a 1))}
2m re>r, T2
r1,r2 \(1

= —2log(1 — h{)).
Finally, we obtain for 5 < t;

cov(D(t1),D(t2)) = Is + Iy = — 2log(1 — h},) = —2log(1 — ys, ).
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Chapter 9

Gaussian fluctuations for diagonal
entries of a large sample precision
matrix

In this chapter, we prove joint asymptotic normality for several diagonal entries of
the inverse of the sample covariance matrix, the so-called sample precision matrix.
An introduction to this problem and its connection to linear spectral statistics of
sample covariance matrices can be found in Section 9.1. Some notation is introduced
in 9.2. The CLT for a single diagonal entry given in Section 9.3 is generalized
in Section 9.4 to the joint convergence of several diagonal entries. All proofs are
provided in Section 9.6. Section 9.7 sheds light on the QR-decomposition of the
data matrix, which is an important tool used in the proofs.

9.1 Introduction

In this chapter, we establish a central limit theorem for the diagonal entries of a
large sample precision matrix. In order to ensure that this object is well-defined, we
assume that p < n and the data generating process follows a continuous distribu-
tion, so that the resulting sample covariance matrix is an invertible matrix. When
investigating the diagonal entries of the sample precision matrix, an immediate con-
nection to linear spectral statistics of the sample covariance matrix is noteworthy.
Recall Cramer’s rule, which gives the representation

A(—Q)’
A Y, = | 1<qg<
( )qq |A’ ) ~q=p

for the diagonal elements of A~! in terms of minors of an invertible matrix A € RP*?,
Here, A9 denotes the (p—1) x (p—1) submatrix of A where the gth row and gth

column are deleted. If 3 = B,,; denotes some sample covariance matrix, then we
obtain by an application of Cramer’s rule

log(271)q = log 29| — log 3], (9.1)
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which turns out to be a difference of linear spectral statistics of 3 and its submatrix
39 ¢ Re-Dx(@-1 A further interesting connection to linear spectral statistics of
the sample covariance matrix is the fact that the limiting variance of (f]’l)qq is de-
termined by the fourth moment of the underlying data generating distribution. Due
to the strong dependence between the eigenvalues of 3 and 2 9 the asymptotic
behavior of (9.1) cannot be investigated by using techniques estabhshed for the proof
of Theorem 3.2.1, and in particular, such statistics are not covered by Bai and Silver-
stein’s CLT (Bai and Silverstein, 2010). In fact, we will observe that the difference
in (9.1) fluctuates on a scale 1/4/n which is of significantly smaller order than the
fluctuations of each single linear spectral statistic log |%| and log [=C9|. In order
to tackle the difficulties arising for this difference of two dependent linear spectral
statistics, we perform a QR-decomposition for the data matrix which is useful in a
broader context in random matrix theory: Wang et al. (2018) used this tool in order
to derive the logarithmic law of the sample covariance matrix for the case p/n — 1
near singularity, while Heiny and Parolya (2021) investigated the log-determinant
of the sample correlation matrix under infinite fourth moment. These papers were
partially inspired by works of Nguyen and Vu (2014) and Bao et al. (2015b), in
which the authors proved Girko’s logarithmic law for a general random matrix with
independent entries and brought his “method of perpendiculars” (see Girko, 1998)
to a mathematically rigorous level. Using such a QR-decomposition for the data
matrix in our setting, we derive a representation of the diagonal entry as the inverse
of a quadratic form. With this knowledge in hand, we show that a central limit
theorem for martingale difference schemes is applicable to the quadratic form. By
the delta method, we finally get asymptotic normality for (2’1)% being the inverse
of this quadratic form. In this chapter, we will also consider the joint asymptotic
distribution of several diagonal entries, which calls for particular attention due to
the dependencies of the diagonal elements of the sample precision matrix.
Considering the special case of a sample precision matrix based on a sample fol-
lowing a multivariate normal distribution, the exact distribution of (ﬁfl)qr is well-
understood in the literature for fixed dimension and sample size (1 < ¢,7 < p). In
fact, n~13 is said to follow an inverse Wishart distribution. For more details on this
matrix-valued distribution, we refer the reader to Von Rosen (1988), Nydick (2012)
and Gupta and Nagar (2018).

In the Gaussian case, the entries of the population precision matrix capture the
dependence of two components of a random vector conditionally on all others. More
precisely, if x = (21,...,2,)" ~ N(0,%), then the coordinates z; and z; are in-
dependent conditionally on {z1,...,z,} \ {z;,2;} if and only if (X71);; = 0 (see
Lauritzen, 1996). A popular field using precision matrices is Gaussian graphical
models, where the vertices of a graph represent the different coordinates. Two ver-
tices i and j are connected with an edge if and only if the (7, j)th entry of the
estimated precision matrix does not vanish. Beyond normally distributed data, this
one-to-one correspondence between conditional independence and precision matrix
does not hold true in general. However, for various statistical problems such as lin-
ear regression, linear prediction, kriging and partial correlation, the behavior of the
precision matrix is crucial (see Huang et al., 2010; Van de Geer et al., 2014; Chang



Chapter 9. Gaussian fluctuations for diagonal entries of a large sample precision
110 matrix

et al., 2018; Huang et al., 2021, among many others).

Motivated by its importance in statistics, several authors investigated the sample
precision matrix using techniques from random matrix theory. While the asymptotic
behavior of specific entries of the sample precision matrix has received less attention
in the literature so far, some works are devoted to the investigation of its spectral
properties. Zheng et al. (2015a) established a central limit theorem for linear spec-
tral statistics of a rescaled version of the sample precision matrix. If the dimension
exceeds the sample size, the sample covariance matrix is singular and in this case,
the sample precision matrix can be defined as a generalized inverse of the sample
precision matrix: Bodnar et al. (2016) concentrate on linear spectral statistics of
the Moore-Penrose inverse of the sample covariance matrix.

9.2 Notation

In this section, we introduce the sample precision matrix formally in order to for-
mulate the central limit theorem for its diagonal entries. In contrast to previous
chapters, note that we use for the sample covariance matrix B,, ; either the notation
3 or I in order to differentiate clearly between the cases of a general population
covariance matrix T = X and the special case T =X =1.
Let

X, = (g;ij);:%,,,,ﬁ = (by,...,b,)" = (x1,...,%,) € RP"
be a random matrix with i.i.d. entries following a continuous distribution, 3 =
3, € RP*P nonrandom and (symmetric) positive definite matrix with symmetric
square root /2. The matrix ¥ denotes the population covariance matrix and for
most of the following results, it is assumed to be a diagonal matrix (except for the
normal case). Define

If we set for some ¢ € {1,...,p}

X7 = (by,...,by_1,bgs1,...,b,) T € RP=Dxn

n

then

io = 1x(0 (Xg@)T c RO-Dx(-1)

n

can be obtained from I by deleting the gth row and the gth column. Similarly, if we
set Y, = 22X, = (dy,...,d,)T € R and Y59 = (dy,...,dg_y,dgsr,...,d,)T,
we define

= Y, Y] and £09 = 1y (Y00
n n
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Additionally, the matrix 3(-9 € RP=Dx(P=1) can be obtained from X by deleting
the ¢gth row and the ¢th column. Moreover, we denote by

~ ~ ~ 1.
P(q) =1 - X, (X0, X)) Xng € RV,

the projection matrix on the orthogonal complement of the subspace generated by
the first ¢ rows of X,,, that is,

X, =(b1,...,by)" € RI*™, (9.2)

9.3 CLT for a single diagonal entry

All proofs for results of this section are deferred to Section 9.5.

Theorem 9.3.1 (CLT for diagonal entries of full-sample precision matrix) Let 3 €
RP*P be a diagonal matriz with positive diagonal entries. Assume that the random
variables x;; are i.i.d. with E[zy;] = 0, Var(zy;) = 1 and 1 < E[z};] = vy < 00
for 1 < i < p, 1< j <n. Then, it holds for n — oo,p/n — y € [0,1) and
qged{l,...,p}

vn—p+1(n—p+1 /0, -1 D
=), ( - (E )qq—(Z )qq =W ~N(0,p), n— oo,

where p =2+ (vy — 3)(1 —y).

Remark 9.3.2 It is of interest to compare this statement with related results in the
literature. The statistic

log (i_1>qq = log ’i’ — log ‘i(_‘” (9.3)

can be interpreted as a difference of two linear spectral statistics of sample covari-
ances matrices and a CLT for this random variable would yield a CLT for (ifl)
aq

via the delta method. Recently, Cipolloni and Erdés (2018) developed a CLT for
the difference of general linear spectral statistics of a sample covariance matrix and

its minor, which is applicable to a standardized and centered version of log (i_1> .
aq

To be precise, when applying Theorem 2.2 of their work, the random variables x;;
are assumed to admit finite moments of all order. Moreover, the asymptotic regime
of p,n is more restrictive in comparison to Theorem 9.3.1 and does not include the
case p/n — 0 for n — oco. In contrast to Theorem 9.3.1, the authors do not need the
limit y of p/n to exist. While this assumption allows us to determine the limiting
variance p, it is not necessary for proving a CLT as in Theorem 9.3.1 (one could
instead divide by 1/,/p, defined in (9.9)). We would also like to emphasize that the
technique used for proving Theorem 9.3.1 sets us in the position to investigate the
joint convergence of several diagonal elements of the sample precision matrix given
in Theorem 9.4.1.
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We may allow for a general form of the population covariance matrix ¥ when
imposing a normal assumption on the data. The following corollary follows directly
from Theorem 9.3.1 and Lemma 9.5.2 given in Section 9.5.1.

Corollary 9.3.3 Let 3 € RP*P be a symmelric positive definite matrix and assume
that x;; R (0,1) for 1 <i <p, 1 <j<n. Then, it holds for n — oco,p/n —

y€[0,1) and g € {1,...,p}

\/m n—p+1 - . D
(E_I)CIq < n <E )qq_(2 )qq = W ~N(0,2), n— oo.

Concluding this section, we investigate a simple subsampling strategy (see, e.g.,
Ma et al., 2014; Raskutti and Mahoney, 2016; Wang et al., 2019; Wang and Ma,
2021, for subsampling procedures in various settings). For this purpose, we need
to introduce some further notation. Choose m € N with m < n for the size of the
subsample and define the set

P(n,m) = {A €2 . |A| =m}.

Let U,, be the uniform distribution on P(n,m), that is, each subset with cardinality
m of {1,...,n} occurs with probability 1/("). We define

0; = Iiev,y, 1 < i < n.

The subsample covariance matrix is then defined as

I= %géixixj = % Z XZ'XZT.

1€Un

Let

v V] V]

X, = (xj)jev, = (by,...,b,) € R™?,

where by, . . . ,Bp denote the subsampled data, that is, f)j = (Tij)ier, ER™, 1<i <
p. We denote the projection matrix on the orthogonal complement of the subspace
generated by the first ¢ rows of X, that is,

where we set similarly to (9.2)

9 V]

X,qg =(by,...,b,)" € R*™,

Similarly as before, if we set Y, = 33X, = al, . ,&p)T € R and Y9 =

(
(511, .. ,aq_l, dgt1,--- ,&p)T € RP=Dxm e define

$ v v ad sC0 - Lyeo (Y(—@)T.
m n+n m n n
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Theorem 9.3.4 (CLT for diagonal entries of subsample precision matrix) Let 3 €
RP*P be a diagonal matriz with positive diagonal entries. Assume that the random
variables x;; are i.4.d. with E[x11] = 0, Var(zy) = 1 and 1 < E[zf}] = 14 < o0
for1 <i<p, 1<j<mn. Then, if p/m "=~ € [0,1),m = m, "= oo and
qge{l,...,p}

¢Et5¢i(m_p+1

(271 m <i_1>qq - (E_l)qq> B N(0, ), n— oc.

qq

where p =2+ (vy — 3)(1 — 7).

9.4 Joint convergence of diagonal entries

The next theorem presents the joint asymptotic distribution of two diagonal entries
and is proven in Section 9.6.

Theorem 9.4.1 Let 3 € RP*? be a diagonal matrixz with positive diagonal entries.
Assume that the random variables x;; are i.i.d. with Elxy;] = 0, Var(zy;) =1 and
1 <E[z})] =vs<oo forl1<i<p, 1<j<n. Then, it holds for n — co,p/n —
ye0.) and1<q#q<p

— 1 — 1/~ T
{W (n er (271>ii _ (21)“) } B N3 (0, p1,), n — oo,
1=q1,q2

where p =2+ (v, — 3)(1 — y).

Remark 9.4.2 Note that Theorem 9.4.1 provides a nontrivial generalization of The-
orem 9.3.1 since the diagonal entries are not independent. For more details on the
concrete dependence structure, we refer the reader to Lemma 9.6.1 and Lemma
9.6.2. However, it is noteworthy that these random variables are asymptotically
independent in the sense that

lim P(Z,, € A, Z,4 € B) = lim P(Z,,, € A) lim P(Z,,, € B), 1 <q # ¢ < p,
n—o0 n—oo n—oo

for any Borel sets A, B C R, which is a consequence of Theorem 9.3.1 and Theorem
9.4.1. Here, Z,, denotes a transformation of the ¢;th diagonal element of the
sample precision matrix, that is,

Ty = VITEL (20t (5) (5
n,q1 (2_1) n - qi,q1 |’

q1,491

9.5 Proofs of results in Section 9.3

We continue by proving Theorem 9.3.1 using a CLT for martingale difference schemes.
Subsequently, these ideas are generalized for the subsampling case in Theorem 9.3.4.
The auxiliary results for these proofs can be found in Section 9.5.1.
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Proof of Theorem 9.3.1. Using Lemma 9.5.1 and noting that the distribution of X,,
is invariant under a permutation of the gth and the pth row, we see that

S i

(E_l)qq - N (2_1)1711

Thus, we may assume ¢ = p without loss of generality. From now on, the proof is
divided in several steps.

Step 1: QR decomposition

In this step, we rewrite |I| and |[IC?)| in a more handy form via the QR decomposi-
tion. More details on this decomposition can be found in Section 9.7.

As explained in detail in Section 9.7, we get by proceeding the QR-decomposition
for X

X! =QR, X,=R'Q", (9.4)

where Q = (ey, ..., e,) € R"*? denotes a matrix with orthonormal columns satisfy-
ing Q'Q =T and R € RP*? is an upper triangular matrix with entries rij = (e, bj)

. T
for i < jand r;; =0fori>j, 4,5 € {l,...,p}. Note that, since (X%_p)> is the

same as X, but with the pth column b, removed, we have
~ T ~ o~ -
(X)) = QR X[V =R'Q". (9.5)

where R = (r5;) 1<i<p, € RP*P~1 and we set RCP) = (r3)1<.j<p1 € RE-DXE-D),
1<j<p—-1
Using (9.4), we write

p
X.X;|=|R'Q"QR| = R'R| = R’ = ]2
i=1
and similarly, by using (9.5) and the Cauchy-Binet formula,

- - T R . P
'xgm (ngp)) ' = RTR| = [RV]2 =[] 2
=1

i#p
Thus, we obtain from Lemma 9.5.1 and Cramer’s rule
=,
_ . .
< I| 1
wl =((1Y) ) = o _1 9.6
(21 (< pp [1(=9)| n P (9.6)

aq

Before continuing with Step 2 of the proof of Theorem 9.3.1, we visit as an
illustrating example the normal case where the distribution of rf)p is explicitly known.
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Illustration: The normal case

If we assume additionally that z;; ~ N(0,1) i.i.d. fori € {1,...,p},7 € {1,...,n},
then it is well-known that r2 ~ A, _,11 (see, e.g., Goodman (1963) or directly use
(9.25)), that is,

> n—p+1
2 D 2
Tpp = Z Zj’
j=1
where Z; are i.i.d. standard normal distributed random variables, j € {1,...,n —
p+ 1}. Thus, we are able to apply a CLT for rgp, namely,

1 1 n—p+1 >
— | —? -1 = ——— 72 —1) = N(0,2).
N ) =T X (E 0B a0
Applying the delta method, we get

— 1
Vn—p+l <% = 1) B N(0,2).
"op
Thus, using (9.6), we conclude

\/m<n—p+1<
(X1 n

™

)0

=vn—p+1 - =)

pp

—/n—p+1 (”_r—fﬂ - 1) B N(0,2). (9.7)

pp

Note that in the normal case, we have v, = 3. Thus, we have recovered the assertion
of Theorem 9.3.1 in this special case.
Step 2: CLT for quadratic forms

In this step, we will show that the random variable rip meets the conditions of a
CLT for martingale difference schemes. In Section 9.7, it is shown that (see (9.25))

r2,=b P(p—1)b,,

where P(0) =1, and for p > 1

~ ~ ~ 1.
P(q) =1 - X, (X0 X)) Xog € R (9.8)

denotes the projection matrix on the orthogonal complement of the subspace gen-
erated by the first ¢ rows of X,,. Note that the matrix X,, , is defined in (9.2). For
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the following analysis, we denote P(p — 1) = P = (pix)1<ik<n, Which only depends

on the random variables by, ..., b,_; and is independent of b,,.
We write

n—p+1 1 o B 1 - - .
Vo npri Umm (mmpt ) = p(n_p+1)<prbp E [b] Pby))

¢n_—p+12

where for i € {1,...,n}, n € N

i—1

Zyi =2byi Y Pribypk + pia (b, — E[B}])
k=1
Ly M3 Z (9.9)
pTL n p + 1 pll )

For i € {1,...,n}, let E; denote the conditional expectation with respect to the o-
field F,; generated by {by, ..., b,_1 }U{by : 1 < k <i}. Furthermore, Eq[X] = E[X]
denotes the usual expectation.

Since by, is measurable with respect to F,;_1 for k € {1,...,i — 1} and b,; is
independent of F,,;_; for j € {i,...,n}, and P is measurable with respect to F,; for
all i € {1,...,n}, we obtain

i—1
k=1
i—1
=2E b Zpkibpk: + Pii (E[b;] — E[bfn]) =0,2<i<n.
k=1

Note that Z,; is measurable with respect to F,; (1 < i < n). These observations
imply that for each n € N, (Z,;)1<i<» forms a martingale difference sequence with
respect to the filtration (F,;)1<i<,. This representation of a random quadratic form
as a martingale difference scheme generalizes the one of Bhansali et al. (2007). Note
that we are not able to apply their Theorem 2.1 directly in order to prove asymptotic
normality, since in our case P is a random matrix and the random vectors b, vary
with n € N. Thus, we have to give a direct proof showing that it satisfies the
conditions of the central limit theorem for martingale difference sequences provided
in Lemma 9.5.3 in Section 9.5.1. More precisely, we will show that for all § > 0

e p—— N - P 9.10
(2 On n_p+ Z 1 ( )

rn(d) B )0 n _p+ ]. ZE |: pi {‘sz‘>5\/ (”_p+1)Pn}:| — O’ (911)
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as n — o0.
As a preparation for the following steps, we note that

max Zplm <||P|? <1, (9.12)
,,,,, n it
tr(P?) =Y pupin = |[Plf=trP=n—p+1, (9.13)
ik=1

where ||P|| denotes the spectral norm of P and ||P||; denotes the Euclidean norm
of P. The first inequality in (9.12) is a well-known estimate for general symmetric
matrices and can be shown by choosing the unit vectors for the maximum appearing
in the definition of the spectral norm, while the equality in (9.13) follows from the
fact that P2 = P.

Step 2.1: Calculation of the variance

We begin with a proof of (9.10). For this purpose, we calculate

2 2
Ez Z

2
4 n
_m Z (Z DPki pk)
n i—1

4 5 )
* m 2 { (E [bpi] - E[bpi]E [bpz‘D ; bpkEi—l[pkipii]}

1 2
+——— ) Ei[p2E[b — Eb
pn(n _p + 1) lz:; 1[ zz] |: P [ pz]:|
4 n i1 2 no (i-1
= E; ib + bpkDriPii
Pn(n—p—l—l); ' <;pk pk) (n — p—l—l 11{; pkpkp}
1/4 — 1
9.14
PRCET Zpu (9.14)
Here, we used that b, is measurable with respect to F,; for k € {1,...,i} and by,

is independent of F,; for j € {i+1,...,n}, and P is measurable with respect to F,
for all i € {1,...,n}. Moreover, we obtain using (9.13)

_ -3
1 :Pnl ( nV4p+ 1 Zpu)
V4—]_ “
p+1 Z Pis + —pﬂ)ng'

n_
p i,k=1, =1
z;ﬁk
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3
s
,ﬁ

n

2 vy — 1 2
pl—i-— Di;- (9.15)
p pn(n—p+1) — b (n — p+1)2

B
Il

1

Denoting vy = 1 + ¢ for some small € > 0, we note that p,, is uniformly bounded
away from 0, since for all n € N

n

2—¢ 2—¢ =
Lm0 2T NTpsg 2TE N o, 9.16
p n_p+1§ Pii > n_p+1;p £ (9.16)

In the following, we will show that (9.10) holds true with ¢? = 1. For this
purpose, we write using (9.14), (9.15) and (9.16)

1—1
zpm ] S
k=1

4
2 ql<— = E E,_
‘O.n |_pn(n_p+1) !

i=1

4E|b,, ° Z" Z
b . ’L’L
pn(n_p+ i—1 phPkiPi
1
<~
N Py ((5”’1 -+ (571,2 + (5n,3> , (917)

where

On,1 = Z Z DriPjibpikbp;

i=1 1<k<j<i-1

n i—1
5n,2 = Z Z (bZk - 1) pii

i=1 k=1

n i—1
5n,3 = Zszkpkipii .

i=1 k=1

)

9

Similarly as in Bhansali et al. (2007), one can show that 6,,/(n —p+ 1) = op(1),
as n — oo for i € {1,2,3}, by bounding the second moments of 0, 1,2, oy 3.
Exemplarily, we demonstrate this for the term 4, 3. Notice that an application of
Lemma 2.1 in Bhansali et al. (2007) and (9.13) yields

1
2\ 2
n

iyi'=1
Using the Cauchy-Schwarz inequality, (9.18) and (9.13),

min(¢,s')—1

52 3 Z DiiDiri Z PriDri

i,1/=1
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n n min(4,i") 2 %
() (ST w
i ii'=1
<S(n—p+1)2 =o((n—p+1)?), n— oo
Proceeding similarly for the remaining terms 6,1 and 4,2, we get 02 = 1 + op(1)
as n — o0o. By an application of Lemma 9.5.4 given at the end of this section, the
normalizing term p,, converges in probability towards p as n — oo.

Step 2.2: Verifying the Lindeberg-type condition (9.11)

Using a truncation argument as in Bhansali et al. (2007), it is sufficient to prove
(9.11) under the assumption E[b};] < oco. Then, we obtain by using (9.16)

rn(5)<<n p+1 52215: S+ T,

where

n [ i—1 4
1
— E |0t b
Jl (n —p n 1)252 ; i (;pk Pk)

n i1 2
1
S E E ( E pkipjibpkbpj)
(n—p+1)26° =

J.k=1

n i1 2

1
< S E (Y
e | (S

2

i—1
+ m—p+ 19 Z Z PriDjibprbp; ;

=1 jk=1
i<k

1 2 2 1\ 4 1 4
S = <n_p+125221@[pmb ~E5)] S R LB

This implies using (9.12) and (9.13)

n 1—1

1 1

i=1 \jk=1

,,,,,
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Step 3: Conclusion via delta method

In Step 2, we have shown that an appropriately centered and standardized version
of T;%p satisfies a CLT. By applying the delta method and using (9.6), we conclude
that

AT, o) v ()

pp n pp

gN(O,p), n — 0o,

which finishes the proof of Theorem 9.3.1. O]
Next, we prove the corresponding result for the subsampling procedure.

Proof of Theorem 9.3.4. The proof of Theorem 9.3.1 can be generalized to this sub-
sampling strategy. In the following, we discuss only the main steps. Again, we may
assume w.l.o.g. that ¢ = p, since

<i_1>qq T D (¥ <i_l)pp'

=), (), 2 (1), = =)

Proceeding with a similar QR decomposition as in the proof of Theorem 9.3.1 (see
also Section 9.7), we obtain

where 7*3(1 has the representation

pp p:
We write
m—p+1 1 .
\/ 5 m—p+1(r’2’p_(m_p+1))
1 (“TV“ T 1 -
— b, Pb, — E b Ph,| ) = —= Zyiy
Vonm—p+1) N7 e \/pn(m—p+1);p

Prn =2+ =3 Zﬁi

When defining fpi as the o—field generated by {by,.... b, 1} U{by : 1 < k <
i} U{U, :n € N}, 1 <i<n, one can show that for each n € N, (Z,;)1<;<,, forms a
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martingale difference sequence with respect to the o-fields (fpi)lgigm defined above.
Similarly as in the proof of Theorem 9.3.1, it is seen that

v2 v2
o, = E[Z2
P (m p+1 ; v
4 m i—1 2
= E ﬁmg k -7%,1'7
pn(m — p+1); <k:1 p) e

and

=1
2 o 2 V4—1
= p7,+ Dii
pn(m—zfﬂrl)“cz:1 B pum —p+1 Z
71:#167
4 m  i—1 > 1
o2 4 =
= pz+ P
pn(m—p+1);; S pum—p+1 Z

Then, one can show in a similar fashion that 52 = 1 + op(1), as n — 0o, meaning
that condition (9.22) in Lemma 9.5.3 holds true. Condition (9.23) is proven similarly
as (9.11) in the proof of Theorem 9.3.1. Similarly to Lemma 9.5.4, we also get the

convergence py, RN p for n — oo, and thus, by applying Lemma 9.5.3, we conclude
22

¥
\/m—p+1(¢—l> gN(O,ﬁ),n%oo.

m—p+1

Similarly to Step 3 in the proof of Theorem 9.3.1, we conclude that

vm—p+1/m—-p+1 /e, _1 D .
(Eil)pp ( m <E >pp B (E )pp) %N(O,p),n oo

This finishes the proof of Theorem 9.3.4. O

9.5.1 Auxiliary results

As the following result reveals, the diagonal entries of the sample precision matrix
for standardized data are closely connected to those for data with inhomogeneous
variances.
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Lemma 9.5.1 For 1 < q < p and a diagonal matriz 3 € RP*P_ 4t holds

(=),

(il>qq: =)

qq

Proof of Lemma 9.5.1. Applying Cramer’s rule and noting that || = |2||T], we get

(=), s :
w _ [BIECY] 1309
———ru = = (9.19)

(N, [B[ZC2] i) |’

Let (X%/2)(=%) denote the (p— 1) x p submatrix of 3'/2 where the gth row is deleted.
Similarly, (£'/2)0:~9 denotes the px (p—1) submatrix of X!/2 where the gth column
is deleted. Using these definitions, we see that

3D = (BV/2)C0X, X (EY2)00) = (220X, (B2 C0X,) T (9.20)

(In order to enforce (9.20), 3 does not need to be a diagonal matrix.) Since X is a
diagonal matrix, it holds

(21/2)(—%-))(“ — (2(—11))1/2 X%—q)’
which implies

,g;(—q), - ‘g(fq)Hi(fq)L (9.21)

Using (9.19), (9.21) and Cramer’s rule again, we obtain

]

The connection given in Lemma 9.5.1 can be generalized to the case of dependent
coordinates if we assume that the data follows a standard normal distribution.

Lemma 9.5.2 If X is a general (not necessarily diagonal) p X p population covari-
ance matriz and x;; EN0,1) 1<i<p, 1<j<n), then for any 1< q<p

SR
(=) == <I_ >qq'

qq

Proof of Lemma 9.5.2. Recall formula (9.20) from the proof of Lemma 9.5.1. It
follows from our normal assumption that

(21/2)(—%))(” ~ N(0, E(—q))’
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where we used that
(ZV/2)(-a) ((21/2)(—q,->)T = (BV2)(-e)(n1/2) (-0 = (-9,
This implies that
(B2 e0x, L Yo,

Using Cramers rule, we get

5-1) :
( qq:|_2||2(q|2|1(q|:(i—1>
(), |Z1ECD] 1 aq
The proof of Lemma 9.5.2 concludes. [

In order to prove asymptotic normality of the quadratic forms appearing in the
previous proofs, we make use of the following CLT for martingale difference schemes.

Lemma 9.5.3 (Theorem 35.12 in Billingsley (1995)) Suppose that for each n € N,
Znly ooy Ly, form a real martingale difference sequence with respect to the increasing
o ﬁeld (Fj) having second moments. If, as n — oo

ZE Fga] = 0%, (9.22)
where o > 0, and for each € > 0,

> E[Z214z,,5] — 0, (9.23)
then
Z an 2) N(O, 0'2).

J=1

We conclude this section by proving the following lemma which was used in the
proof of Theorem 9.3.1 and provides the limiting variance.

Lemma 9.5.4 It holds
P
Pn = P, M — OO,
where p is defined in Theorem 9.3.1 and p, in (9.9).

Proof of Lemma 9.5.4. Assume that y = 0. For this case, we note that

—Zpu— Zl—pu ~1+2 Zm—w—woﬁa(l)
=1
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=14 op(l), n — oo, (9.24)
where we used
1 « 1 & 1 p—1
— E(l1 —p;)* < = Ell—psl=—-tr(I-P) = =o(1l), n — oo.
S DB =)’ < S -] = ol P) = T o) n o
Then, (9.24) implies
-3
pn:2+u+0p(1):y4—1:p.

n—p+1
Let y € (0,1). Then we have from Theorem 3.2 in Anatolyev and Yaskov (2017)

1 n
—§ (1—pn‘—y)230> n — 0o,
n

=1

which implies
IS 2 IS 2 2 2(1 —vy) .
— = 1 —pii— —(1- _— i
”izlp” ”,Zl( pi =y = (L=y)"+ = ZZIP
21 —y)(n—p+1)

= m — (1 —1)*+o0p(1) = (1 —y)* 4+ 0p(1), n — oo.

We conclude for n — 0o

(v —=3)1 —y)*n
n—p+1

Pn =2+ +op(1) =2+ (1, —3)(1 —y) + op(1) = p+ op(1).

9.6 Proofs of results in Section 9.4

9.6.1 Auxiliary results

The following lemma gives a concrete representation for any diagonal element of the
sample precision matrix in terms of the entries of the triangular matrix R.

Lemma 9.6.1 For 1 < g <p, it holds

p 2

A -1 re

-1 .2 %3
n <I )qq =Ty | | o
Z:q+1 2,9

where the matriz R is defined in the proof of Theorem 9.5.1 and
rZ =b/P(i—1,¢)b;, 1<i#q<np.

i1,q
Here, P(i — 1,q) denotes the projection matriz on the orthogonal complement of
span({by,...,bi_1} \ {bg} ). In particular, if ¢ = p — 1, we obtain

2 ,.2
n (i—1>1 _ _wlpmtpet
p—1,p-1 b;IP(P —2)b,
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Proof of Lemma 9.6.1. Recall the QR-decomposition of X given in Section 9.7 and
the resulting formula

p
X X0 =]
=1

Note that the first (¢ — 1) step in the QR-decomposition of the matrices X| =
(XS and X coincide, which implies

Combining these formulas with Cramer’s rule, we conclude

n (i—l)l _ p}n{(m _ 2 ﬁ s ‘
a | X, X/ 7 r?

i=q+1 i,q

O

Recall from the proof of Theorem 9.3.1 (or see Section 9.7 for more details) that

i) =t _lytpe, b
__Tpp_g P (p— )P’

pp n

while it follows from the fact the entries x;; of the matrix X,, are i.i.d. random
variables that

“ -1 ~ -1
(i) 2(1) 1<a<n

aq pp

These quantities can also be written as a quadratic form, but its concrete structure
is unknown so far. The next lemma provides such a representation and specifies the
dependency structure between two diagonal elements. For convenience, we restrict
ourselves to the case g =p — 1.

Lemma 9.6.2 [t holds

n(T) T =bL PH-2) - Q@) by,

p—1,p—1

where P(p — 2) — Q(p) is a projection matriz of rank n — p + 1 and independent
of by—1. More precisely, Q(p) denotes the matriz corresponding to the projection to
P(p —2)b,, that is,

P(p— 2)bpb;P(p —2)
b;er(p - Q)bp

Q(p) =
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Proof of Lemma 9.6.2. Recall from Lemma 9.6.1 that

2,2
n(i) =t
p—1,p-1 b;P(p —2)b,

Note that P(p —1)b, = P(p — 2)b, — proj. _, (by), where the projection of a vector
a € R" to a vector e € R" is given by

and (for details, see Section 9.7)
Up—1

||up—1H2.

Up—1 = P(p - 2)bp—17 €p—1 =

Thus, we obtain

L\l b! proj, . (b,)
-1 _hT _ _ P ep—1\ P
" <I >p_17p_1 =by1P(p = 2)bps (1 bIP(p—2)b,

(up*b bp) u )
T p—1
(up-1,up,-1)b ] P(p — 2)b,
b;(up—la b,)u, 1
b/P(p—2)b,
=b, P(p—2)b,.1 —b,_1Q(p)b,_1.

Note that Q(p)* = Q(p) and P(p —2)Q(p) = Q(p)P(p — 2) = Q(p). Consequently,

we obtain

(P(p—2)—Q()*=P(r—2°+ Q) —P(r—2)Q(p) — Qp)P(p — 2)
=P(p—2)+Q(p) —2Q(p) =P(p - 2) — Q(p).

This implies that P(p—2) — Q(p) is a projection matrix independent of b,_; of rank

tr(P(p—2)—Q(p)) =n—p+2—-1=n—p+1

=b)_,P(p—2)b, (1 ~b,

:b;—1P(p —2)by —

]

Lemma 9.6.2 helps us to understand the dependence structure between two di-
agonal entries and thus, sets us in the position to prove Theorem 9.4.1, which is
done in the following section.

9.6.2 Proof of Theorem 9.4.1

Since the distribution of I7! is invariant under interchanging rows of X,,, we have
using Lemma 9.5.1

i)) g? (@), 1), )2 (@), 0))

q1,491 92,92
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- (<i_1>p—1,p—1 ’ <i_1>pp) '

Thus, we may assume ¢; = p — 1 and ¢ = p without loss of generality. Similarly as
in the proof of Theorem 9.3.1, we start by investigating the asymptotic properties
of

-1

S S B L P T
e\t e, | et

. (2 71> - T
p—1,p—1
— | n| =—— —(n—p+1)
vn—p+1 (1), 1,0 }

:{—ﬁ (n(i),, ~tn=pe0).

= (1), ) }

1
:\/n?w{b;f)(? —1)b, —(n—p+1),

by (P(p—2)—Q(p)bp1 —(n—p+ 1)} :

where we used Lemma 9.5.1 and Lemma 9.6.2. From now on, the proof is divided
in several steps.
Approximation and MDS

Note that for any rank-one projection matrix Q € R"*" independent of b, we have
Var(b, Qb,) < 1Vn €N,

and consequently, by Slutsky’s lemma, it is sufficient to investigate

1

T n—p+l
= Wn -+ 01[»(1).

WY {bIP(p—2)b, — (n—p+2),b_P(p—2)b, 1 — (n—p+2)}

Throughout the rest of this proof, we denote P(p —2) = P = (pij)i<ij<n. By
an application of the Cramer-Wold device, we note that it is sufficient to prove a
one-dimensional central limit theorem for

W {a(b)Pb,—(n—p+2)) +b(b]_Pb, ; — (n—p+2)}, a,beR,

1
T Vn—ptl
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in order to ensure that the vector Wél) converges to a two-dimensional normal
distribution. We write

1
Wi = Wi,
\/p_” n -P +1 pn Zzl !
where
i—1 i—1
Wpi =a <2bpi Zpkibpk + pii (b2 — 1)) +b <2bp—1,i Zpkibp—l,k +pi (02, — 1)) )
k=1 k=1

1/4—3 " 2
=24 — 2 N2
p n_pH;pu

For p € N, 1 < i < n, let A, denote the o field generated by {by,...,b, 2} U
{bpsbp—1x 1 < k < i}. Similarly as in the proof of Theorem 9.3.1, one can show
that (W,i)1<i<, forms a martingale difference sequence with respect to the o-fields
(Api)i<i<n for each p € N. In order to apply the central limit theorem given in
Lemma 9.5.3, we need to verify the conditions (9.22) and (9.23).

Calculation of the variance

We begin with a proof of condition (9.22). Note that

pn(n — p+1 ZE A

2

—1 2
a
- F 2bi§ b a (D2 — 1 ’AF

pu(n —p+1) ( i 2 piiby & i (B )> '

; 2
b2 i—1
E <2bpl,i Zpkibpfl,k + pii (b1, — 1)) ‘Ai,l

_'_—
pn(n—p+1)

k=1
2ab -1
+ m[ﬁ? (2%1,1‘ ;pkibpl,k + i (bf)fl’i — 1))
(2%2% ok + Dii (b2 — 1) ) )«41 1]
a2 i—1 2
:mE <2bpi ; Pribpk + pii (b — 1)> ’AH

; 2
b2 i—1
E <2bpl,z’ Zpkibpq,k + Dii (bf,_l,i — 1)) ‘Ai,l

_'_ -
pn(n —p+1) —
=a® +b* + op(1), n — oo,

where we used (9.10) from the proof of Theorem 9.3.1.
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Verification of the Lindeberg-type condition

For a proof of condition (9.23), we use the results from Step 2.2 in the proof of
Theorem 9.3.1 and obtain

n

1 i 1
- N\'E [WZI } E [Wi
pn(n—p+1) ; P | Wil >84/ (n—p+1)pn} (n — p+ 1)2p262 Z [ pz}

=1

IA

i—1

4
a’ ~
< ) ) (H2 —
S aE & E (%m > bty + i (9 1))

k=1

] 4
b4 n i—1
+(n —p+1)2p262 Z]E <2bp—1vi Zp’“’bp—lﬁk +pii (b — 1)) =o(1), n — oo.

Conclusion via delta method

Summarizing the steps above, we obtain from Lemma 9.5.3
w, 5 N5(0, pIy), n — oo.

By an application of the multivariate delta method, we have

n—p+1
Znpy Lingp— = vyn—p+1l| ——=——-7—-1],
(Znps Znp1) { nep (b;P(p —1)b, )

n—p+1 '
vl (b;1<P<p— 2~ Q)b 1) }

2),/\/’2(0, P12)> n — o0.

9.7 Details on the QR-decomposition of X |

In this section, we give more details on the QR-decomposition of the matrix X
(compare Section 2 in Wang et al., 2018) and provide an explicit representation of
the diagonal elements of R as a quadratic form in the rows of X,,.

To begin with, we describe the QR-decomposition of a general full-column rank
matrix A = (aj,...,a,) € R™P by applying the Gram-Schmidt procedure to the
vectors aj, ..., a,. Recall the definition of the projection of a vector a € R" on a
vector e € R" e # 0, is given by

proje(a) = (e’ e) e.
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It holds
u;
u; = ay, € = —HUIH
. U2
Uy = Ay — pI'OJu1 ag, €y = m,
. . us
U3 = ag — proj,, ag — proj,, as, €3 = m,
n—1 u
u, =a —Zproj,a e, = —.
A=t " Tl
Rearranging these equations, we may write A = QR, where Q = (e4,...,e,) € R™*P

denotes a matrix with orthonormal columns satisfying Q'Q = I and R € RP*? is
an upper triangular matrix with entries r;; = (e;,a;) for i < j and r;; = 0 for i > j,

i,7€{1,...,p}
In order to ensure formal correctness of the QR decomposition for the matrix
X! = (by,...,b,), we note that the matrix X, has full column rank since we

assumed that each z;; follows a continuous distribution for 1 <i < p, 1 < j < n.
Performing the QR decomposition for the special choice A = X! = (by, ... ,b,), we
get

X, = QR,
where Q = (ey,...,e,) € R"*? denotes a matrix with orthonormal columns satisfy-
ing Q"Q =TI and R € RP*? is an upper triangular matrix with entries r;; = (e;, b;)
for i < j and ry; =0 for i > j, i,5 € {1,...,p}. Using the definitions r2, = (e;, b;)?
for 1 < ¢ <pand P(0) =1, we have
riy = (e1,b1)? = [[bi[|3 = b/ P(0)b,

and for 2 < g <p

2 2 u;rbq i quP(q — 1)b, i T
r2, = (e, by)? = — =b,P(q—1)b,, (9.25)

g2 [P (g — 1)by][2

where the projection matrix P(q — 1) is defined in (9.8) and satisfies P(q — 1)? =
P(¢g—1).



List of symbols

|- | determinant of a matrix or absolute value of a complex number

1 spectral norm of a matrix

0 vector filled with zeros of appropriate dimension

as<b a is smaller than b up to a positive constant or a = b

aVb maximum of a and b

aAb minimum of a and b

B, sequential sample covariance matrix

X3 chi-squared distribution with d degrees of freedom

C set of complex numbers

Cc* set of complex numbers with positive imaginary part

2 weak convergence (convergence in distribution) in R?

~ weak convergence in a metric space

FA empirical spectral distribution of a quadratic matrix A with real eigenvalues
Fyo’ Maréenko—Pastur law with index y and scale parameter o2

Y Maréenko—Pastur law with index y and scale parameter 02 = 1
FyH generalized Marcenko—Pastur law for y > 0 and a distribution H
I'p support of a c.d.f. F

H limiting spectral distribution of T,

I identity matrix

I indicator function

Im(-) imaginary part of a complex number

(%) largest eigenvalue of a (p x p) Hermitian matrix

() smallest eigenvalue of a (p x p) Hermitian matrix
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T,, T
(X(f,1))

matrix

space of bounded functions mapping from I € {[0, 1], [to, 1]} into R or C
set of all positive integers

sample size

multivariate normal distribution with mean vector p and covariance
matrix X

dimension

projection matrix

set of real numbers

real part of a complex number

Stieltjes transform of a measure F'

population covariance matrix

Gaussian process defined in Theorem 3.2.1

(p X n) data matrix

limit of the dimension-to-sample-size ratio
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