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Chapter 1
Introduction

This chapter consists of two sections. The first section gives an overview of the field of
asymptotic geometric analysis, its origin, objects of study, and methodological toolbox.
Specifically, the ideas of large deviations theory and sharp large deviations theory are
briefly outlined, as they motivate several of the problems tackled within this thesis.
Lastly, the primary object of study of the present work, the £J-ball, shall be defined
and discussed with respect to its overall relevance to the field of research, and some
problems with respect to it are presented. The second section provides a guideline of
this thesis, outlining the contents of each chapter and putting them into their respective
research contexts, that is, pointing out the underlying publications they are based on

and the relevant research preceding these results.

1.1 General introduction

In n-dimensional Euclidean space there is a one-to-one correspondence between norms
and symmetric convex bodies. Any given norm || - || on R™ defines a symmetric convex
body in the form of its unit ball

B”.” = {ZL‘ e R": ||ZE|| < 1}

and, vice versa, a symmetric convex body K C R" induces a norm || - ||x on R via the
Minkowski functional

|z||kx = inf{r € [0,00) : x € 7K}, r € R", (1.1)
with respect to which K itself is the unit ball B).,.. We can thus see how the study of

norms (or normed spaces) and symmetric convex bodies are closely related.
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The study of convex bodies in high dimensions, known today as asymptotic geometric
analysis, has arisen from the local theory of Banach spaces, which aimed at analyzing
infinite-dimensional normed spaces via their local substructures, such as their unit balls.
Although there is some debate on what exact problems and perspectives are at the core
of the local theory of Banach spaces (see [96]), the characterization best befitting the
connection to asymptotic geometric analysis seems to be the one of Lindenstrauss and
Milman [86, p. 1151]:

The local theory of Banach spaces deals with convex bodies in R™ where n is finite but
large. The main theme of the theory is a quantitative study of the structure of such sets

and asymptotic estimates of various parameters associated with them as n — co. [...]
The name “local theory” is applied to two somewhat different topics:
1. The quantitative study of n-dimensional normed spaces as n — oco.

2. The relation of the structure of an infinite-dimensional space and its finite-

dimensional subspaces.

Given an infinite-dimensional Banach space, local structures like its unit ball are natu-
rally of infinite dimension as well, and since working in infinite dimensions is inherently
more difficult than working in the finite-dimensional setting, it is a fruitful approach
to instead study the finite-dimensional counterparts of such structures asymptotically
in the limit of the dimension. This was the motivating impulse giving rise to the field
of asymptotic geometric analysis and has yielded some highly relevant results, such
as solutions to Banachs’ hyperplane problem by Gowers in [40] or the unconditional
basic sequence problem by Gowers and Maurey in [41] (see [90] for a broader context

on these results).

Despite having its origin in the realm of functional analysis, the field has since estab-
lished itself in its own right, also considering problems beyond the study of centrally
symmetric convex bodies that occur naturally as the unit balls of Banach spaces.
High-dimensional convexity furthermore has a large number of applications, e.g., in
signal processing, such as compressed sensing (see [20, 34]) and sparse signal recovery
(see [114, Chapter 10]), or random information and approximation theory (see, e.g.,
[49, 50, 51, 83]). Since a discussion of the many applications of high-dimensional con-
vexity is beyond the scope of this thesis, we refer to the excellent book of Vershynin
[114] for a more comprehensive look into where its concepts are used in a wide variety

of data-driven fields of work and study.



CHAPTER 1. INTRODUCTION

In high dimensions convex bodies exhibit certain regularities, such as volume concen-
tration phenomena (see, e.g., [18, 45, 46]), which make it highly useful to approach
them from a probabilistic perspective. As pointed out in [9], it might seem counter-
intuitive to analyze something exhibiting regularities from a probabilistic perspective,
as probability concerns itself with studying the nature of irregularity, i.e., randomness,
of given quantities. But as with well-known limit theorems from probability, such
as the law of large numbers and the central limit theorem (CLT), with large sample
sizes (and analogously — with high dimensionality) random objects exhibit interesting
patterns well characterized in the language of probability and vice versa. Thus, one
can view asymptotic geometric analysis as being located somewhat at the intersection

between geometry, functional analysis, and probability theory.

Many results analogous to those from classic probability have been found for high-
dimensional convex sets, one of the most notable being the central limit theorem for
convex bodies shown by Klartag [77, 78] based on the work of Anttila, Ball and Perissi-
naki [8]. He showed that for fixed & € N the k-dimensional marginal distributions of

isotropic convex bodies in high dimensions are approximately Gaussian.

This central limit theorem was actually shown in a much more general setting for
isotropic log-concave measures on R", and uniform distributions on convex bodies are
merely a special case for such measures. However, while the expansion of results from
convex bodies to log-concave measures is an interesting area of research, sometimes
referred to as “Geometrization of Probability” (see [87, 89]), this thesis will only focus

on convex bodies in high dimensions.

The aforementioned concentration phenomena run against our understanding of geo-
metric objects from three-dimensional space and are, on the contrary, often beauti-
fully counterintuitive. To illustrate this, let us give a very classic example of high-
dimensional concentration of mass by considering the volume of the cube [—1, 1]" and
standard unit ball B with respect to the Euclidean norm as the dimension tends to
infinity. One can see directly that Bj is the inball of [—1, 1]", intersecting the cube at
the midpoints of all its facets. Calculating the volume of both [—1,1]" and B} yields

that

7Tn/?

VOln([—l, 1]") =" and VOln(Bg) = m,
2

with I'(-) denoting the Gamma function. Thus, we can see that vol, ([—1, 1]") tends to

infinity in n, and applying Stirling’s formula for the Gamma function (see (2.4)) yields
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that vol, (B}) behaves like n~™/2, that is, tends to zero in n. So despite BY intersecting
all facets of [—1,1]" at their midpoints and obviously being convex, the volume it
encloses tends to zero with increasing dimension n, while that of the cube tends to
infinity. The conclusion thus has to be that almost all of the volume of the cube is
concentrated “in the corners”, that is, outside of the ball. Also, in relationship to the
cube, the ball tends to “disappear” in a volumetric sense. The fact that the volume,
i.e., the Lebesgue measure, which should yield a homogeneous distribution of mass,

exhibits such concentration phenomena in high dimensions is highly counterintuitive.

Figure 1.1 aims to illustrate how this volumetric relationship of [—1,1]" and B} in
high dimensions could be thought of visually, that is, the volume of B} tending to
zero, specifically in relation to [—1, 1]™, contrasted with the classic way we think of the

geometric relationship of the cube and its inball.

FIGURE 1.1: Two-dimensional representation of the geometric (left) and the
volumetric (right) relationship between [—1,1]™ and B} in high dimensions.

To add even more counterintuitive behaviour, Klartag showed the central limit theorem
for high-dimensional isotropic convex bodies in [77, 78| by proving a so-called thin-shell
concentration, i.e., that the Euclidean norm of uniform random vectors in isotropic
convex bodies in high dimensions heavily concentrates in a thin shell of radius y/n
(see Figure 1.2). (Note that isotropy — or “being in isotropic position” — of a convex
body means that it has unit volume, its barycenter lies at the origin, and its inertia
matrix is a multiple of the identity matrix). So merely thinking that volume generally
concentrates around the boundary or in the “corners” of a convex body, as the previous

example might suggest, would not be correct.



CHAPTER 1. INTRODUCTION

FIGURE 1.2: Volumetric representation for the concentration of mass (red)
within a thin shell of radius \/n in an isotropic convex body in high dimensions.

Throughout this thesis we will primarily be analyzing the unit balls of the finite-
dimensional counterparts of the sequence space ¢, p € (0, 00], where ¢, is defined as

the space of absolutely p-summable sequences in R, i.e.,

b, = {(:cn)neN e RY: | (Zn)nenlle, < oo}.

with the £)-norm ||(z,)nen|le, defined as

s 1/p
( > |xn|p> ip < 00
n=1

sup {|z, |} :p = o0,
neN

I(@n)nenlle, =

(which for p € (0,1) is only a quasi-norm, as the triangle inequality does not hold).

The corresponding unit ball with respect to the £,-norm is thus

ng = {(xn)nEN S RN : ||(xn)n€N”£p S 1}’

which is infinite-dimensional, just as ¢, itself. Equipped with this norm, for p € [1, oo,
¢, is a Banach space and is of great interest from the perspective of functional analysis,
both for its own sake and its close connection to the omnipresent L,-space, that is, the

space of absolutely p-integrable real-valued functions, defined as
Ly={f:R=R:|[f|., <o}, (1.2)

with the L,-norm || f||, defined as
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1/p

)P dz : 00
1711, = / ) 'S (13)

esssup | f(z)] Lp = 00,
zeR

with esssup, ¢ |f(z)| denoting the essential supremum. (Note, that this again only
denotes a norm for p € [1,00] and only on the class of functions that differ on sets
of positive measure.) This connection is due to the fact that ¢, essentially forms
a discretization of L, by considering the counting measure instead of the Lebesgue
measure. Hence, as previously explained, analyzing the finite-dimensional analogues
of £, as the dimension tends to infinity is a relevant and promising line of inquiry. For
p€(0,00], n €N, and x = (71,...,2,) € R" let us define the {J-norm on R" as

n 1/p
. (Z |xi|p) tp <00
lellp = 9 \i=

max{|z1|,..., |z} :p= o0,

(again, only defining a quasi-norm for p € (0,1)). Thus, R" equipped with the £7-

(quasi)-norm is the finite-dimensional counterpart to ¢,. We then define
B, = {x e R" : [[z[|, < 1} and Spti={z eR": ||zf|, = 1}

to be the unit £7-ball and unit £-sphere, respectively (sometimes simply referred to as

the p-ball and the p-sphere).

Another reason why we will be considering B) and S;”l specifically, besides their

connection to the sequence space £, is that their Minkowski functional || - [[gz = || - ||,
has a convenient form (see Remark 2.4.8), which allows us to construct random vectors
from 1.i.d. random variables that are equal in distribution to random vectors from B
and Sg_l with a multitude of distributions. This, in turn, makes many functionals of
random vectors in B} and Sg_l accessible for calculations. This form of reconstruction
of random vectors from B} and Sgil via i.i.d. random vectors is what we will refer to
as probabilistic representation and it will be one of the main tools within this thesis
and will be explained in greater detail in Section 2.4.1. So overall, we consider £}-balls

in high dimensions because they are both relevant and accessible.

A detailed overview of the results for £]-balls contained within this thesis will be given
in Section 1.2, however we shall give a rough outline of some of the quantities generally
of interest when considering £}-balls, focusing specifically on those quantities at the

center of this work with the goal of introducing and motivating them.
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The first canonical objects of study are volume distributions. As we have seen in the
previous example regarding the volumes of the ball and the cube, which happen to be
y-balls for p = 2 and p = oo, respectively, the volumetric behaviour of B} is by no
means equal for all values of p. The volume of £}-balls was shown by Dirichlet in [32]
to be

iy = L)
r (1 v g)

However, we also saw in the above example how not only considering the volumes of B}
and B7 and their limits, but also their geometric relationship, i.e., B} being the inball
of B , gave us some understanding where the mass of B is concentrated. Thus,
a relevant question to ask about £;-balls is regarding their volumes relative to each
other, or rather, their intersection volume, as the dimension tends to infinity. (Note
that insight on the volume distribution within £J-balls can be gained via different
approaches as well, may it be by considering the marginals of uniform distributions,
showing thin-shell concentrations etc.). The intersection volume of different £;-balls

will be considered in Chapter 5.

Another natural quantity of interest is the projection behaviour of £]-balls. That is,

(") with certain distributions on B, or S;“l and

given a sequence of random vectors X
a sequence of random subspaces E™ one could ask for the properties of the projection
point PpX of X onto E™ i.e., its distribution or its norm || Pz X||, as in Figure 1.3.

Random projections of distributions on £7-balls will be the topic of Chapter 4.

FIGURE 1.3: Projection PpX of a random vector X" e B, onto a random
(n — 1)-dimensional subspace E(™ and its norm ||PgX]|| for n = 3 and p > 2.
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The last quantity of interest we want to mention is the empirical measure with re-
spect to a random vector within B} or Sg_l. For such a random vector X™ =

(X L ,Xfln)) the empirical measure is a random measure on R, defined as

1 n
=1

where 9, denotes the Dirac measure for some x € R. Understanding the behaviour
of the empirical measure gives insight into the mean behaviour of the coordinates of
X @) and is more accessible for calculations when considering functionals of the form
%Z?:l f (Xi(n)) for suitable f. The behaviour of the empirical measures with respect

to the coordinates of random vectors from B} will be examined in Chapter 3.

These are some of the quantities whose asymptotics are of interest and for which one
would like to obtain concentration results such as large deviation principles (LDPs),

which will be one of the main focus points of this thesis.

The field of large deviations has only been introduced into asymptotic geometric
analysis fairly recently by Gantert, Kim, and Ramanan [36] in 2017, who derived
an LDP for projections of }-balls onto one-dimensional subspaces. This has since
spawned a wave of large deviation results in asymptotic geometric analysis (see, e.g.,
[4, 5, 35, 61, 62, 65, 69, 70, 71, 72, 73, 74, 75, 76, 85]), among which were the results
contained in this thesis. While their concrete research context will be given in Section
1.2 and a more detailed look into large deviations theory provided in Section 2.3, let
us give a rough sketch of the basic ideas in order to motivate the results in this work
and conceptually contrast them with the sharp large deviation results also contained

herein, whose details and background will be given in Section 5.1.

Generally speaking, the field of large deviations theory concerns itself with the study
of rare events, that is, deviations of sequences of random variables (X,,)nen from their
expectation beyond the Gaussian scale (of course, the theory has quite some more
depth to it, as it not only considers sequences of random variables, but also general
families of probability distributions (see Definition 2.3.2), but for now we shall stick
to a more simplified perspective). To be more precise, by large deviations we mean
deviations of order at least m, whereas deviations of order between y/n and n are
referred to as moderate deviations Take the simple case of a sequence of real-valued
random variables (X,,),en that concentrate around their expectation in n € N (e.g.,

the empirical average of i.i.d. random variables). The goal of large deviations theory is
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to characterize how the probability of deviations of order n decays, that is, to give two
functions s : N — (0,00) and Zx : R — [0, 00), called the speed and the rate function,
respectively, such that for e > 0

lim LlogMX(”) ~E[X™] > n(—:) — Ty (o). (1.4)

This is essentially a special case of the definition of a large deviation principle (see

Definition 2.3.2). In other words, we want to give two functions, such that
p( XM _E[X™] > nE) — esIx (o) (1.5)

where o(1) denotes a sequence that tends to zero as n — oo. This is the type of result
we would like to derive for functionals of random vectors in convex bodies, specifically
£7-balls, as the dimension tends to infinity, since in the setting of high-dimensional
convex geometry the sequence parameter of (X,,)nen coincides with the dimension of

the ambient space.

While (1.5) nicely illustrates how deviation probabilities are characterized, (1.4) under-
lines that at the core of large deviations theory are asymptotic results on a logarithmic
scale. While those are surely useful, having similar results on a non-logarithmic scale
would be preferable, as one can gain much more accurate probability estimates for
deviation events from them. If we wanted to get a non-logarithmically scaled prob-
ability estimate via a large deviation result such as (1.5), we would have to contend
with an unknown prefactor e=*(°()_ Hence, one would be interested additionally in

characterizing that prefactor, i.e., finding a cx : N x R — [0, 00) such that
]P’(X(”) > z) = ex(n, 2) e MIXE (1 4 o(1)).

for z > E[X™)]. Note that the error term in the above is no longer contained in the
exponent, hence the result is not logarithmically scaled. Characterizing the decay of
large deviation probabilities on a non-logarithmic scale is what we refer to as sharp large
deviations theory. It was introduced into asymptotic geometric analysis very recently
by Liao and Ramanan in [85] in 2020 and promises to be a fruitful line of inquiry
for future work. Besides interests from the purely mathematical perspective, the non-
logarithmic nature of the results, i.e., their asymptotic sharpness, is very useful for
applications like importance sampling algorithms, that is, generating samples of very

rare events, where classic Monte-Carlo methods become inefficient (see [85, Section 3]).
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1.2 Guideline

This section will outline the specific results contained in this thesis and point out their
respective research context. The present thesis can be thematically split into two parts
with different overarching approaches: The first deals with problems from the theory
of large deviations and is comprised of Chapter 3 and Chapter 4, while the second part

addresses problems from sharp large deviations theory and is contained in Chapter 5.

Chapter 2: In this introductory chapter, we will define the concepts and notation we
will need throughout this work. This will encompass presenting some basic notation and
definitions from probability theory, among other things introducing the p-generalized
Gaussian distributions in Section 2.2, which make up the core building block of the
probabilistic representations integral to all of the results in this thesis. Section 2.3 will
then explain the basic notions of large deviations and present some essential methods
and tools of large deviations theory. The chapter will then conclude with Section
2.4, defining the relevant probability distributions on £-balls, such as the uniform
distribution U, , on B} and the so-called cone probability measure C,, , on Sgil, which
assigns to a set on S;‘_l the probability given by the volume of the cone it encloses
with the origin relative to the volume of B} (see (2.12)). Also, some well-established

results for £7-balls we will need throughout this thesis are presented.

Let us provide some context by mentioning some results for £;-balls that have been
shown. For the Euclidean sphere S; ! the Poincaré-Maxwell-Borel lemma states that
the joint distribution of any fixed number of k£ coordinates of a random vector with
distribution C,, > is approximately standard Gaussian (see [31]). This was extended to
Sp~! for any p € [1,00] by Rachev and Riischendorf [99] and Naor and Romik [93].
Rachev and Riischendorf [99] and Schechtman and Zinn [106] then also provided a
probabilistic representation for random vectors with distributions U,, , and C,, ,. For
p € (0,00] this was generalized by Barthe, Guédon, Mendelson and Naor [13], who
gave a probabilistic representation for a class of “mixtures” of C,,, and U, ,. For a

Borel probability measure W on [0, 00) they defined the class of distributions
P,,w:=W({0})C,,+¥U,,

n
on B,

a convenient representation of P,, , w via a random vector of p-generalized Gaussians.

where ¥ is an appropriate p-radial density that depends on W, and provided

The choice of W determines how exactly the cone probability measure and the uniform

distribution are “mixed”. This class of measures and its corresponding representations

10
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have gained considerable interest in asymptotic geometric analysis and were used in
a variety of applications (see [4, 5, 12, 36, 92, 94, 109], to name just a few). These
probabilistic representation results will be presented in Section 2.4, followed by a brief
discussion on polar integration in the spirit of [98, Section 3.2]. Therein we will both
establish useful polar integration formulae and reflect on why the results within this

thesis and the surrounding research context focus specifically on £}-balls.

Chapter 3: The chapter begins by introducing a class of distributions on ¢}-balls
of the following form: For some suitable homogeneous function f : R" — [0,00) we
construct weighted versions U, ,, ; and C,, ,, ; of the uniform distribution U, , and the
cone probability measure C,, ,, in the sense that their densities are weighted by f. We

accordingly construct a weighted analogue to P,, , w in the form of
Popw,s = WH0}Crps + VU

For all of these distributions probabilistic representations results via p-generalized
Gaussian random variables in the spirit of [13] are derived, which also need to be
weighted accordingly via the function f. These weighted p-radial distributions will be

of great use when considering p-balls in other spaces than standard Euclidean space.

In this chapter, we study concentration phenomena on p-balls in both Euclidean space
and within finite-dimensional Schatten trace classes §) in matrix space. Generally, for
a given p € (0, 00|, the Schatten trace class S, is the Banach space of compact linear
operators between two Hilbert spaces whose singular values form a sequence within
the sequence space ¢,. We will, however, focus on the finite-dimensional Schatten trace
classes S, i.e., the spaces of (n X n) matrices (with real, complex or quaternionic
entries) whose singular values form a vector in ¢} (that is, R" with the £J-norm).
Additionally, we will also consider their self-adjoint subclasses, that is, the spaces of
self-adjoint (n x n) matrices whose eigenvalues also form a vector in £7. The unit balls

in these Schatten trace classes S are what we will refer to as matriz p-balls.

There has been a rising interest in the study of these Schatten trace classes and their
unit balls in recent years. For example, Guédon and Paouris [47] provided concentra-
tion inequalities for points uniformly distributed within the matrix p-ball. Moreover,
Konig, Meyer, and Pajor [80] showed that the isotropic constants of matrix p-balls
(for p € [1,00]) are bounded. Barthe and Cordero-Erausquin [11] derived variance
estimates, Radke and Vritsiou [100] proved the thin-shell conjecture, and Vritsiou [115]
showed the variance conjecture for the operator norm in S;. Hinrichs, Prochno and

Vybiral [52, 53] derived optimal bounds for the entropy numbers and sharp estimates
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for the Gelfand numbers of natural embeddings of S} and Prochno and Strzelecki [97]
also considered the approximation numbers of such embeddings and studied their re-
lationship to the Gelfand and Kolmogorov numbers. Kabluchko, Prochno and Théle
[63, 64] gave the exact asymptotic volumes and volume ratios of matrix p-balls and
studied their intersection volumes. Also, Kabluchko, Prochno and Théle [62, 63] stud-
ied the eigenvalue distribution as well as singular value distribution of random matrices
distributed according to the cone probability measure and the uniform distribution in
matrix p-balls. It is a well-known fact from random matrix theory that eigenvalues
of self-adjoint random matrices behave, figuratively speaking, like particles of a gas,
insofar as they “repell each other”, which is why eigenvalue distributions of random
matrices are often used in physics to model particle interactions of gasses. This means
mathematically that the distributions of eigenvalues contain a factor that vanishes if
two eigenvalues are close to each other, thereby allocating less and less probability to
this event. The same holds for singular values as well. Hence, eigen-/singular values
exhibit a tendency to spread themselves out evenly and do not have accumulation
points. Following a line of argument in the spirit of [104] in combination with an
approach from log-potential theory, Kabluchko, Prochno, and Théle showed that for
such random matrices the vector of the eigen-/singular values has respective distribu-
tion C,,;, y and U, r on the Euclidean £7-ball B}, with f being the suitable repulsion

factor between the eigen-/singular values of the random matrices (see, e.g., [6]).

The aim of this chapter is to put this last result into a wider context by investigating the
eigenvalue and singular value distribution of random matrices that have the analogue
distribution to P, ,w on matrix p-balls. Using similar arguments as [62, 63], we
will show that the vector of eigenvalues of such a random matrix also is p-radially
distributed according to P, w y on B}, with f being the appropriate repulsion factor
again, and the same holds for the vector of singular values on the non-negative segment
of By, denoted as B . This connection paves the way to approach concentration

phenomena on matrix p-balls via those on B} with appropriately weighted distributions.

As an application of the connection just described, we study the large deviation be-
haviours of random elements in Euclidean and matrix p-balls. In case of Euclidean
3-balls, the results of Kim and Ramanan [74] are of particular interest to us. For
a random vector with distribution C,,, they gave a large deviation principle for the
empirical measure of its coordinates. Their findings are in the spirit of the theorem of
Sanov [29, Theorem 2.1.10], as the corresponding rate function is given by the relative

entropy (see (3.19)) perturbed by a p-th moment penalty. We want to expand on their
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CHAPTER 1. INTRODUCTION

results and give a large deviation principle for the empirical measure of a random vec-
tor with distribution P, , w. We will show that, even though the distribution P,, , w
is highly dependent on the choice of W, for certain classes of W the corresponding
rate function will be universal to all P, ,w. The results of Kim and Ramanan have
been further extended by Frithwirth and Prochno [35], who derived a Sanov-type large
deviation principle for the empirical measure of random vectors uniformly distributed

in Orlicz balls, which are a generalization of ;-balls (see Remark 2.4.8).

In case of the matrix p-ball, an analogue result to that of Kim and Ramanan [74] has
been given by Kabluchko, Prochno and Théle [62]. They derived a large deviation
principle for the empirical spectral measure, i.e., the empirical measure with respect to
the eigenvalues or singular values of random matrices that are distributed according to
the uniform distribution or the cone probability measure on the matrix p-ball. We will
derive similar results for the analogue of P,, , w on matrix p-balls and show a similar
universality of the rate function. To do so, we will utilize the probabilistic representa-

tions for the eigenvalue and singular value distributions we derived beforehand.

Summarizing, the overall goals of this chapter are threefold. First, we want to expand
the results from [13] to weighted p-radial distributions P,, , w ;. This will be done in
Section 3.2. Second, we want to show that for self-adjoint and non-self-adjoint random
matrices, which are distributed according to the analogue of P,, , w on matrix p-balls,
the corresponding eigenvalue and singular value distributions are given by P, , w ; on
B, (and its non-negative analogue on B} ), with f being the appropriate repulsion
factor. This will be done in Section 3.3. And third, Sections 3.4 and 3.5 will then use
the previous results to derive several large deviation principles for Euclidean and matrix
p-balls, respectively. We will prove a large deviation principle for the empirical measure
of the coordinates of a random vector with distribution P, ,w on Bj. Then we will
show large deviation principles for the empirical spectral measures (for eigenvalues and
singular values) of random matrices distributed according to the analogue of P, ,w
on matrix p-balls by using the representations of the eigenvalue and singular value
distributions as P,, , w ¢ from Section 3.3 for suitable choices of f. The chapter will,

however, begin in Section 3.1 by establishing the necessary notation and basic concepts.
Chapter 3 is partly based on the paper

e KAUFMANN, T., AND THALE, C. [72]: Weighted p-radial distributions on Eu-
clidean and matrix p-balls with applications to large deviations. Journal of Math-

ematical Analysis and Applications, (2022).
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Chapter 4: In this chapter, we consider products of uniform random variables from
the Stiefel manifold of orthonormal k-frames in R™ with & < n and random vectors
from the Kg—ball Bg with p-radial distributions P,, , w. The distribution of this product
geometrically corresponds to the projection of the distributions P, ,w on B} onto a
random k-dimensional subspace. We derive large deviation principles on the space of

probability measures on R¥ for sequences of such projections.

The setting of this chapter is a generalization of the one initiated by Kabluchko and
Prochno [59] and can be described as follows. For k < n, the Stiefel manifold V,, ; is

the set of all orthonormal k-frames in R", i.e., the set of all k-tuples of orthonormal

vectors vy, ..., v, in R™. Arranging these vectors into a (k x n) matrix V' with rows
vl ..., v}F, we have the identification

Vo = {VeR>: vl =},

where [); denotes the (k x k) identity matrix. We denote by U, ;v the uniform dis-
tribution on V,, ;, and by V,, , the corresponding random variable. For random vectors
X ™ taking values in R” we may regard V € V,  as a linear map V: R® — R* and
study the distribution of the vectors VX € R¥, which we denote by

for any Borel set A C R*. In addition, we may also choose Vor € V, 1 at random

according to U, ;v. In this case, the distribution of V,, ;X (") which we denote by
,Uvn,kx(n) (A) = P (ankX(n) € A) 5

is a random probability measure on R¥, that is, a random variable taking values in
the space M (IR¥) of probability measures on R*, that is equipped with the topology
of weak convergence. This can geometrically be interpreted as the projection of the

distribution of the random vector X ™ onto a uniform random k-dimensional subspace.

We are interested in large deviation principles for the random probability measures
[, ,x(m, where X QNS B) with distribution P, ,w for some Borel probability mea-
sure W on [0,00). Kabluchko and Prochno [59] gave very general LDPs for random
matrices in the orthogonal group and the Stiefel manifold, and showed an LDP for
k-dimensional projections of the special case of the uniform distribution U, , on B}
as an application. Based on [59], the results of this chapter largely extend the set of
projected distributions for which such an LDP is shown from the uniform distribution

U, , to the aforementioned class of p-radial distributions P, , w.
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In particular, we will see that the large deviation behaviour observed by Kabluchko
and Prochno [59] is universal for a large class of probability measures on B}. Moreover,
we shall describe geometrically motivated distributions on B} for which the LDP needs

a suitable modification, which we also provide.

We should also delineate this chapter’s content from the results shown by Kim and
Ramanan in [76, Theorems 2.4 & 2.6], who have shown, among other results, LDPs
for projections of uniform random vectors in B} onto uniform random k-dimensional
subspaces. By the same arguments as put forth in [59], we note that while the settings
are quite similar, the key difference is in the object of study. In [76] it is the projection
point itself, hence yielding an LDP on R* whereas in both [59] and this chapter the
object of study is the projected distribution on R*, thus the main result yields an LDP
on the space M (RF) of probability measures on R*.

The chapter will start off in Section 4.1 by briefly listing the notation and background
material we will need to formulate the central theorems, which in turn are presented
in Section 4.2. Section 4.3 will then contain their respective proofs, which can be

delineated into three steps.

Firstly, we use the probabilistic representation for random vectors in B} with distri-
bution P, ,w to reformulate the target random measure [, X () and show that this
measure behaves asymptotically like a different, more simple measure [y, ,x. This
is done by proving that their distance in the Lévy-Prokhorov metric (see (4.4)) tends
to zero for all V' € V,, ;. Secondly, it is shown that this asymptotic vanishing of the
Lévy-Prokhorov metric between [y, X () and the simpler measure /jLank () is sufficient
to infer a weak LDP for jy; , xo, if one is given for fiy, , y . Lastly, one then shows
that every py,  xe lies in a closed and compact subset of M (RF), where the notion
of a weak LDP coincides with that of a full LDP. Thus, one can infer a full LDP for
[, ,x(m by carrying over the LDP for [, ,xm established in [59] in the manner just
described.

Chapter 4 is partly based on the paper

e KAUFMANN, T., SAMBALE, H., AND THALE, C. [70]: Large deviations for
uniform projections of p-radial distributions on £7-balls. arXiv:2203.00476 (2022).
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Chapter 5: This final chapter turns the focus from results in the realm of large
deviations theory to results from sharp large deviations (SLD) theory. It has the
distinct advantage over classical large deviations theory that it gives tail asymptotics
on a non-logarithmic scale and can provide concrete and asymptotically exact tail
estimates for specific n € N, which makes them significantly more useful for practical
applications. Moreover, a lot of idiosyncrasies of the underlying distributions, that are
drowned out on the LDP scale, are still visible on the SLD scale, thus giving a deeper

understanding of the geometric interpretation of the quantities involved.

The chapter will begin with Section 5.1 by expanding on the brief outline of SLD theory
in the introduction and presenting the results of Bahadur and Ranga Rao [10], who
gave the original impetus for the theory. Further, the differences to large deviations
theory are underlined, both regarding their goals and methodology. Specifically, the
saddle point method is layed out, which will be used for the essential local density

estimates in the subsequent proofs.

As Section 5.2 and Section 5.3 are based partly on individual research papers, their

content and outline will be given here individually.

In Section 5.2 sharp large deviation results of Bahadur-Ranga Rao-type are provided
for the g-norm of random vectors distributed on the £;-ball B according to the cone

probability measure C,, , or the uniform distribution U, , for 1 < ¢ < p < oo.

The behaviour of the g-norm | Z|[, of a random vector Z in B} was first studied
by Schechtman and Zinn [106], who derived concentration inequalities for ||Z||, with
Z ~Cy,,and Z ~ U,, for ¢ > p. This is closely related to the intersection volume
of t-multiples of volume-normalized ¢2-balls D7 := vol,,(B2) /"B, i.c., vol,(DE NtDE)
with ¢ € [0, 00), for which Schechtman and Schmuckenschléger [105] gave asymptotics
for different values of ¢. Schechtman and Zinn [107] expanded their previous results
in [106], by not only considering the g-norm, but also images of random vectors under
Lipschitz functions in general. Thus, they gave concentration inequalities for f(Z),
with Z ~ C,,, and Z ~ U,,,,, p € [1,2), and f a Lipschitz function with respect to
the Euclidean norm. Schmuckenschléger [108] provided a CLT for || Z||, with Z ~ C,,,
and Z ~ U, , and used it to refine the previous intersection results in [105] for all
t € (0,00). Naor [92] gave concentration inequalities for || Z]|? with Z ~ C,, ,, showed
that the total variation distance between C,, and the normalized surface measure

1/2

Op,p O Sz_l tends to zero proportional to n~"/, and used the previously mentioned

results to show a concentration inequality for ||Z]|Z with Z ~ o,,,. He also discussed

16



CHAPTER 1. INTRODUCTION

how concentration results similar to Schechtman and Zinn [107] for || Z]|, could already
be derived from previous results of Gromov and Milman [44] for the concentration
of Lipschitz functions on convex bodies. Kabluchko, Prochno and Théle [61] gave
a multivariate CLT for (|| Z||4, .., |Z]l4,) with Z ~ U, in the spirit of [108] and
also considered the asymptotics for the intersection volume of multiple £7-balls, i.e.,
vol,(Dy N,y N -+ NtgD7 ) with ¢; € [0,00). This CLT was furthermore applied by
the same authors to infer a central limit theorem for the length of B} projected onto
a line with uniform random direction. Moreover, they provided an LDP for || Z||, with
Z ~C,,and Z ~ U,,. In a follow-up paper [65], the same authors showed a CLT for
| Z]|, with the distribution of Z taken from the class P,, ,w of p-radial distributions
established in [13]. Finally, they gave a moderate and a large deviation principle for
| Z]|, with Z ~ P, , w-

Recently, a new tool from large deviations theory was introduced to asymptotic geo-
metric analysis by Liao and Ramanan [85]. They gave sharp large deviation results in
the spirit of Bahadur and Ranga Rao [10] and Petrov [95] for the projections of random
points in Eg—balls with distributions C,,,, and U,,, onto a fixed one-dimensional sub-
space.! Other works in asymptotic geometric analysis have also employed methods from
sharp large deviations theory as well, such as Kabluchko and Prochno [60], who derived
asymptotic volumes for generalizations of £7-balls, known as Orlicz balls (see Remark
2.4.8), and showed a Schechtman-Schmuckenschlager-type result by considering inter-
section volumes of Orlicz balls. Their results on Orlicz balls were then expanded upon
by Alonso-Guiterréz and Prochno in [3], who gave the exact asymptotic volume of
Orlicz balls and provided thin-shell concentrations for them, augmenting their results

into sharp asymptotics under certain conditions.

Section 5.2 will follow closely in the footsteps of Liao and Ramanan [85] and estab-
lish SLD results for the ¢g-norms of random vectors with distribution C,,,, and U, ,.
Furthermore, we will use these results to expand on works of Schechtman and Schmuck-
enschlager [105], Schmuckenschléger [108], and Kabluchko, Prochno and Théle [61] for
intersection volumes of (7-balls by giving sharp asymptotics for vol, (D) NtD}) at a

considerably improved rate for 1 < ¢ < p < oo and t > C(p, q) bigger than some con-

Note that the case for U, , was originally included in the second preprint version of the work of
Liao and Ramanan [85] (arXiv:2001.04053v2), but has subsequently been removed in the current third
preprint version (arXiv:2001.04053v3) to be contained in another, yet unpublished paper. Thus, while
we generally refer to the third preprint version of [85] (as listed in the references), those references
regarding U, ,, necessarily concern the second version. Where we refer to specific results therein, we
will hence write [85, v2].

17



1.2. GUIDELINE

stant dependent on p and ¢. Additionally, we will also apply our results for £}-spheres
to retain sharp asymptotics for the length of the projection of an £7-ball onto the line

spanned by a uniform random direction.

Let us give a brief outline of Section 5.2: In Section 5.2.1 some necessary notation and
definitions will be provided and we will recapitulate some relevant preexisting results,
followed by a short discussion on the Weingarten map in Section 5.2.2. This will be
needed for the geometric Laplace integration results used later in the chapter. In
Section 5.2.3 we will present the main results regarding the g-norms of random vectors
on (7-spheres and ¢;-balls and outline the idea of the two central proofs. Section
5.2.4 and Section 5.2.5 will contain the applications of the main results to intersection
volumes and random projections of £-balls mentioned above. In Section 5.2.6 we will
reformulate the target probabilities from the main results in terms of useful probabilistic
representations, using well-established representations of random vectors in £}-balls
of Schechtman and Zinn [106] and Rachev and Riischendorf [99]. In Section 5.2.7
local density approximations of these probabilistic representations will be provided.
In Sections 5.2.8 and 5.2.9 we will prove the SLD results for £J-spheres and £}-balls,
respectively, by integrating over the density estimates. For that, we will utilize some
geometric results for asymptotic expansions of Laplace integrals from Andriani and
Baldi [7] and Breitung and Hohenbichler [19], thereby finishing Section 5.2.

In the second major part of this chapter, Section 5.3, we consider the p-generalized
arithmetic-geometric mean (p-AGM) inequality for vectors chosen randomly from the
£y-ball. For n € N and zy,...,z, € R" the classic AGM inequality states that

n 1/n n
(Hm\) < Sl
=1 =1

Additionally, for p > 0 the p-AGM inequality expands the above for the p-generalized

mean, i.e., for (zq,...,2,) € R", n € N, we have

n 1/n 1 n 1/p
=1 =1

It was shown by Gluskin and Milman [38] that for a random vector X (™ € R™ uniformly
distributed on the standard (n — 1)-dimensional unit sphere S5 in R", one can reverse

the p-AGM inequality for p = 2 up to a scalar constant with high probability, which
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was then extended to p = 1 by Aldaz [1, 2]. Kabluchko, Prochno, and Vysotsky [66]
provided a CLT and an LDP for the ratio of the two sides of the p-AGM inequality
for any p € [1,00) and X with distribution U, or C,, on B7. Finally, Théle [111]
expanded the results of [66] to a CLT and a moderate deviation principle (MDP) for
the ratio of the two sides of the p-AGM inequality with the corresponding random
vector X € B? having distribution P, ,,w in the spirit of [13], which includes U,
and C,,, as special cases. However, the arguments of Thale show that the properties
of interest of a random vector X & B, are independent of the p-radial component of
its distribution, as long as the directional distribution is given by C,, , and its p-radial

distribution has no atom at zero (see (5.69)).

The purpose of Section 5.3 is to develop further the LDP of [66] into SLD results in the
spirit of Bahadur and Ranga Rao [10]. For a random vector X € B? with directional
distribution C,,, in the sense of (5.69) we now want to give sharp asymptotics for the
probability of the ratio of the two sides of the p-AGM inequality being bigger than a
constant 6 € [0,1]. We thereby provide concrete and asymptotically exact estimates
on a non-logarithmic scale for the probability of the inequality being improvable or

reversible up to a constant, respectively.

The main results regarding the sharpening of the p-AGM inequality are stated right
at the beginning of Section 5.3. Since their proof orients itself heavily on the proof
in Section 5.2, it will also contain three parts: the first part provides a probabilistic
representation for the ratios of the two sides of the p-AGM inequality in Section 5.3.1,
the second part gives an asymptotic density estimate for this probabilistic representa-
tion in Section 5.3.2, and the third part consists of the final proof of the section’s main

result by integrating over said density estimate in Section 5.3.3.
Chapter 5 is partly based on the papers

e KAUFMANN, T. [69]: Sharp asymptotics for g-norms of random vectors in high-
dimensional ¢;-balls. Modern Stochastics: Theory and Applications (2021),

e KAUFMANN, T., AND THALE, C. [71]: Sharpening the probabilistic arithmetic-
geometric mean inequality. arXiv:2112.04340 (2021).
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Chapter 2
Preliminaries and notation

In this chapter basic notation and foundational concepts of probability and geometry
are established. Specifically, the basics of large deviations theory are introduced, as

they will play an integral role throughout the chapters.

2.1 Notation and basic definitions

Let N, R, and C be the natural, real, and complex numbers, respectively, and Ny :=
N U {0}. For d € N denote by R? the d-dimensional Euclidean space with the stan-
dard scalar product (-, -), which induces the Euclidean norm || - ||o, analogue for C¢.
Further, let R, := [0,00) be the non-negative real numbers and R% := [0,00)¢ the
non-negative d-dimensional Euclidean space. For a complex number z € C, denote by
Re(z) and Im(z) its real and imaginary component, respectively. For ease of notation
we write (21, ..., 2q) € R? for a column vector and for x,y € R?, we write their product
2Ty as wy, skipping the explicit transpose. The same holds for matrices and matrix

multiplication. For a general set A define the indicator function

1 :2z€ A

].A(.I‘):
0 :x¢ A,

and denote by 04, A, A°, and A° respectively its boundary, closure, interior, and com-
plement with respect to the underlying topology. Set B(R%) to be o-field of Borel sets

in R? and vol, to be the d-dimensional Lebesgue measure on R

21
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While we have given the definition of L, in (1.2), we set a more general version as

L,(R) =< f:R* >R :/|f(x)|pd:1:<oo
Rd

for d € N and p < oo (for p = 0o consider the essential supremum of f, analogue to
(1.3)). For a function f : R — R we define the effective domain of f as

Dom(f):= {z € R?: f(z) < 00} .

Further, for ¢ € R we call {z € R?: f(z) = ¢} and {x € R?: f(x) < ¢} the c-level set

and c-sublevel set, respectively.

We say a set A is convex if it contains all convex combinations of its elements, that is,
M+ (1— Ny € Aforall z,y € A, X € [0,1]. A compact and convex subset of R? with
non-empty interior is called a convex body. A real-valued function f : R? — R is called
convex if the set above its graph is convex, i.e., if f(Az+(1—N)y) < Af(z)+(1—=N)f(y)
for all z,y € R and X\ € [0, 1]. If this inequality holds strictly for all arguments x # y
and A € (0,1), the function f is called strictly convex. A real-valued function f is

called (strictly) concave, on the other hand, if (—f) is (strictly) convex.

Next we shall set down some notation for different derivatives. For ¢ : R? — RF, we
denote by J,g(x*) the Jacobian of g with respect to x evaluated at z* € R?, and for
f:RY— R by V,f(2*) and H,f(x*) the gradient and Hessian of f with respect to x
evaluated at z* € R?, respectively, and use the shorthand derivative notation

o o

== Zl ... zd
x| Oz,

Given a convex real-valued function f : R? — R, we denote by

f*(x) = sup [(z,7) = f(7)] (2.2)

TERC

its Legendre-Fenchel transform. We shall briefly list two of its useful properties. For
a proof of the first we refer the reader to [103, Theorem 26.5] and for a proof of the
second to [37, Chapter 4, Section 18].

Lemma 2.1.1 Let f : R — R be a convex and lower semi-continuous function with
Dom(f)° # 0 and inf(f) > —oo. Additionally, let f be differentiable on Dom(f)°
and lim, . ||Vif(z,)|l2 = +oo for any sequence (x,)nen converging to a point on
ODom(f). Then the following holds:
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(1) For any x € Dom(f*) the supremum in the Legendre-Fenchel transform f*(x) is
uniquely attained in .
7(x) = (V-f)" (x) € Dom(f),

with (V. f)~1 denoting the inverse of the derivative of f. Hence
[r(@) = (z,7(2)) = f(r(2)) = (2, (Vo) (@) = F((V)7 (@)

(2) The Legendre-Fenchel transform is an involution on Dom(f)°, that is, for all
x € Dom(f)° we have f(t) = (f*)*(¢).

The other transform we want to introduce is the Fourier transform. For a function
f:R* — R with f € L;(R?) we define its Fourier transform at ¢t € R? to be

FO® = [ e f5)dy 23)

Rd

We choose this normalization of the Fourier transform such that in its applications to
densities of probability distributions it coincides with the corresponding characteristic
function. This way we can easily use results from both Fourier analysis and probability
theory without intermediate renormalization. The inverse Fourier transform, denoted
by F71(-), of a function f : R? — R at some y € R? is then defined as

1 e~ (i)
(Qﬁ)d/ F(f)(t)de.

R4

FHF(Ny) =

If the inverse Fourier transform F~!(F(f)) of F(f)) is itself absolutely integrable, then
the Fourier inversion theorem states F 1 (F(f))(y) = f(y) (cf. [110, Theorem 1.9]).

Closing this section, we define Euler’'s gamma and beta function and provide a well-

known approximation result for the former. For xz,y € R, define

L) (y)

I(z):= [ t“tetdt d B = """
(@) = [ee wd  Boy) = [
0

to be Euler’'s gamma function and beta function, respectively. For x > 0, Stirling’s

approximation formula for the gamma function states that

=T () (o), o0

where O(%) denotes an approximation error with asymptotic upper bound %
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2.2 Probability

Given a probability space (2,3, P), a measurable space (£, &), and a random variable
X :Q — E, wecall u:=Po X! the distribution of X and write X ~ i to denote
that for any A € £ it holds that

MXeApi/u@mm@

E

The distribution g = P o X! of a random variable X is also often denoted as D(X).

For a real-valued random variable X : {2 — R with distribution p we write

BX) = [ ap(do)

R

for the expectation of X, often writing EX if it is clear from context what expectation
is considered, and Var[X] := E[(X — E[X])?] for the variance of X if E[X] < oo. For

some r > 0 we denote by

Emm_/ﬂMM) and mmmk/umm@ (2.5)

R R

the r-th moment and r-th absolute moment of X, respectively. More generally, we
denote by m,(u) the r-th absolute moment of the probability measure p, defined as
above. The expectation of a random vector X = (X1,..., X,) € R? is the vector of its
coordinate expectations E[X] = (E[X}],...,E[X,]) and analogue holds for its variance.
For a probability distribution x on R let u®¢ denote its d-fold product measure on R,

Let X be a random vector in R?, then for 7 € R¢
ng(T) =E |:€<T7X>:| and AX (T) = log E |:e<7_7X>:|

are the moment generating function and cumulant generating function of X, respec-

tively, where we often omit the index when it is clear from context.

Let us present some useful properties of the cumulant generating function in the fol-
lowing lemma. The statements therein and their proof can be found in [73, Lemma
1.1.4] and its subsequent proof. Alternatively, they follow from the standard prop-
erties of the moment generating function (see, e.g., [27, Theorem 5.4]) and cumulant
generating function (see, e.g., [29, Lemma 2.2.31]), together with the properties of the

Legendre-Fenchel transform laid out in Lemma 2.1.1.
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Lemma 2.2.1 Let X be a random vector in R? that is not almost surely constant and

has cumulant generating function Ax. Then it holds that
(1) Ax is convex and lower semi-continuous,
(2) Ax is infinitely differentiable and strictly convexr on Dom(Ax)°,
(3) A% is infinitely differentiable and strictly convex on Dom(A%)°,
(4) for x € Dom(A%)° there exists a unique 7(x) € Dom(Ax)°, such that

Ax(z) = (z,7(2)) = Ax(7(2))
with 7(x) = (V,Ax) ! (z),

(5) the interior of the effective domain of N is given by

Dom(A%)° = V. Ax(Dom(Ax)°).

Remark 2.2.2 For a random vector X = (Xi,...,X,) € R? one defines the char-
acteristic function to be the function mapping some t € R to E[e<it’X>]. Note here
that, on the one hand, this is just the moment generating function of X at a complex
argument it € C% i.e., px(it) =E [e<it’X>]. On the other hand, if X possesses a density
f, due to our chosen normalization in (2.3) the characteristic function is simply the

Fourier transform of f, that is, F(f)(t) = E[e*)]. Thus, we have

px(it) = E|e¥)] = F(£)(0)

meaning that these concepts can be used interchangeably, which will be beneficial in

the proofs within the following chapters.

For two random variables XY with finite expectations we denote by Cov[X,Y] :=
E[(X —E[X])(Y —E[Y])] their covariance and for an R%valued random vector X with
finite coordinate-wise expectations we write Cov[X] for its covariance matrix, i.e., the
(d x d) matrix of covariances of its components. For two random variables X, Y with

the same distribution we write X 2 Y.

We now consider a few specific distributions of random variables. We say a real-valued
random variable X is gamma distributed with shape a > 0 and rate b > 0 if its
distribution has density

ba

a—1 —bx
100 , eR,
X0 e (0,00)(T) x

fa(x) =

xz
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with respect to the Lebesgue measure on R. We denote this by X ~ G(a,b). For
a = 1 we call this an exponential distribution and write X ~ E(b). Similarly, we say
a real-valued random variable X is beta distributed with parameters a,b > 0 if its

distribution has Lebesgue density

fe(x) = Blab) (1 —2) Lo1y (), r € R,

and write X ~ B(a,b). Note the well-known relation between the gamma and beta
distribution, stating that for independent X ~ G(a,c) and Y ~ G(b, ¢) it holds that

X
X+Y

~ B(a,b). (2.6)

Finally, we say a real-valued random variable X has a generalized Gaussian distribution

if its distribution has Lebesgue density

b

— 7 (z—ul/a)?
2aF(%) e , reR,

fgen(x) :

where ;1 € R and a,b > 0, and denote this by X ~ Nyen(p, a,b).

As mentioned in the introduction and as will be shown in further detail in Section 2.4.1,
the generalized Gaussian distributions are intimately connected to the geometry of £}~
balls and serve as the essential building block when constructing useful probabilistically
equivalent representations for random vectors in with a wide variety of distributions.
For these constructions we will be using the specific generalized Gaussian distributions
N, := N (0, p/?, p) (for p € (0,00)) with density

B 1
2pt/rT (1 + %)

e~ lol/p, z € R,

I, ()

and Np := Ngen (0,1, p), which has density

1 »
pr(x) T — r € R.
2F(1+%)

We will refer to random variables X with distribution N, or Np as having p-generalized
Gaussian distribution (it will always be clear from context which concrete distribution
we will be referring to). Note that for p = 2 it holds that Ny is simply the standard

normal distribution.

26



CHAPTER 2. PRELIMINARIES AND NOTATION

Remark 2.2.3 In the literature both N, and Np are used. For example, the papers
[4, 5, 36, 69, 70, 71, 74] consider N, while [13, 62, 63, 72, 106] work with Np. This
results merely in different normalization factors when constructing probabilistic repre-
sentations. The results within this thesis are also reflective of this, as in Chapter 3 we
use Np, whereas in Chapter 4 and Chapter 5 we employ IN,,, as this is most appropriate

to the respective research contexts of the related publications [72] and [69, 70, 71].

For X ~ N, and r > 0 the r-th absolute moment of X is given by

’ F<1 ﬂ)
B - 2 )
r

r(1+;)

which can be seen from [61, Lemma 4.1].

2.3 Large deviations theory

In this chapter large deviations theory is briefly introduced. We begin with the basic
ideas of the theory, including the general definition of a large deviation principle, and
then present the methodological toolbox of large deviations theory, i.e., a collection of
useful results we will often rely on throughout this thesis. For further background on
large deviations and proofs of the related results presented in this section we refer the
reader to the monographs [29, 30, 67].

2.3.1 Idea of the theory

At the end of the general introduction in Section 1.1 a rough draft of the goals of large
deviations theory was given, i.e., that it intends to - roughly speaking - characterize
the probabilistic decay of sequences of rare events. But let us start with a well-known

concrete example and then expand out to more general settings.

For a sequence (Xp)nen of i.i.d. real-valued random variables with E[X;] = u < oo

denote by (S, )nen the sequence of their partial sums

i=1

We know from the law of large numbers that the sequence (%Sn)neN of the empirical

averages converges almost surely to p as n tends to infinity. Hence, we know that the
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probability of a deviation of S, from its expectation nu of order n converges to 0 in
n € N, that is, for any x > 0 it holds that

lim P (]S, —np| > nz) = 0.

n—o0

However, we do not know how exactly this convergence to zero — that is, this probabilis-
tic decay — of the deviation probabilities takes place, both in terms of the sequence pa-
rameter n € N and the deviation size z. The CLT tells us, given 02 := Var[X;] € (0, 00),
that \/iﬁ(Sn —nu) converges in distribution to a normal distribution A/(0, 0?) as n tends

to infinity, and therefore

T
lim P (|S,, — nu| > vnx) =1— /e_y/%d.
Jim P (|0 = npl = Vie) =1 = —pes v

This means the probability for a deviation of S,, from nu of order y/n is approximately
Gaussian. The Berry-Esseen Theorem (see [114, Theorem 2.1.3]) additionally yields
that the error of the Gaussian approximation given by the CLT is of order n=/2,
meaning we also have a rate of convergence for the above. Deviations of order up to
\/n are often refered to as “Gaussian fluctuations” or “normal deviations”, as they are
characterized via the CLT. Beyond order /n one talks about moderate deviations (of
order between y/n and n) and large deviations (of order n and higher), the latter of

which is the main area of focus of this thesis.

Note that the CLT yields a limiting normal distribution - and hence Gaussian behaviour
of fluctuations of order up to y/n - regardless of the underlying distribution of the
involved random variables X;, given the necessary moment-conditions. The CLT is

therefore very universal in this regard.

Turning our focus to large deviations, in the previous context of the empirical average
one can rewrite deviation probabilities for some 2z > E[X}] using the moment generating
function px of the X;. Assume that px(7) < oo for all 7 € R, then it follows from
Markov’s inequality that for 7 > 0,

]P(Sn > nas) —P (e’TSn > eTnac) < e TR [e'rsn] _ G_Tnxwx('f)n _ e—n[Ta:—logch(T)}

(cf. [81, Equation (1.1.2)]). Since one intends to give the best possible estimate of the

above, optimizing for 7 > 0 gives

lim sup ! log P (S,, > nz) < —sup [tz — log ox(7)] = A (), (2.8)

n—oo 1 7>0
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where A% is the Legendre-Fenchel transform of the cumulant generating function
Ax (1) = logpx(7) of the X; (the supremum can be considered over all T € R, since
for x > 0 we have 7(z) > 0, as shown in [81, Lemma 1.4.1], so the above reformulation
is admissible). For a given z > 0 the corresponding 7(z) € R at which the supremum
is attained is the solution to the equation
o E |: X eT((E)X }

T = EAX(T(gc)) = EON (2.9)
We have seen in Lemma 2.2.1 that for X not being almost surely constant and = &€
Dom(A%)° such a 7(x) € Dom(Ax)° exists and is unique. Thereby we already have a
way to describe the probabilistic decay of deviations of order n € N via

P(S, > nz) < e Ak @+o()]

Y

again denoting by o(1) a sequence that tends to zero as n — co.

We note that, as remarked in [81, p.2|, an additional take-away of (2.9) is that trans-
forming X with the density e™™®¥ /oy (7(x)) yields a new random variable with expec-
tation x. This fact, or rather its multi-dimensional counterpart, will be an essential

tool in Chapter 5, therein referred to as an exponential measure tilt.

In addition to (2.8), one can show that A% is also a lower bound for logarithmic
deviation probabilities of the empirical average, that is, that in the limit there holds

an equality. This, in fact, is the well-known theorem of Cramér (cf. [30, Theorem I.4]).

Proposition 2.3.1 Let (X;);en be a family of i.i.d. random variables such that for all
t € R it holds that px(t) < co. Then for every x > E[X}]

1 1
lim —logP (—Sn > x) = —A%(2).
n

n—oo 1M

As shown in [29, Corollary 6.1.6] the condition that ¢x(t) < oo for all £ € R in the
theorem of Cramér can be relaxed to ¢ x being merely finite in a neighbourhood around
zero, while still retaining the same results. Since we will only work with the multi-
dimensional version of Cramér’s theorem, which will be presented in Proposition 2.3.3,
we will only include said relaxation of the condition therein, as the one-dimensional
version serves just to illustrate the core concepts of the theorem and large deviations

theory overall.
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Hence, we know that for sequences of real-valued i.i.d.random variables with sufficiently
finite exponential moments we can characterize the large deviation behaviour of their
empirical averages via the Legendre-Fenchel transform of their cumulant generating

function, i.e.,

P (lsn > m) = A% @) o), (2.10)
n

Of course there are other sequences of random variables in other spaces for which one
would also like to characterize the large deviation behaviour in a manner such as (2.10),
i.e., describe the probabilistic decay of large deviation events via two functions, one
depending on the sequence parameter and one on the size of the deviation. In general,
one would like such a description for general sequences of probability distributions on
Polish spaces as well, that is, separable and completely metrizable topological spaces.
Finding the functions that allow this is one of the main goals of large deviations theory,
and the capability of describing logarithmic probabilities in such a fashion is referred to
as a large deviation principle (LDP). While the theorem of Cramér was established in
the 1930’s, the following formal and substantially more general definition of an LDP is
due to work of Varhadan (see [112, 113]), who incorporated previous results like those
of Cramér into an overarching field of study. If X is a topological space, we write B(X)
for the o-field of Borel sets in X. If X is separable and completely metrizable, we call

X a Polish space.

Definition 2.3.2 Let X be a Polish space equipped with the Borel o-field B(X) and
(P,.)nen a sequence of probability measures on X. We say that (P,,),cn satisfies a large
deviation principle on X if there are two functions s : N — (0, 00), such that s(n) — oo

asn — 0o, and Z : X — [0, 0o], such that Z is lower semi-continuous and

a) lim inf (L) logP,(O) > —-Z(0O) for all O € B(X) open,
n—oo  S(n
b) lim sup L logP,(C) < —-Z(C) for all C € B(X) closed,

n—ooo  5(n)

where for B € B(X) we define Z(B) := inf,ep Z(x). We call s(-) the speed and Z(-)
the rate function. We say that Z(-) is a good rate function, if it has compact sublevel
sets. Further, we say that (P,,),en satisfies a weak LDP on X if a) holds but b) only

needs to hold for compact sets.
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For sequences (X, )nen of random variables one applies the above definition to the se-
quence of their distributions. Hence, we see that the theorem of Cramér in Proposition
2.3.1 states that the sequence of empirical averages of real-valued i.i.d. random vari-
ables with finite exponential moments satisfies an LDP with speed n and good rate

function given by the Legendre-Fenchel transform of the cumulant generating function.

We have previously outlined the universality of the CLT with respect to the underly-
ing distributions of the involved random variables. This is generally not the case for
LDPs, which we can already see exemplified in the theorem of Cramér for the em-
pirical average: as the rate function is given by the Legendre-Fenchel transform of the
cumulant generating function, it is hence dependent of the underlying distribution. We
thus get an impression of the higher sensitivity of large deviation results towards the

distributions of the involved random variables.

Since we also apply the definition of LDPs to random measures, let us briefly address
this setting as well. For a Polish space X we denote by M (X) the space of probability
measures on X endowed with the topology of weak convergence and recall that M (X) is
itself again Polish (see [68, Theorem 4.2, Lemma 4.3, Lemma 4.5]), e.g., when equipped
with the Lévy-Prokhorov metric (see (4.4)). Then a sequence of random measures on
X is just a sequence of random variables on M;(X) and the definition of an LDP can

be applied as previously.

2.3.2 Large deviations toolbox

In this section we present some results from large deviations theory which we will
frequently use to prove the results within this thesis. We start off by formulating a
multi-dimensional version of the theorem of Cramér (cf. [29, Theorem 2.2.30]) with

the relaxed condition on the exponential moments established in [29, Corollary 6.1.6].

Proposition 2.3.3 Let (X, )nen be a sequence of i.i.d. random vectors in R™ with
cumulant generating function Ax. If the origin is an interior point of Dom(Ax), then
the sequence of empirical averages (% S”)neN’ Sp = > X, satisfies an LDP with
speed n and good rate function () = A%(+).

Note that in the above proposition the sequence index and the dimension of the ambient
space coincide, which generally does not need to be the case for the multi-dimensional
Theorem of Cramér. But since we consider concentration phenomena for convex bodies

as their dimension tends to infinity, it will be the case in our setting.
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The upcoming proposition concerns the large deviation behaviour of two sequences of
random variables with the same speed in a product space. For the result and its proof

see [4, Proposition 2.4, Appendix A].

Proposition 2.3.4 Let X|Y be Polish spaces. Let (X,)nen, (Yn)nen be sequences
of random wvariables in X and Y, respectively. Assume that (X,)nen and (Yn)nen are
independent. Further assume that both (X, )nen and (Y )nen satisfy LDPs with the same
speed s(n) and respective good rate functions Ix : X — [0,00] and Zy : Y — [0, 00].
Consider the sequence of random wvariables (Zy)nen on X x Y with Z, = (X,,Yy).
Then (Zy,)nen satisfies an LDP with speed s(n) and good rate function Ty with T7(z) =
Ix(x) +Zy(y) for all z = (z,y) € X x Y.

The next result is the so-called contraction principle and it gives a way to transport
an LDP from one sequence of random variables to another by virtue of a continuous

map. The result and its proof can be found in [29, Theorem 4.2.1].

Proposition 2.3.5 Let X, Y be Polish spaces and f : X — Y be a continuous func-
tion. Also let (X,)nen be a sequence of random variables in X that satisfies an LDP
with speed s(n) and good rate function Ix. Then the sequence of random variables
(Yo )nen = (f(Xn)),en satisfies an LDP with speed s(n) and good rate function Iy (y) =
inf{Zx(z) |z € X, f(z) = y}.

Remark 2.3.6 In some of the upcoming LDP results we want to use the contraction
principle in the following situation. Let XY be Polish spaces, f : X — Y a continuous
map, and (i, )nen @ sequence of random measures on X. Let (u,)nen satisfy an LDP
on M; (X) with speed s : N — (0, 00) and rate function Z,, : M;(X) — [0, 0o]. We then
consider the sequence of random measures (v, )peny on Y with v, = p,o0 f ! and want to
use the contraction principle to infer an LDP for (1,),en. In this case the function that
is actually “transporting” the LDP is not f : X — Y itself, but F': M;(X) — M;(Y)
with F'(u) = po f~1. So in general the continuity of F' has to be given rather than that
of f. But the latter follows directly from the continuity of f by the definition of weak
convergence: as discussed, equipped with, e.g., the Lévy-Prokhorov metric (see (4.4))
M;(X) and M (Y) are metric spaces, hence we can show the continuity of F' by proving
sequential continuity of F'. This can be done with respect to the weak convergence of
measures, since it is equivalent to the Lévy-Prokhorov metric (see [68, Lemma 4.3]).

Let (tn)nen be a sequence in M;(X) that converges weakly to a probability measure
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p € Mi(X) as n — oo. That means that for every bounded continuous function
h : X — R it holds that

lim [ h(z)p,(dz) = /h(a:) p(dz).

n—oo

To show the continuity of F' we need to show that F'(u,) converges weakly to F'(u)
asn — oo. Let h: Y — R be a bounded continuous function. Since f is continuous,
we know that (h o f) is bounded and continuous. Thus, by the weak convergence of
(tn)nen We have that

lim [ h(z) F(po)(dz) = lim [ h(z) (gno f7') (dz)

n—oo n—oo

= lim [ (hof) (x) pa(da)

— [ hen) @ utax)
= /h(x) (o f77) (dz)
— [ @) F(as).
Hence, F(u,) converges weakly to F(u) as n — oo and thereby F is continuous.

So far we have only covered LDP results for sequences of i.i.d. random variables. For
sequences of non-identically distributed random variables, that do however exhibit a
certain level of distributional convergence, the theorem of Gértner-Ellis (see, e.g., [29,

Theorem 2.3.6]) provides a useful way to gain an LDP.

Proposition 2.3.7 Let (X™),cn be a sequence of random variables with cumulant
generating functions A, and k € [1,00). We assume that for all t € R the limit
A(t) == limy, 0 =x Ay (nFt) exists in [—o0o, +0c] and that the origin is an interior point of
the effective domain Dom(A). We furthermore assume that A is lower semi-continuous
and differentiable on the interior of Dom(A). Then the sequence (X™),cn satisfies an
LDP with speed n* and rate function A*.

Lastly, we present a result that yields a weak LDP for a sequence of probability mea-
sures, if the limits of the logarithmic probabilities from Definition 2.3.2 have the same

supremum over the base of the underlying topology (cf. [29, Theorem 4.1.11]).
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Proposition 2.3.8 Let X be a Polish space and (P,).en a sequence of probability
measures on X. Further, let A be a base of the topology of X. If for every x € X it
holds that

1 1
sup liminf — logP,(A) = sup limsup — logP,(A),
AcA:zeA "0 N A€A:z€A n—oo T

then (P,)nen satisfies a weak LDP with speed n and rate function

1
I(x):= sup liminf — logP,(A).

AcA:zcA "0 N

2.4 Kg-balls

In this section we establish the distributions on /;-balls that are at the core of the
results within this thesis. Furthermore, we present some probabilistic representations
that are essential to their proofs. Furthermore, we list some classic polar integration

tools, which are also frequently of use.

2.4.1 Probabilistic representation results on /)-balls

As mentioned in the introduction, for p € (0,00], n € N, and x = (z1,...,z,) € R" we
denote by
n 1/p
(Z |xi|p) i p < 00
[zl = i=1
max{|zi|,...,|z,|} p=o0

the £7-norm of x (which for p € (0,1) is only a quasi-norm) and set
B, = {x e R" : [|z[|, < 1} and S i={zeR":|z|, =1} (2.11)

to be the unit ball and unit sphere with respect to this (quasi-)norm, respectively. We
define the uniform distribution on B) and the cone probability measure on Sg_l as
vol,(+) _vol,({rz:re 0,1,z € -})

U,,(-):= W and C.,(-) = vol, (B) . (2.12)

where the cone probability measure (often just called the cone measure) assigns to a
set A C SZ_I the volume of the cone it encloses with the origin relative to the volume
of B} (see Figure 2.1).
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FI1GURE 2.1: Cone which aset A C SZ_I encloses with the origin forn = 2,p = 2.

Remark 2.4.1 On S;”l one can also consider the surface measure o, , which is defined
to be the sufficiently normalized (n — 1)-dimensional Hausdorff measure. However, as
discussed in [98, Section 3.1], the cone measure C,,, is more canonical to consider on
£,-balls, as it is unique in its ability on the £}-sphere to be probabilistically represented
as in Proposition 2.4.2. This is due to the fact that this representation result relies
heavily on polar integration arguments, and the cone measure has been shown in [93,
Proposition 1] to be the unique measure on S;“l such that the polar integration formula
(2.14) holds for any integrable f : R” — R. While C,,,, and o, have been shown in
[99] to coincide (exclusively) for p € {1,2, 00}, their difference in form of their total

variation distance
dry (Cn,pu 0;}) = sup {|Cn’p(A) — 0';(A>| A€ B(SZ‘I)}
is bounded and was shown to decrease as n~'/2 in [92].

For a random vector X(™ € R™ which is uniformly distributed on the (sufficiently

scaled) standard Euclidean sphere, i.e., n'/2S7™! € R", and k € N, any k coordinates

X"
11 7

to a Gaussian random vector. In short, for fixed k € N, the k-dimensional marginals of

: ,Xi(:) of X seen as a random vector in R¥ converge weakly in distribution

the uniform distribution on the high-dimensional sphere are approximately Gaussian.
This result is the well-known Poincaré-Maxwell-Borel Lemma, which was shown around
the start of the 20th century (see [31]). In 1991 this was generalized by Mogulski [91]
and Rachev and Riischendorf [99], who showed that for random vectors distributed
according to the cone measure on the (sufficiently scaled) £7-sphere, p € [1,00), the -
marginals converge to p-generalized Gaussian random vectors. This was incorporated
by Rachev and Riischendorf [99] and Schechtman and Zinn [106] into the following

probabilistic representation for random vectors with distributions C,,, and U, .
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Proposition 2.4.2 Let p € [1,00), Y = (Y1,...,Y,) be a random vector in R"™ with
Y; ~ N, iid., and U be an independent random variable uniformly distributed on [0, 1].
Then

i) the random vector has distribution C,,, and is independent of ||Y||p,

IIYII

i) the random vector U™ D}/”P has distribution Uy, .

For p € (0, oo| this was generalized by Barthe, Guédon, Mendelson and Naor [13], who
gave a probabilistic representation for a class of mixtures of C,, , and U,, ,. For a Borel

probability measure W on [0, c0) they defined the class of distributions
P,.,w:=W({0})C,,+¥U,, (2.13)

on By, where W(z) = ¢ (||z[,), * € B}, is a p-radial density given by

1 1 n sP
o we e_%(m)wW(dw) , 0<s<1,
p/»T (g + 1) (1—sP)

U(s) =

(0,00)

and provided a convenient representation of P,, , w via a random vector of p-generalized

Gaussians (see Proposition 2.4.4).

The choice of W determines how exactly the cone measure and the uniform distribution
get mixed. Heuristically, one can think of W as indicating how probability mass is
distributed p-radially within B} (see Figure 2.2).

f \O.
. .

FIGURE 2.2: Distributions Py, , w of probability mass (red) within B, for n = 2,
p > 2 and different choices of W for W = ¢y, W € ./\/ll([O 00)) and W E(1)
(from left to right).
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Remark 2.4.3 It was shown in [13] that choosing W = §; to be the Dirac measure
at 0 yields that P, ,w = C,,,, and for W = E(1), we have that P, ,w = U,,. For
m € N choosing W = G(%, 117), i.e., a gamma distribution with shape % and rate ]—1), it
can be shown that P, ,w then corresponds to the projection of C,,,,, onto its first
n coordinates. An analogue correspondence is given for W = G(l + %, %) and the
projection of U,4,,, onto its first n coordinates (see [13]).

Thus, the motivation behind considering this class of distributions is twofold. First, as
outlined in Remark 2.4.3, they encompass many relevant distributions on B}. The sec-
ond reason we consider P, , w specifically is the following probabilistic representation

result via p-generalized Gaussians shown for it in [13, Theorem 3].

Proposition 2.4.4 Letn € N and p € (0,00). Let W be a Borel probability measure
on [0,00) and W be a random variable with W ~ W. Further, let Xy, ..., X, be i.i.d.

random variables with X; ~ N, which are independent of W. Then the random vector

X
(I1XIlp +W)H»

has distribution P, ,w on By as in (2.13).

Both the class of probability measures P,, , w and their above representation result can
be formulated just as well for sequences (W,,)nen of Borel probability measures W,

on [0, 00) instead of a single fixed distribution W. In such cases, we write
Pn,p,Wn = Wn ({O}> Cn7p + \I]nUnap7

with W, defined as previously for W,,.

As mentioned in Remark 2.2.3, different research papers use different versions of p-
generalized Gaussian distributions N, and Np for their probabilistic representations.
Hence, for the sake of completeness, we shall include a version of Proposition 2.4.4
using Np instead of N,,, as it will be used within Chapter 3. However, for notational
brevity we will keep the same naming conventions as previously for P, , w etc., since
the differences are comparably small and the areas of applications are clearly separated,
with Chapter 3 using Np and Chapter 4 and Chapter 5 using N,,.
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Proposition 2.4.5 Let n € N and p € (0,00). Let W be a Borel probability measure
on [0,00) and W be a random variable with W ~ W. Further, let Xy,..., X, be i.i.d.

random variables with X; ~ Np, which are independent of W. Then the random vector

X
(X5 + Wi/

has distribution

P,,w:=W({0})C,,+VvU,,

on B, where ¥(z) = (||z||,), * € By, is a p-radial density with

p’ p’

1 1 n sP
P(s) = / wr e -7 W(dw) | , 0<s<l.

r(z+1)@-s™
p

2.4.2 Polar integration

At the very start of this thesis in (1.1) we discussed the Minkowski functional of a

symmetric convex body K C R", set to be
|||k :=1inf{r € [0,00) : x € rK}, r € R",

which defines a norm || - |[x. Generally, we say a function f : R" — R is K-radially
symmetric - or just K-radial, for short - if f(z) is only dependent on ||z||k. If a prob-
ability measure’s distribution function is K-radial, we call it a K-radial distribution.

For the special case K = B we speak of p-radial distributions.

Since distributions given by radially symmetric densities (such as P, , w,) play a cen-
tral role in this thesis, we need a tool to work with them efficiently. This tool is
provided by the polar integration formula. Let K C R", n € N, be a set that is
star-shaped with respect to the origin and has finite non-zero volume. We define the
uniform distribution on K and the cone probability measure on the boundary 0K as

vol, ()

UK()_— and CK()

_ :Voln({rx:TE[O,l],xE 1
vol, (K)

vol, (K) ’

respectively. We can now formulate the general version of the polar integration formula.

Lemma 2.4.6 For any set K C R, n € N, that is star-shaped with respect to the
origin, contains the origin in its interior, and has finite non-zero volume, and for any
measurable function h : R™ — R it holds that
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o0

/ h(z) dz = nvol, (K) / =l / h(ry) Cre(dy) dr.

R 0 0K

The proof of this is the same as that of Proposition 3.3 in [98], which deals with the
case where K is a symmetric convex body (see also [93, Proposition 1]). Note that
setting K = B} yields Ugn = U,,;, and Cpp = C,,, and the polar integration formula
for £7-balls, i.e., for any measurable function i : R" — R it holds that

/h(x) dz = nvol,(B)) 707’”1 / h(ry) C,,(dy) dr. (2.14)

R7 8’571

Polar integration actually plays a key role in the proofs of the probabilistic represen-
tation results in the previous section. Since we will need a polar integration formula
in the non-negative orthant R’ of R™ later in Chapter 3, we will present one for that

specific case.

Corollary 2.4.7 For any set K C R, n € N, that is star-shaped with respect to the
origin, contains the origin in its interior with respect to R’ , and has finite non-zero

volume, and for any measurable function h : R} — R it holds that

/ h(z) dz = nvol, (K) 71"”_1 / h(ry) Cx(dy) dr.
0 oK

R}

The proof of this again follows along the same lines as that of Proposition 3.3 in [98],

and hence will be omitted here.

Remark 2.4.8 Let us briefly address why we are considering £}-balls specifically in-
stead of other symmetric convex bodies, with the discussion in this remark being largely
based on [98, Proposition 3.3]. As pointed out therein, probabilistic representations of
Schechtman-Zinn-type as in Proposition 2.4.2 can be found for other symmetric con-
vex bodies K as well (this holds even for merely star-shaped bodies, although for these
|| - || does not define a norm as it generally is not absolutely homogeneous). For any
such body K, a random vector Z with K-radial distribution ¢z, and an independent
U ~ Unif]0, 1] it holds that

i) ﬁ has distribution Cg and is independent of ||Z||x,

ii) the random vector U'/" ﬁ has distribution Ug.
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The important difference to B} is, however, that by the specific shape of the Minkowski
functional of £7-balls we can construct a p-radial distribution for Z such that its co-
ordinates are i.i.d. and exhibit a convenient distribution in form of N,. For B} the

related Minkowski functional has the form

n 1/p
zllep = [z, = (Z |93¢|”> :
i=1

which is absolutely homogeneous and for which one can construct the p-radial distri-

bution

vrlllal) = @p7 T+ 1)) e 3 = T f, (o0,

resulting in a probabilistic representation via i.i.d. p-generalized Gaussians. To under-
stand why ¢7-balls specifically are so accessible for calculations, let us consider a more

general case. Assume that for some K C R™ the Minkowski functional has the form

|xHK - (Z fz a7 > ) (2'15)

where the f1, ..., f, are so-called Orlicz functions, that is, real-valued, even, and convex
functions with f;(0) = 0 and fi(z;) > 0 for z; # 0 for all i € {1,...,n}, and F is
non-negative and invertible. Then, up to normalizing constants, one can construct a

K-radial density

Vz(llzlx) = e = zlm—He e (2.16)

This yields that a random vector Z with K-radial density vz has independent coordi-
nates. Choosing f; = f for all i € {1,...,n} then yields that the coordinates of Z are
identically distributed as well. Using such Orlicz functions f and fi,..., f,, one can
define the objects

= {xER”:Zn:f(xi)gn} and o = {xeR":Xn:fi(ﬂfi)Sn};

i=1

respectively called Orlicz balls and Musielak—Orlicz balls (cf. [75, Section 3.3]). These
are generalizations of £}-balls and have been subject to a lot of promising research (see
[3, 14, 35, 56, 60, 75]). However, it is actually the case that Eg—balls are in fact the only

convex bodies, for which the Minkowski functional has the form as in (2.15).
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This is due to the fact that for any Orlicz function except f(z) = |z|P, x € R, the
expression on the right-hand side in (2.15) does not define a norm, as the condition
of absolute homogeneity is not satisfied. If we postulate an Orlicz function f to be
absolutely homogeneous of some degree a > 0, it directly follows that f(z) = |x|*f(1),
yielding the Orlicz function corresponding to ¢;-balls up to a constant f(1). Thus,
Orlicz balls are an interesting and promising area of research, and they do allow for
a general Schechtman-Zinn-type probabilistic representation as above, but the cor-
responding radial density does not factorize, and therefore, one cannot represent a
random vector from an Orlicz ball via a random vector with i.i.d. coordinates that

have some distribution analogue to IN,,.

So, overall, one can see that while the ¢)-balls are not alone in the fact that there
exist very general Schechtman-Zinn-type representations, they do, however, combine
this with the specific convenient structure of their Minkowski functional, which is both
absolutely homogeneous and results in the probabilistic representations to be made up
of i.i.d. p-generalized Gaussians, making those representations specifically useful and

thereby £7-balls very accessible for calculations.
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Chapter 3

Weighted p-radial distributions on

Euclidean and matrix p-balls

This chapter extends the probabilistic representation result of [13] in Proposition 2.4.5
from the previous class of p-radial distributions P,, , w by an additional homogeneous
weight function f, denoted by P, ,w, . These distributions are based on weighted
versions of the cone measure and the uniform distribution, C,, , ; and U,, , f, for which

we will first derive Schechtman-Zinn-type representations as in Proposition 2.4.2.

We then turn from Euclidean space R™ to the spaces of self-adjoint and non-self-adjoint
(n x n) matrices and consider analogues of the (7-balls therein, which we will call
matriz p-balls. We make use of the previously derived representation result for weighted
p-radial distributions on Euclidean p-balls to derive the eigenvalue distribution and
singular value distribution of random matrices with (unweighted) p-radial distribution

on those matrix p-balls.

As an application, we show large deviation principles both for the empirical measure
of random vectors with weighted p-radial distribution in Euclidean p-balls and for the
empirical spectral measure of random matrices with p-radial distributions in matrix
p-balls. For both cases, we chose P,, , w and its matrix-analogue for a W,, that varies
in n € N, for which different limiting distributions of W,, encapsulate several concrete

distributions on Euclidean and matrix p-balls.
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3.1 Preliminaries

Since the representation results for weighted p-radial distributions are often tailored
to their further use for matrix p-balls, we begin by establishing matrix p-balls and the
distributions on them which are of interest. Further, we will need quite a few Laplace
integration results to show the aforementioned large deviation principles, therefore we

will also present them here.

3.1.1 DMatrix p-balls

Let Fz be the real numbers (if 5 = 1), the complex numbers (if § = 2) or the Hamilto-
nian quaternions (if 5 =4). For n € N and g € {1,2,4} we let #,(Fs) be the space of
(n x n) matrices with entries from Fgz. For a matrix A € /4, (Fp) let A* be the adjoint
of A. Tt is well known that, together with the scalar product (A, B) 4 := Re Tr(AB*),
M. (Fg) becomes a Euclidean vector space. By volg,(-) we denote the volume on
M, (Fz) corresponding to this scalar product. We can now introduce the self-adjoint
matrix space %, (Fg) := {A € M, (F3) : A= A*}. For each A € %, (Fs) we denote by
A(A) < ... <\, (A) the (real) eigenvalues of A (see [6, Appendix E| for a formal defi-
nition in the case = 4) and define A(A) := (A (A),..., \(A)) € R™. For 0 < p < o0
the self-adjoint matrix p-ball in %, (Fs) is defined as

BT = {A € Z(Fs) : |MA)], < 1},

where we interpret the condition as max{|A;(A4)[,..., |\ (A)|} < 1if p = oco. Similarly,
let

Sy "= {A € Z(Fp) : [MA)], = 13
be the self-adjoint matrix p-sphere. The uniform distribution on IB%Z,’?Q and the cone

probability measure on S;gl’% are denoted by UZ , and C”*

n.p,B np.5 respectively.

In the self-adjoint case, one can identify the matrix p-balls by virtue of the eigenvalues.
We now consider the non-self-adjoint case, where this will be done via the singular
values. For A € M, (Fs), n € N, we denote by s1(A) < ... < s,(A) the singular values
of A, that is, s1(A), ..., s,(A) are the non-negative eigenvalues of v/AA* (for the cases
g € {1,2}, and if § = 4 we refer to [6, Corollary E.13] for a formal definition) and define
s(A) == (s1(4),...,s,(A)) € R%. Additionally, set s*(A) := (s(A),...,s2(A)) € R:
to be the vector of squared ordered singular values. We do so, as the coordinates of
s?(A) are the eigenvalues of AA* and can hence be treated in a fashion analogue to the

vector of eigenvalues without needing to account for the root-operation. For 0 < p < oo

44



CHAPTER 3. WEIGHTED p-RADIAL DISTRIBUTIONS ON p-BALLS

the non-self-adjoint matrix p-ball is defined as
By = {A € Ma(Fs) : [ls(A)p < 1,

once again replacing the condition by max{|s;(A4)|,...,|sn(A)|} < 1if p = co. We also
denote by

Sy = {A € Mu(Fp) - [[s(A)], = 1}
the non-self-adjoint matrix p-sphere. The uniform distribution on IB%;%% is denoted by
U{fp, 5 and we let C% 5 be the cone probability measure on SZ;’%. Since the singular
values are non-negative, we define the non-negative parts of the £;-ball and £}-sphere
as By, = By NR} and Sgﬁjrl = Sg_l N R7Y. Accordingly, we define the respective

uniform distribution U, , 4 = Ugy . and cone probability measure C,, , ; := CSZ:.

We thus identify each matrix in real, complex and quaternionic space with the n-
dimensional vector of its ordered eigen-/singular values and define the matrix p-balls
as the set of (non-)self-adjoint matrices, whose vector of ordered eigen-/singular values
has £}-norm less or equal to one, i.e., lies in the Euclidean p-ball. This identification of
matrix p-balls via Euclidean p-balls will be a running theme of this chapter. These sets
of matrices, as explained in the introduction, are the finite-dimensional analogue of the
unit balls of the Schatten trace classes of compact linear operators between two Hilbert

spaces with singular values forming a sequence in £, and their self-adjoint counterparts.

Remark 3.1.1

(i) Note that both 7,,(Fsz) and 4, (Fs) are Euclidean vector spaces of dimensions
w + Bn and fn?, respectively, and IB%Z’ZK and IB%Z’E% both contain their re-
spective origin in their interior and are star-shaped with respect to their origins,
as |[MrA)|, = &[|AA)|, <1 for k € [0,1] (analogue for Bzﬁ/ﬂ) Finally, the
volumes of IB%Z:? and IB%Z% are non-zero and bounded (see, e.g., [63, 64]). Hence,
they both satisfy the conditions of the general polar integration formula given in

Lemma 2.4.6.

(ii) When referring to B} as the “Euclidean” ¢;-ball the term is supposed to denote
the commutative setting of B} in contrast to matrix p-balls ]B%Z’Z/ and IB%Z”E% in the
non-commutative setting of matrix space, despite the matrix spaces themselves

being Euclidean vector spaces as well.
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For a Borel probability measure W on [0, 00) we can now construct the analogues of

the measure P, , w on the matrix p-balls IB%Z’?K and IB%Z’E% as

PY wp=W{0HCZ ,+V"U7 ,on BT, (3.1)
with U7 (A) := ¢ (| A(A)],) for A € BT, and

Pl wsi=W{OHCY, ;+ V“U" on B (3.2)

with U#(A) := o%(||s*(A)]|,) for A € IB%Z”E%, where % (s) and #(s) are p-radial

densities given by

1 1 nrm sP
— / w e TP W(dw) | , 0<s<1,
D (14222 (11—

with m = w for 7 (s), and m = Zn? — n for ¢ (s).

We define our distribution classes on matrix p-balls similarly to those on Euclidean
p-balls via a p-radial distribution. Although we do not yet have a probabilistic rep-
resentation for PY w5 and Py’ 5 as in Proposition 2.4.5, we still want to analyze
the eigenvalue and singular value distribution of random matrices selected on IB%Z”ZK and
Ez”g% according to these distributions. We will be able to achieve this by establishing
a new connection between these distributions on matrix p-balls and suitably weighted
distributions on Euclidean p-balls. In contrast to the results of Proposition 2.4.5, how-
ever, we need to account for the repulsion between the eigenvalues and singular values,
hence the p-radial densities ¥ (s), 1% (s) look different than the ¢ in Proposition 2.4.5,
insofar as the n in v is replaced by n + m, with m being the degree of homogeneity
m of these repulsion factors. We will denote these repulsion factors of the eigen- and
singular values by Ag and V§ (formal definitions will follow in Section 3.3), and as
we will see, the two values for m in the definitions (3.1) and (3.2) are their respective
degrees of homogeneity. We will explain this in further detail in the following sections.
Also, the fact that PZ{ »w.s and prvwﬂ are in fact probability measures will follow
directly from their probabilistic representations in Theorem 3.3.1 and Theorem 3.3.5,

respectively.
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3.1.2 Asymptotic approximations for Laplace-type integrals

We will need some tools to analyze asymptotic behaviour of Laplace-type integrals
to prove our large deviation results. One of them will be provided by the Laplace
principle, as presented in [4, Proposition 2.10], and several useful adaptations fitting

for our purposes. We begin with the former.

Proposition 3.1.2 Let —oco < a < b < +o0 and f : [a,b] = R be a twice continuously
differentiable function with a unique point xy € (a,b) such that f(x¢) = maxgepy f(x)

and f"(xg) < 0. Further, let h : [a,b] — R be a positive measurable function. Then

b

-1
21
li h nf(z) q T p nf(zo) —1.
o / @)t de ( IR

Remark 3.1.3 Proposition 3.1.2 effectively means that

b
1
lim —log/h(x) e @ dz = f(x0).

n—oo M
a
However, we want to fit this result somewhat further to our needs. Assuming the
set-up of Proposition 3.1.2, let s := (SS))”EN and s® = (sg))neN be sequences,
where s is non-negative and bounded, and s is positive (or at least positive almost

everywhere), such that

1
lim — |log s'?| < +oc. (3.3)

n—oo M

Expanding the fraction in the Laplace principle in Proposition 3.1.2 by s and adding

(1)
Sn
lim

n o0 2 us n X ’
sy hiwo) e/

which is zero, since s s bounded, yields that

b -1
2m
im [ 50 4 5@ / h(x) @ g @ 2Ty eni@o) |
Tim s sy (x)e x| | s 7 (o)) (o) e
Thus, we have that
1 / 1
lim —log |sM + sf)/h(x) @ dg | = lim —logs'® + f(wxo). (3.4)
n—oo N, n—oo N,
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The last tool for analyzing asymptotic integral behaviour will be the following result
by Breitung and Hohenbichler [19], that provides us with asymptotic approximations
of Laplace-type integrals even if the involved functions maximize on the boundary of
the integration domain, specifically at the origin. Concretely, this is the result given in
[19, Lemma 4] for n = 1,k = 1, applied to functions h and f. The parameter A from
[19] in our setting is replaced by the integer n € N. Since n = k = 1, the last condition
in [19, Lemma 4] regarding the Hessian of f at 0, that is, f”(0), falls away.

Proposition 3.1.4 Let F C R be a compact set with 0 € F°. If
(a) f: F—Randh: F — R are continuous functions with h(0) # 0,

(b) f(z) < f(0) for all x € FNR, \ {0},

(c) there exists a neighbourhood V- C F of 0 in which f is twice continuously
differentiable,

(d) f'(0) <0,
then it holds that

lim / h(z) e @ dg (n_l |/(0)] " h(0) e"f(0)> = 1.

n—oo
FAR

We will only need the results from Proposition 3.1.4 to handle the asymptotics of one
specific Laplace-type integral over the set [0, 1], where the function in the exponent
maximizes on the boundary at 0. Hence we will derive another asymptotic integral

expansion result tailored specifically to our purposes.

Remark 3.1.5 For functions h and f as described in Proposition 3.1.4 and the set
F = [—1,1] it holds that

1
1 1
lim — log/h(x) e @ dz = lim — log / h(z) e @) dg = f(0).
n—oo M n—oo M
0 [~1,1]NR4

By the same arguments as in Remark 3.1.3 it also holds that

1
1 1
lim —log |5 + 5@ / hz) e @ dz| = lim —logs® + £(0) (3.5)
n

n—oo M n—00
0

b and s®@ = (3512)

for sequences s := (sn as described there.

)nEN )nEN
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3.2 Weighted p-radial distributions on Euclidean
p-balls

In this section, we describe a class of probability distributions on the £7-ball B} in
R™ and its non-negative counterpart B , in R}, generalizing the approach in [13], by
allowing for an additional homogeneous weight function. To introduce our framework,
we let f: R™ — [0,00) be a measurable function, which we assume to be (positively)
homogeneous of degree m for some m > 0. By this we mean that f(tz) = t™ f(z) for
all £ > 0. We also assume that f is integrable with respect to the cone probability
measure C,, on the (}-sphere S?~'. In this chapter, we write F(R") for the class
of such functions (omitting its dependence on p in our notation). For p € (0, 00) and
feF(R") welet C, ¢ € (0,00) be the normalization constant such that

Chp.f / flz)e b gz =1, (3.6)

R’!L

and denote by U,  the probability measure on B} with density

n+m

x> Cyyp g vol, (B)) T < + 1) f(x), reB),
with respect to U, ,. Similarly, let C,, s be the probability measure on SZ‘l with

densit
Y n+m

p

y = Copynvoly(By)p' T ( ) fw), yes;™

with respect to C,,,. U, , s and C,,, ; are the aforementioned weighted versions of

uniform distribution and cone measure, repectively.

Let us briefly show that the functions above defining C,,,; and U, , s are in fact
densities. Since f is chosen to be measurable and non-negative, it only remains to
check that they integrate to one over their respective domains. We start off with
C,.p,r- It holds that

/ Cpp s (dy) = Coppnvol, (BT p~' T (” ;m> / (1) Cop(dy).

n—1 n—1
SP SP

Furthermore, it follows via a change of variable that

/Tn-‘rm—l e dr = p—l / (rp)";mfl et drP = p_l T (n + m) . (3.7)
D
0 0

49



3.2. WEIGHTED p-RADIAL DISTRIBUTIONS ON EUCLIDEAN p-BALLS

Using (3.7) and the polar integration formula for £7-balls (2.14), we get that

/ Cop.r(dy) :Cn,p,fnv‘)ln(BZ)/ et e /f Cp(dy)
Sn 1

n—1
Sp

= Cyprnvol, (B / /fry e’ Cnp(dy)d

S
—Cs / F(x) el da
Rn

= 1.

Hence, the function defining C,,, s is in fact a density with respect to C,,,. As an

auxiliary formula we get

| 1) Culatr) - (Gn,p,fnvolnaa%z)pl r (”;m)) (33)

n—1
SP

We now proceed to Uy, ,, r. Again, using the polar integration formula for £7-balls (2.14)
and the above auxiliary result (3.8), we get that

/Unpfdx Clop.s VOl (B”)r<”+m+1> /f U, (dz)

_ nﬁp,fr(”;mﬂ) /f(x)llgg(x)dx

n—+m

— n,p,fF< +1)nvol IB%”/ /fry 1Bn(ry)Cnp(dy)d

S?’L

— mp,fnvoln(BZ)F(n—;m )/ whm- 1dr/f Cop(dy)
Sn 1

ny o — n+m
= Coprnvolu(B)p T2 [ ) €l
sp—t
=1
As mentioned in Section 3.1.1, the singular values of a matrix are non-negative and

therefore, as we will see in Section 3.3.2, the vector of singular values is distributed
on B', and S; ', For p € (0,00) and f € F(R%) we define a constant Ci s
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and distributions U, , 1 and G, r 1 analogue to the above with respect to B , and
Sg;rl. We want to formulate all results in this section for both the classical £7-balls
and -spheres and their non-negative counterparts. However, as the proofs work in an
entirely analogue fashion, for the sake of brevity we will use the index H with all relevant
quantities, indicating that any given result can be formulated with and without a “+”
in the index of these quantities, i.e., for both B}, S}~ L and B ., SZ;l. The relevant
proof will then always be carried out for B} and S}~ 1, and only the changes necessary

in the non-negative case pointed out, if any need to be made.

In the next lemma we derive probabilistic representations of the distributions U, fg
and C,,,, rs. This was proven in [63, Lemma 4.2] for the classical case in R" and the

proof here works completely analogously.

Lemma 3.2.1 Let 0 < p < oo and [ € F(RE) for some m > 0. Further, let
X = (X1,...,X,) be a random vector with joint density C, pme ¥ f(z), z € R2.

1) Then the random wector has distribution C,, , +m and and || X||, are
| .f p

IXII IXII

mdependent.

(i) Independently of X, let U be uniformly distributed on [0,1]. Then Urtm

distribution U, p .

—=— has
HXII

Proof. Consider a non-negative measurable function A : Sg_l — R. We use the polar

integration formula for £3-balls (2.14) as well as the homogeneity of f to deduce that

Eh —C o lel g, ( v )d
(nxnp) f/ fle el )

o0

— n7p7fnvoln(Bg)/r"+m_l e " dr / f(y) h(y) C,p(dy)
0 Sg—l

- n,p,fnvoln@z)p-lr(”;m) [ 16 hw) Culay

Sp~

- / B(y) Cop s (dy).

n—1
SP

This proves the claim in (i). To show (ii), let 4 : B} — R be a non-negative measurable
function. We notice that if U is uniformly distributed on [0, 1], the random variable

Unim has density r — (n+m)r"t™=1 r € [0, 1], with respect to the Lebesgue measure
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on [0, 1]. Using the result from part (i), the homogeneity of f, and the polar integration
formula for £7-balls (2.14), we find that

Eh (Unim X )
X1,

1
= Chpsnvol,(Br)p~'T <n4}—)m) O/(n +m) et / f(y) h(ry) C, ,(dy) dr

n—1
SP

1
= Cpps T (n + m) ntm nvoln(]B%;‘) /r"l / f(ry) h(ry) C,p(dy) dr
0

P P
S
_|_
= Cpps T (” pm +1) /f(x) h(z) dz
By

= Gy VOl (BT (”;m + 1) / (@) h(z) Un,(dz).

= /h(:z:) U, r(dz).

By

The proof for B and Sg_l is thus complete. In the non-negative setting one proceeds
in the same way, but applies the non-negative polar integration formula from Corollary
247 for K =B ,. ]

Remark 3.2.2 Note, that the distribution of a random vector X with joint den-
sity Cpp.pe” 190 f(2), © € R", is just the n-fold product distribution N&" of the p-
generalized Gaussian distribution N,,, weighted by the function f (and appropriately
renormalized). So the distribution N, is in fact the core building block of the proba-
bilistic representations, but is somewhat implicit in the density of the random vector.
In the non-negative case Np is replaced by the truncated and renormalized version of

N, in this role.

Next we present the main result of this section. As stated previously, it is a more
general version of [13, Theorem 3] including a homogeneous weight function. Plugging
in the function f = 1, which is homogeneous of degree m = 0, yields the original results
of [13], again as in Proposition 2.4.5. The proof will work along the lines of that in [13]

and relies on multiple applications of the polar integration formula.
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Theorem 3.2.3 Let W be a Borel probability measure on [0,00). Let 0 < p < oo and
f e FRE) for some m > 0. Let X = (X,...,X,) be a random vector with density
Crprze 70 f(z), 2 € RE, and W a non-negative random variable with distribution

W, which is independent of X. Then the random vector

X
(1X[[p + Wi/

has distribution P, ,w rm .= W({0})Cprm + VU, rm, where Ve(x) = Yp(]lz|lp),

x € B, is a p-radial density with

1 1 o
Vy(s) = =7 — / wr e = PYW(dw)| , 0<s<l1.
F(% + 1) (1 . Sp) ; +1

(0,00)

Proof. Let h: R — R be an arbitrary non-negative measurable function. Then,

o (e me) = | P (epras) Voo

0,00

- X[\ X .
-/ Eh((||xuﬁ+w> ||X||p> Widw. - (69)

[0,00)

For fixed w > 0 we compute the expectation under the integral sign as follows by

means of the polar integration formula for £}-balls (2.14):

X|p 1/p
. ( I ) X
XE+w) TXI,
D 1/p
—C, ~lelB £(2) B ( =I5 ) i I
os [ S(a) elE+w) Tal,) %

S;/l flry)h ((rpiw)l/py> Crp(dy) dr
[ ((5)") et

where, in addition, we used the assumption that f is m-homogeneous. Applying the
sP
1—sP

¢]
= nvol,(B}) C’n7p7f/r"_1 e
0

change of variables r? = w, we get
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- ( X1 >”p X
XTI +w)  1XT,

1
gntm— 1 P
= Ol (B)) o 0™ [ [ () hsw) Copl) .
0 sn 1

(1 —sp)»

Also, we know from Lemma 3.2.1 (i) that =— has distribution C,,,, ;, which in turn

11Xl
has density

n—+m

y = Coppnvol,(By) p' T ( ) fly), yesr,

with respect to C,, ,. Thus,

Eh( X1l )”p X
(X +wi ) X,

1
-1 b n+m—1 P X
:pF(n+m) w;/s—me_l—spwEh (s ) ds.
p S (1—sr) 5t X1l

As a consequence, recalling (3.9), we see that

5t (e )~ WUODBE (\I;(H)

et n+m 1 P X
—pD (" + m) / il G A— L o]} (s—) ds W (dw)
(1—sp)5 1! X1

n+m—1 n+m sP X
_ n—+m / 8 ) / w +p e 1-sPY W(dw) Eh (S X ) ds
) | G T,

(0,00)

_ (n+m)/ s"+m—1¢f(s)Eh( ||))<(||p> ds. (3.10)

Finally, if M is any probability measure on B} with p-radial density ®(z) = é(||x|[,),
r € By, with respect to Uy, the polar integration formula (2.14), together with
Lemma 3.2.1 (i), yield the identity
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/h(:v)l\/[(d:x) = /h(x)q)(@ U, (dz)

B B

p = n,p,fr(";mﬂ) / h(x) ol|1z],) f(z) da

By

n—+m

=(n+m)Cppsp 'T ( ) nvol,(B,)

< / B(s) ™! / £(4) h(sy) Cop(dy) ds

n—1
SP

- W*”‘)/l o057 B (s ) s )

The claim follows by comparing (3.10) with (3.11). Again, the same follows in the non-
negative setting by using the non-negative polar integration formula from Corollary
24.7 for K =B .. O

Remark 3.2.4 Taking f = 1, which is homogeneous of degree m = 0, reduces U, , =
to Uy pm on By g and C,, ) pm to C,pe. As a consequence, Theorem 3.2.3 turns into

[13, Theorem 3] (see Proposition 2.4.5), as already pointed out above.

Let us now consider a few specific distributions for W and observe the corresponding

distributions Py, , w re on By 5.

Example 3.2.5 Let f € F(RY) and W = ¢y be the Dirac measure at 0. Then
U, =0 and W({0}) = 1, thus for P, , w s we obtain the weighted cone probability

n
measure G, rm on By .

Example 3.2.6 Let f € #(R%) and W = E(1) be the exponential distribution with

parameter 1. In this case, we get

1 1 ntm __sP_
¢f(8): _ ! = / w r e 1-sP E(l)(dw)
F<T+1>( -5 | (0,00)
= . ! : /w(n;mﬂ)le_l—lﬂ’wdw =1
ntm _gp) Tt '
F( v H) (1=s7) [ (0:00)

Thus, Py, pw, s is the weighted uniform distribution Uy, pm on By 5.
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Example 3.2.7 As a third example, we consider f € & (R%) and W = G(a, 1) to
be a gamma distribution with shape o« > 0 and rate 1. In this situation the random
variable X/(||X|[2 4+ W)'? generates a beta-type distribution P, ,w. re = ¥ U, ra
on B, whose density is a constant multiple of 2 — (1 — [|z[[?)*~", ||z[|, < 1. To see
that, we set W = G(a, 1) and compute ¢;(s) for s € [0, 1]:

1 1 n+m —iw
Vr(s) = — g w e e =7 G(a, 1)(dw)
P(p H)(_S)p (0/00)
_ 1 1 / e Ly
- n+m
ntm _ &P +1
F(a)F( - +1> e

p

_ r (a—i— ”+—m) )
P(a)T (22 +1)

— S/p)a—l‘

Remark 3.2.8 In [63, Lemma 4.2] (and Lemma 3.2.1 (ii)) we have seen a different
probabilistic representation for the uniform distribution U, , ss to that in Example
3.2.7, namely U ﬁﬁ, where U is uniformly distributed on [0, 1] and independent of
X. However, these two representations are equivalent. Indeed, since both are p-radially
symmetric, it is sufficient to prove that the distributions of the p-norms of the random

variables Un%rw and ( with W ~ W = G(a, 1), a = 1, are the same.

X X
[ X1lp [X]p+W)t/»
For this we start by noticing that

P(IX)5<t) =P (X, <t'?) = Cppy / e Iz f () da.
{z€R":|al|,<t1/P)

Using the polar integration formula for £7-balls (2.14), the fact that f is homogeneous

of degree m, and the substitution s = r?, we deduce that

£/
P(|X[[2 < ¢) = Cypes n vol,, (BY) / Pl g / F(ry) Coy(dy) dr
0 SZ*l
£/
= Cyp.pnvol, (BZ)/T”+m1 e’ / f(y) Cpp(dy)dr
0 gg*l
t
= ! /sn;m_le Sds
r(=)
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This proves that || X|[F ~ G("”“Tm, 1). By the well-known relation between the gamma
and the beta distribution (2.6), this implies that
x|
Hp Hp_ ~ B (—n+m71) )
IX1p +W p
The proof is completed by noting that U wim follows precisely the same beta distribu-
tion: For ¢t € [0,1] it holds that

P(Uﬁm gt) :P(Ugt”?"> —

Taking the derivative of the above yields

ip <Un%m < t) _n m T N N T (1—t) 1,

which shows the aforementioned beta distribution of Ut . By analogue arguments

the same holds in the non-negative setting. Note that taking the p-norm of X7 X”pfw)l 7
P

for W = G(a, 1) for some a > 0, by the same arguments, yields

Hf% B Wﬁma.
X, +W p

Again, by analogue arguments the same holds in the non-negative setting.

Choosing W to be a gamma distribution in the distribution P, , w ;= leaves us with
Poowrs=YiU,,rm as W({0}) = G(a,b)({0}) =0 for all a,b > 0. So, in this case
all probability mass is distributed within the interior of B} ;. But we are also interested
in cases where a certain amount of probability mass remains at the boundary. For this
we consider the mixture P, , w rm = 0C,, 1z + (1 —9)¥ U, , ;m for 9 € [0, 1], which
is simply a convex combination of weighted cone probability measure and weighted
uniform distribution or beta-type distribution as in Example 3.2.7. This will be the
main class of distributions we will consider in Section 3.4 and Section 3.5 below. In
this context, the following two propositions will turn out to be useful. The first one
shows that for a specific choice of W the random vector from Theorem 3.2.3 generates

the required distribution. The second deals with the p-norm of that random vector.

Proposition 3.2.9 Let ¥ € [0,1], a € (0,00), and consider the probability measure
W =90y + (1 — ) G(a, 1). Other than that, we assume the set-up of Theorem 3.2.3.
Then the random vector X/ (|| X2 + W) "7 generates the distribution P.ow s =
VCp e+ (1 =)V U, pm, with U,U, , 15 on B being a beta-type distribution.
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Proof. Let h : R® — R be a non-negative measurable function. Then, following the
arguments in the proof of Theorem 3.2.3 and using the results from Lemma 3.2.1 (i)

and Example 3.2.7, we get

ol ((\rxuszwp)

= [ (g ) W

[0,00)

=B ) Wion + [ () W

0,00

X
=9 / h(x) Cy,p.r(dz) + (1 — V) / Eh<(HXHp " w)l/P> G(a, 1)(dw)
p
Sp~! (0,00
9 / h(2) o s (dar) + (1 — ) / h(2) U, U, (dz).
spt B2
This completes the proof. n

Proposition 3.2.10 We assume the same set-up as in Theorem 3.2.3 for the specific
choice W = 98y + (1 — ) G(a, 1), where 9 € [0,1] and « € (0,00). Then the random
variable B := || X|[2/(|| X5 + W) has distribution 94, + (1 — ¢)B (™™, a).

Proof. Let A C R be a Borel set. Then, by the same arguments as in Remark 3.2.8,

we get

P(BeA) = P(ﬁeA)
X5+ W

[ (H)ﬂ‘f% € 4) W(du)

0,00

= P(1 e A)95({0}) + / P Q&T% e A) (1—0) G(a,1)(dw)

(0,00)

— 95 (A)+(1-0)B (";m,a) (A).

The proof is thus complete. ]
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CHAPTER 3. WEIGHTED p-RADIAL DISTRIBUTIONS ON p-BALLS

3.3 Eigenvalue & singular value distributions on

matrix p-balls

After having studied weighted p-radial distributions in Euclidean p-balls, we now turn
to the eigenvalue and singular value distributions for self-adjoint and non-self-adjoint
random matrices in matrix p-balls. To do so, we present two versions of the Weyl
integration formula, one for self-adjoint matrices and one for non-self-adjoint matrices.
For matrix-functions that only depend on their eigen-/singular values, they allow us
to rewrite their integral over matrix space as an integral over Euclidean space with an

additional (weight-)function in the integral.

The main results of this section provide the explicit eigen-/singular value distributions
for random matrices with distributions P w and | »w g on matrix p-balls by
representing them as weighted p-radial dlstrlbutlons on Euclidean p-balls, thereby gen-
eralizing the probabilistic representations in [63, Corollary 4.3], using a similar method

of proof to do so, based on polar integration and the Weyl integration formula.

3.3.1 Eigenvalue distribution for self-adjoint random matrices
in matrix p-balls
We begin by presenting the Weyl integration formula for %, (Fg), see [6, Proposition

4.1.1] and also [6, Proposition 4.1.14]. It states that for any measurable function
f:%,(Fz) — [0,00), such that f(A) only depends on the eigenvalues of A, we have

/ f(A)volg,(dA) _cnﬁ/f PYE=DVIENHY (3.12)

%, (F ) 1<z<j<n

where for every A = (A,...,\,) € R™ we write f(\) = f(A) for any self-adjoint matrix
A € #,(F3) with (unordered) eigenvalues Ay, ..., A, and the constant ¢ ; is given by

v 1 (2077 T 2(2)Pk/2
Tl (F(g) g 2620 (5F)

To distinguish between the distributions of random eigenvalues in the standard in-

creasing order and in unordered form, we will use the following version of the Weyl

integration formula

/ f VOlﬁn dA =nl CnB / f |/\z - )\j'ﬁ l{mER":x1§...§xn}()‘) dA. (313)

%0 (Fs) 1<z<]<n
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3.3. EIGEN- & SINGULAR VALUE DISTRIBUTIONS IN MATRIX p-BALLS

We do so to carry out most of the proof of the main theorem of this section in the
more canonical increasingly ordered setting, so we only need to apply an appropriate

permutation argument at the very end.

The following theorem shows how the distribution PZf: »w.,5 i matrix p-balls is con-
nected to the weighted p-radial distribution P, ,w ¢ in Euclidean p-balls studied in
the previous section. It is derived by application of Weyl’s integration formula in con-
nection with the polar integration formula. In the case that W({0}) = 0 it could also
be deduced from a classical formula in [104], which is essentially based on the same
ingredients, see also [18, Lemma 4.3.1]. However, we present a detailed argument for

completeness.

The following functions and normalization terms are needed for said result: For x € R",
set
Ag(x) = [ loi—al”,
1<i<j<n
which is the repulsion factor of the eigenvalues of a random matrix given by the Weyl
integration formula (3.12). For a matrix with eigenvalues A note that Agz(\) is also
its Vandermonde determinant. Additionally, in the spirit of (3.6), define a constant
Chpa, such that
CrpAgs /Ag(l’) eIl gz = 1.
R
Further, define the function A§(z) := Ca, Ag(z) with a more elaborate normalization

factor %
n,p

CA o ’
Vol (B 7) Crga, T (222 1)

B =

where m = $fn(n — 1) is the degree of homogeneity of Ag. Lastly, we define another

normalization constant Ci, p,a¢ in the spirit of (3.6) satisfying
_ P
Chp.ag /Ag(x) e l=le qz = 1.
Rn

Theorem 3.3.1 Let 0 < p < o0, 8 € {1,2,4} and W be a probability measure on
[0,00). Let W be a real-valued random variable with distribution W and, independently
of W, X be a random vector with density C’n,p,A% e llzllp Ag(x), © € R, with respect to
the Lebesgue measure. Let Z be a random matriz with distribution

PY wsi=W{0}CZ, ;+9v7U7

n,p, n,p,B n,p,B
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on IB%Z”Z/, where W7 (A) = Vag(MA)) = dag(IMAp) for A € IB%Z:?, and ag is
defined as in Theorem 3.2.3 for f = A§. Independently, let o be a uniform random
permutation in the symmetric group on n elements. Then

X

Mo(Z) = (Ao)(Z), -, Ao (Z))  and (X +wW)i»

are identically distributed on B} with distribution

Pn,p,W,A% = W({0}>Cn,p,A; + \I/AgUn,p,Ag-

Remark 3.3.2
(i) If the probability measure W is the Dirac measure at 0 (that is, P 5 = C7 )
or the exponential distribution with parameter 1 (that is, PZ PW B = UZ pyﬁ) the

result was previously obtained in [63].

(ii) We can see that the definition % (A) := Yag ([[A(A)lp) coincides with that of
U7 (A) from (3.1), as the degree of homogeneity m = 3n(n — 1) is the same.

Proof of Theorem 3.3.1. Let h : R® — R be a non-negative measurable function and
h:%,(Fg) — R given by h(A) := h(\(A)) for A € #,(Fz). We now compute Eh(Z):

Eh(Z) = / h(A) (W({0})CZ  ,+ T7UY ;) (dA)

n,p,B8
n(Fg)
— W({o}) / BA(A)) 7, ,(dA) + / BA(A) U7, (dA).  (3.14)

Consider the radial extension h(A(A)/[|A(A)],), A € Z,(Fg), of h(A(A)) from SZ;’%
onto %, (Fs). By Remark 3.1.1 (i) we can apply the polar integration formula from
Lemma 2.4.6 to ]B%Z:ZK to get

/ h <||AA((j))||p> Uy,.5(dA)

BLS
1
:(—3”(”2— D, 5n) / e / B(A(A)) C7, (dA) dr
’ S5
= [ B, pa4), (3.15)
S58"
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With (3.15) it follows that (3.14) can be rewritten as:

EA(Z) = W({0}) voly., (Bg;;’f)l / h( AA4) )Volﬁ,n@m)

J "\,
+volg,, (ngf )_ / ROV(A))T7 (A)vols,, (dA).

n,x
Bpﬁ

To both of those terms on the right-hand side we can now apply the “ordered” Weyl
integration formula (3.13) with respect to the functions f1(A) = h(A(A)/|A(A)]],) and
f2(A) = h(A(A)) T#(A(A)). It follows from Ag € F [ (R") with m = n(n — 1) and
U7 =Wp, = Vaq that

- n! cif A
Bi(7) = W W ({0}) / (AT) 490 Liscmnen=. < (M)
VO 6771 p:ﬁ p p
n! cif
+—0e [HO) Uag () Aa) Lm0 p ()
VOlgyn <BZ;§[> Bn ?
n!c” A A
n,B m
= —F 0 A M Lipernoa 2 (A)dA
o WU / () 2 () P ezns. <)
n! cﬁ%ﬁ
+ R TR W) 2500 Lseman . et () A
VOl/gm (Bp,ﬂ )

By

Applying now the polar integration formula from Lemma 2.4.6, we conclude that the

last expression is equal to

1
n!c” ,nvol,
w2 (” WD) [ [ HO) 8500 Lt 0y ) Gl
VOl/g,n <Bp 8 0 SZ’I
n!c”
+ S [ B Ea ) Aa) L () N

VOlﬁ n (Bn’%> Be
n! ¢ g nvol, (By)

_ WH{0}) [ h(N) As(N) Lgernia <...<e} (A) Crp(dA)
volg p, (BZ,ZK> (n+m) / ’ { :

n!cZ ,vol,(B)
. n ?/p / h<)\) \IJACE(A) AB(/\) l{xER":xlg...an}(A) Un,p(d/\)
vl (By7) 4,

P

n—1
SP

+
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Next, we use the definition of U, , s and C,, ¢ for f = Az and the definition of
A% = Ca, Ag. This gives

Eh(Z)
n! ¢
n,B
- WO [ B Lsero .00y (N) Gty (4)
vl (BT ) Cupas, (252 +1) i
+ ey h(A) Uac (M) 1 A)U dA
Ag( ) {xGR":mS...Smn}( ) n,p,Ag( )

n, & n+m
vol (Bp7) Copa, (22 +1)

P

=n!'W({0}) / h(A) Lizerniz <...<an} (A) Crpag (dA)

n—1
Sp

[ BO) Wy () Lpesn. o () Uz (00,

Bn

As a consequence, when applying a uniform random permutation ¢ in the symmetric

group on n elements, we get by Theorem 3.2.3

E( 0 0)(2) = W({0}) / B(N) Gy (AN) + / BV Was (3) Uy (4N)

827 1 ]Bn

X
= Eh .
((HXIIE +W)1/p>

This proves the claim. O

Remark 3.3.3 Let us briefly show that for A the degree of homogeneity is in fact
m = w Let s € [0,00),z € R", 5 € {1,2,4}, then

A%(sx) = Ca, H |sz; — ij|6

1<i<j<n

n n
= Ca, HH36|xi —z;|°

i=1 j=1

n n
= Oy [Ts™ 7 [ [ i = °
i=1 j=i

n n
n—1 .

i=1 j=i
= S AG(m).
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Remark 3.3.4 Since the degree of homogeneity of Af is m = w, if one considers

the set-up of Theorem 3.2.3 for f = A§ and W = G(a, 1) for a > 0, by the results

outlined in Remark 3.2.8, we have that

(o),

X + W 2 2 p’

and for W = 96y + (1 — ) G(«, 1), where 9 € [0,1] and a € (0,00), by the arguments
from Proposition 3.2.10, we have that
X157 B pn n

g (2B
XEw =00t U=0B =ty

3.3.2 Singular value distribution for non-self-adjoint random

matrices in matrix p-balls

Let us now consider the non-self-adjoint case, where the singular values take over the
role of the eigenvalues. The following result is proven by almost literally repeating the
proof of Theorem 3.3.1 (or, at least in the case that W({0}) = 0, by applying a formula
from [104], which corresponds to [18, Lemma 4.3.1] as we explained before Theorem
3.3.1). However, this time the argument is based on the Weyl-type integration formula
from [6, Proposition 4.1.3], which replaces (3.12). This formula primarily changes
the repulsion factor from Ag to an appropriate Vz and the normalization constant
from ch 5 to cn/”ﬁ as follows: It says that for any non-negative measurable function
f: M, (Fg) — [0,00), such that f(A) only depends on the singular values of A, we
have that

/ F(A) volsn(dA) = / o) TT 12— T s as. (3.16)
En i=1

M (Fg) 1<i<j<n

writing f(s) = f(A) for any matrix A € A, (Fs) with (unordered) singular values

(515...,5,) € R%, and where

w1 1 [ _”ﬁ 2(2m)?2 \°
Cnp "= n! 945n(n-1) F(é) 2&/21"(%) '

2 k=1

To apply the same arguments as previously, we only consider the non-negative mea-
surable function f : 4, (Fz) — [0,00), such that f(A) only depends on the vector
s2(A) = (s3(A),...,s%(A)) of squared singular values of A, i.e., f(A) = f(s*(A)). For

such a function, we derive an “ordered version” of the Weyl integration formula to shift
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the necessity for permutations to the end of the proof, and additionally apply some

change of variables argument to get:

/ F(A) volgn(dA)

Mn(Fg)

= nlefy 2™ /f(32) H }s?—sﬂﬁ ﬁ(s?)

Bn 1<i<j<n i=1
+

B
2

]‘{mERileg...Smn}(Sg) dsz' (317)

As discussed in Section 3.1.1, the vectors s(A) and s?(A) of (squared) singular values
of a matrix A € ,(Fs) live in the non-negative orthant B} , of the /;-ball B}. Fur-

thermore, the matrix p-ball B™7 o5 Will be represented in Euclidean space via B} not

2,4
B ., due to the structure of the Weyl integration formula for singular values fli (3.17).
Since it uses the squares of the singular values in its repulsion factor, we adapt our
representation appropriately, such that the same arguments as for the eigenvalues are
applicable. Thus, we reformulate the defining condition of B’ S from Y7 |si(A)P < 1
to S, |s?(A)[P/? < 1, and apply the same arguments as before to the vector s?(A),

which then in turn lies in IB%p ot

As in the self-adjoint setting, we need to define some functions and normalization terms

to formulate the next result. For x € R’} we set
8_
Vis(z) = H —x]\ﬂHxQ ,

1<i<j<n

which again is the repulsion factor of singular values from the Weyl integration formula

(3.17), and define C,,;, v, + to be the normalization constant such that
’pyvﬁ /Vﬁ II ||p :I; = 1'

Based on this definition, we further set V§(z) := Cv, Vg(z) for z € R} with

C./%
CV = ™, y
T ol (B © r(mkm 4 1)on
Vo B,n p,B nvp/2zvﬁ p/2

where m = £ n —n is the degree of homogeneity of V5. A final normalization constant

Crp,ve+ 18 deﬁned by
Chp,vs /Vg(:v) e el dz = 1.

RY
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Theorem 3.3.5 Let 0 < p < oo, 8 € {1,2,4} and W be a probability measure on

[0,00). Let W be a real-valued random variable with density W and, independently of
P2

W, X be a random vector with distribution given by the density C',LJ,/Q,V%Hr e 1#l/ Vg(a:),

r € RY, with respect to the Lebesque measure . Let o be a uniform random permutation

in the symmetric group on n elements and Z be a random matriz with distribution

PanB - ({O})Cnpﬁ—i_‘ljﬂUnpﬁ
on B, where W(A) = Wy (s(A)) = s (Is(A),) for A € BU, and tio is
defined as in Theorem 3.2.3 for f = V5. Then

X
so(Z) = (s2y(2),....s%m(2)) and
p a(1) y ) 20(n)

(1X 175 + W)

are identically distributed on B! /2, with distribution

+

Pn,p/2,W,Vg,+ = W({O})Cn,p/z,v;,+ + ‘Pngn,p/2,vg,+

The proof of this goes along the same lines as that of Theorem 3.3.1, just using the
representation results from Theorem 3.2.3 in the non-negative setting and the Weyl
integration formula from (3.17) instead of (3.13). We do, however, include it for the

self-containedness of this chapter.

Proof of Theorem 3.3.5. Let h : R® — R be a non-negative and measurable function
and consider h : #,(Fg) — R with A(A) := h(s*(A)). We proceed to compute Eh(Z):

Bi(Z) = / R(A) (W(H{0)CE ,+ TUL ) (dA)

M (Fg)
— w({0}) / h((4)) G2 (dA) + / b (£(4)) TOUL (dA).

Again, one considers the radial extension of h(s*(A)) from Sz’?’% onto M, (Fz), which
has the form h(s?(A)/||s*(A)|l,2), A € M, (F3), since we are considering s*(A) instead
of s(A). Following Remark 3.1.1 (i), the polar integration formula from Lemma 2.4.6
applied to ]B%Z:g% gives

/ h(%) Ul ) = [0 [ b)) €8, aanar

IEBZ”E” 0 SZ,Z’LM
= h(s*(A)) CF, 5(dA). (3.18)
Sn;l,/ﬂ
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Rewriting ER(Z) via (3.18) implies that

Eh(Z) :W({O})vol@n ]B%’”” / h(HSQ Hpm)volﬂ,n(dA)

+voly, (B / h(ﬁ(A))W(A)volﬁ,n(dA).

n, M
BPB

We apply the Weyl integration formula for non-self-adjoint matrices (3.17) with re-
spect to the functions fi(A) = h(s%(A)/||s*(A)|l,2) and fo(A) = h(s*(A)) T4 (s*(A)).
The repulsion factor therein is given by V. Further, it holds that Vg € & !(R"}) with

m = 3fn’—nand U4 = Uy, = Wy (since they only depend on m), from which follows
2

- nlct s 9 2\ 1.2
Bi(Z) - oy WO [ () 50 et e ()0

volg (BZ’B |S2Hp/2
’ p/2
n! cnﬂﬂ h(s2) U 2) v 1 2) 452
+ n,% (S ) V% (S ) /3(5) {azeRi:x1<...<azn}<S ) S
V01/37n (Bp,ﬂ ) A B
p/2
/A
n! Crp

- vols,, (Bgff ) on wiieh

/h( s ) ( s2 )H 2Hm 1 ()d2
4 ”52”17/2 ? ”52”73/2 p/2 H{zeR™z1<..<zp}

p/2

n! cT/L%ﬁ

volg p, <B ) 2n

v / M%) W9 (2) Vs () Lscspinr e ooy (57) d5”

/2
We use the polar integration formula from Lemma 2.4.6 for K = B /2> by which it

follows that the above is equal to

1

W({0}) / prm=l gy

nleysnvol, (B ,)

vols,, (Bj") 2 J
<[ B V5(5) Ly ) () o (05)
Spj2
n! cg%ﬁ

+ /hSQ\DCSQVSlen'x ) S2d52
volg p, (BZ?) on o, ( ) Vg( ) B( ) {reRr <. < n}( )
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n!c®,nvol,(B",)
- ﬁn/g p/2 W<{O}) / h<82) V5 (52) 1{m€R1::p1<..‘<mn} (82) Cnvp/2 (d82)
volg ,, (IB%p:ﬁ > (n+m)2n i

p/2

nlels vol, (By)),)

h(s%) Woe (s2) Va(s?) 1 . i 52 U, Y
VOlﬁ,n (IB%Z:[;”) on Bn/ ( ) V,B( ) B( ) {:BGR+. 1<..< n}( ) p/2< )

p/2

By the definition of U, /2y and C,, /05 for f = Vg and V§ := Cy, Vg it thereby
follows that

. n! 07/1”/3

EA(Z) =
volyn (Byi) Cpw, T (255 +1)20

x W({0}) / h(s%) Liaerniar<...<an} (57) Cnpyav, (ds?)

n—1
Sp/2

nlels

_|_
vola (Byi) Copw, T (255 +1)20

X / h(82) \I/v% (82) 1{xeRi:x1<,..<xn} (32) Unap/27vﬂ (d82)

n
Bp/ 2

= nIW({0}) / 7(5) Laern oy <. <an} (57) Crpyavs (ds”)

n—1
S17/2

+nl / B(5%) Wys (5%) Tgacmnio <. con) (5) Up v (ds?).
B
Finally, when permuting the coordinates of s*(A4) by a uniform random permutation

from the symmetric group on n elements, our probabilistic representation in Theorem

3.2.3 yields

E(h o 0)(Z) = W({0}) / B(2) s (45%) + / B(2) Wee (52) U ppnos (45)

—1 n
S;/z IE510/2

=Eh < p/2X ) ’
(X152 + W)

which concludes the proof. O
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Remark 3.3.6 We now show that the degree of homogeneity of V§ is m = gnz -n

as assumed in Theorem 3.3.5: Let s € [0,00),2 € R", 5 € {1,2,4}, then

Vi(sr) = Cy, H |sz; — s H(sxiﬁ’l

1<i<j<n i=1

. " Cv, HH B|xz—m]|ﬂHx

7,1]2

gan= "C’VBHS” ”8H|x,—x]|ﬁnx§
— gann $P T Oy, HH|xl_%|ﬁHx§

=1 j=t

E

E

Hence, our assumption was indeed justified.

Remark 3.3.7 For Vj the degree of homogeneity is m = én — n. Thus, if we chose

W = G(a, 1) for a > 0, analogue arguments as in Remark 3.2.8 for a random vector
X distributed on R} as in Theorem 3.3.5 yield that

X p/2
H p/!p/2 ~B (ﬁn2> Oé) )
X172 + P
and for W = 90y + (1 — ) G(a, 1), where ¥ € [0,1] and « € (0,00), we have by the
arguments from Proposition 3.2.10 that

2
X7

/—2”2 95, + (1 —9)B (/BnQ a)
X152 + p

3.4 Sanov-type LDPs for p-radial distributions on
Euclidean p-balls

In [74] an LDP was derived for the empirical measure of the (suitably scaled) co-
ordinates of a random vector that is distributed according to the cone probability
measure C,, on BJ. In this section, we prove a similar large deviation principle
with the random vectors chosen according to one of the more general distributions
P, ,w. We restrict ourselves to the following situation: for each n € N we consider
W,, = 9,00 + (1 — 9,,)G(avn, 1) with 9, € [0,1] and «,, > 0. This way, the distri-

bution is specific enough to compute a concrete rate function, yet broad enough to
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still encapsulate many interesting distributions for the corresponding P, , w,, such as
those outlined in Remark 2.4.3. As we will see, the large deviation behaviour of the
empirical measure will be dependent both on the limits lim,, . ¥, =: ¥ € [0, 1] and
lim,, 500 ™t =: @ € [0,00) of the parameter sequences and their speed of conver-
gence, and thus will be universal to all distributions who have the same parameter
limits and parameter convergence speeds. We shall appropriately write ¥, for the p-
radial density associated with W, as defined in Theorem 3.2.3 (however, the weighting
function will not be needed in this section, i.e., it can be set to f = 1). For probability

measures v, u € M;(R) we define the relative entropy of v with respect to p as

/log v(dr) v(de) v<p

Hvn) = udz) (3.19)
400 : otherwise,
where v < p denotes d
corresponding Radon-Nikodym derivative. For a random vector Z(™ : ( , I, () )

in R™ the empirical measure of its coordinates is defined as

1 & 5
Vp i— — (n) -
n n é_ Z,

In the following result, the random vector Z(™ will have distribution C,,, on B, thus
we will consider the empirical measure of the coordinates scaled by the factor nl/ P ie.,
= % 2 5n1/PZ§”)'

The scaling is necessary to receive non-trivial results and can be derived by the following
reasoning. Since the defining condition of Sg_l restricts the n-fold sum of p-th powers
of the coordinates of a random vector to be equal to one, it follows that the typical
coordinate of that vector must be of order n~'/?, which the rescaling counteracts (cf.
[74, Proposition 2.2]). The same scaling will be applied for all other distributions on
y-balls as well, as they all have p-radial components that are less or equal to that
of the cone probability measure. We will often just call u, the empirical measure of
a random vector Z™ . As mentioned in the introduction, Rachev and Riischendorf
[99] showed that the (one dimensional) marginal distributions of C,,, asymptotically
are p-generalized Gaussian distributions Np, thus the expectation of the p, is Np. In
[74, Proposition 3.6] Kim and Ramanan derived the following Sanov-type LDP for the

empirical measure of a random vector in B} with distribution C,, .
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Proposition 3.4.1 Let 0 < p < oo and let (Z™),en be a sequence of random vectors
Zm = (Z@7 R Zﬁ")) in B with distribution C,,. For p € Mi(R) denote by my (1)
its p-th absolute moment as in (2.5). Then the sequence of random probability measures
(tn ) nen with p, == %Z?:l 0 1/pym satisfies a large deviation principle on My (R) with

speed n and good rate function

H(u|[Np) + (1= my(n)) = mp(p) <1

+00 : otherwise.

Icone (,u) —

Thus, in accordance with the theorem of Sanov, the rate function is given by the
relative entropy with respect to the asymptotic coordinate distribution Np, but with

an additional “penalty term” based on the p-th absolute moment of a measure.

Remark 3.4.2

(i) The original version of this result in [74, Proposition 3.6] was only formulated
for p € [1,00], but can be expanded to p € (0,00], since all the probabilistic
representations used in the proof also hold for p € (0, 1), and neither the convexity
of B} nor the norm-property of || - ||, was used in the proof. We exclude the case

p = oo in this chapter though, hence we only present results for p € (0, 00).

(ii) As mentioned in Remark 2.2.3, the scale of the p-generalized Gaussians in [74] is
p'/? instead of 1, that is, one considers N,, instead of Np. Accordingly, the rate
function in Proposition 3.4.1 had to be adjusted to compensate for the different
parametrization in this chapter, which was chosen to keep the main results more

in line with those for matrix p-balls from [62], which employ Np.

(iii) The above Sanov-type LDP for Euclidean p-balls of Kim and Ramanan [74] has
been recently generalized to a Sanov-type LDP for Orlicz balls by Frithwirth and
Prochno in [35]. Despite being proven differently, due to the lack of Schechtman-
Zinn-type probabilistic representations, their results still exhibit a similarity to
those in [74] with the rate function of the LDP being given by a relative entropy

term and a generalization of the moment penalty.
We now extend Proposition 3.4.1 to random vectors with distribution P, , w, on B}.

It will turn out that the rate function will again be based on the relative entropy, this

time perturbed by some more elaborate p-th moment penalty.
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Theorem 3.4.3 Let 0 < p < oo and let (Vn)nen be a sequence in [0,1] such that
lim, oo ¥, = 9 € [0,1] and denote by k(¥) > 1 the smallest number for which
lim,, 00 7 F) | log(1 — ¥9,)| < +o00. Also let (an)nen be a positive, real sequence such
that lim,, oo ayn™ = a € [0,00). For each n € N let W,, = 9,00 + (1 — 9,,) G(atn, 1),
and let (Z™),en be a sequence of random vectors Z™) = (an), cee Zr(l”)) in B} chosen

according to the distribution P, ,w,. Then the sequence of random probability mea-

sures (fin)nen With (1, == £ 3" 6 |, w satisfies a large deviation principle on M (R)

with speed n and good rate function

' my(p) < 1 k(9) > 1,
Icone(ﬂ) — C(1-v) . p(/‘L> ( )

Lo (i) = Zeone(t) + %log (}3) - (}) - a) log (}9 + a) | my () < 1,k(9) = 1,

—alog (1—7213(#)) — Ciiv)

+00 : otherwise,

\

where Leone s the same as in Proposition 3.4.1 and

lim n~!log(1—49,) k(W) =1

n—oo

0 ck(09) > 1.

C(lfg) =

Remark 3.4.4
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(i) The term c(_y) serves as a correction term that is only positive if ¥, tends

to 1 in such a way that both n~*log(1 — 9,) and (a,n !),en share the same
speed of convergence. For the case ¥ € [0,1) we always have that k() = 1
and cq_gy = lim, o n ' log(l — ¥,) = 0, hence the rate function simplifies
accordingly. For k(1) > 1 (which implies that 9,, tends to ¥ = 1 faster than a,,n*
tends to «), the term c(;_y) also vanishes and the sequence (11, )nen from Theorem
3.4.3 based on P, ,w, shares its rate function with that for the cone measure
C,,, from Proposition 3.4.1. Any convergence speeds slower than k(¢) = 1 would
only yield trivial results, as the resulting LDP for the p-radial component of our
probabilistic representation (see Lemma 3.4.5) would have a speed slower than
the LDP of the directional component (see Proposition 3.4.1). However, overall
we see that for many parameter sequences (U,,)nen, i.€., for many distributions

P, ,w,, the rate functions of the corresponding LDPs are universal.
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(ii) We need to consider k() such that lim,, ., n *® |log(1 — ¥,)| < oo in or-
der to analyze the interplay between the convex combination of measures in
W, = 9,60 + (1 — 9,,)G(a,, 1) and the parameter sequence (o, )nen of the in-
volved gamma distributions. The value of k(¢)) and the limiting behavior of
n~* |log(1 — ¥,)| determine if the convex combination in W,, “drowns out”
the involved gamma distributions G(ay,, 1) faster than their parameter sequence

(n)nen can grow and have an influence on the large deviation behavior.

The strategy of the proof of Theorem 3.4.3 will be the following: for a given random
vector in B} with distribution P, ,w, we apply the probabilistic representation from
Proposition 2.4.5 for the specific W,,. We split that representation into two com-
ponents, one representing the directional component and the other representing the
p-radial component of the random vector and we will derive LDPs for them separately.
However, the LDP for the directional component (which has distribution C,, ;) has been
obtained in [74] (see Proposition 3.4.1). So, only the LDP for the p-radial component
has to be established. Applying the contraction principle will then conclude the proof.

Lemma 3.4.5 Let 0 < p < oo and let (U,)nen be a sequence in [0,1] such that
lim, ;00 ¥, = 9 € [0,1] and denote by k(¥) > 1 the smallest number for which
lim,, oo n ¥ | log(1 — 9,,)| < 400 holds. Also let (a,)nen be a positive, real sequence
such that lim,, o, n™ ' = o € [0,00). For each n € N let R (Xf"), . ,Xfln))
be a random wvector with independent coordinates such that X; ~ Np. Independently
of (X("))neN, let (W(”))neN be a sequence of random variables with W™ ~ W, =
Undo+(1—1,) G(an, 1). Then the sequence of random variables (B(”))neN with B =
HX(”)Hi/(HX(”)HZ + W(”)) satisfies a large deviation principle on [0, 1] with speed n
and good rate function

.

0 ck(9) > 1Lz=1

k() =1,a=0

1 10 o 3 . 3 9

5 log(@) — ca-v) e (0.1]

Toea() =4 1 11—z 1 1
—=1 —al — - 1 -

pog(a:p) alog = p—i—a og p+a :k(ﬁ):l,a>0,

| o0 : otherwise,
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where
lim n~! log(1—19,) :k@W)=1
. n—oo
0(1,19) =
0 D k(09) > 1.

Proof. We have seen in Proposition 3.2.10 that B™ ~ 9,,6; + (1 - ﬁn)B(%, an) (for
f =1 with m = 0). We intend to apply the theorem of Gartner-Ellis (Proposition
2.3.7) to show the above LDP, somewhat following along the proof of Lemma 4.1 in
[4], and thus consider the following limit for ¢ € R:

A(t) = lim llogE[e"tB(")]

n—oo M

1
= lim 1 log /e"m <19n51 +(1-7,)B <2704n>) (dz)
n—oo M p
| 0
- 1

1
= lim = log [d,e™ + (1 — V) / e"" B (2,04”) (dz)
p

n—oo M

1
= ¢+ lim —log [, + (1 —ﬁn)/e”t(’”‘l)B (ﬁ,an) (dz) |,
p

n—oo N

which yields

n—oo 1

1
1 1 .
A(t) = t+ lim —log |¥, + (1 — ﬁn)—/ent(xl) x5_1(1 — )l dy
B(2a,)

The change of variables y = 1 — x then gives us

A(t)
- ; )
1 1=y n_
=t+ lim —log (¥, + ——— /e—nty (1—y)» Lyen=1 4y
n—oo N, B <27 Oén>
L P 0
[ 1
¢+ lim —log |d, + e / en(—ty+5 = log(l—y)+ 5=t losw) qy | | (3.20)
n—o0o N, B (%7 Oén> J

At this point, we need to distinguish the cases k() = 1 and k(¥) > 1, and the cases
a = 0 and a > 0. The method of the proof will be mostly the same for those cases
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with k() = 1, which is to give upper and lower bounds for the integrand in the above
expression, such that only the initial coefficient in the exponent remains dependent on
n, whereby we can apply one of the asymptotic integral expansion results presented
in Section 3.1.2. After some explicit calculations, we will then let our upper and
lower estimates approach our initial integrand, and thereby give the sought-after limit

explicitly. For k() > 1 the proof follows from rather straightforward calculations.

We begin with k(¢) = 1 and a > 0. For any ¢ > 0 there exists ny € N such that for
n >ng and y € (0,1) we have that

n(—ty—&—(%—%) log(1—y)+ annfl 1og(y)> < en(—ty—f—(%—e) log(1—y)+(a—e) log(y)) (321>

(&

and

en(fter(%*%) log(1—y)+2n=L log(y)) > en(fter(%Jre) log(1—y)+(ate) 1og(y))‘ (3‘22)

Thus, the term in (3.20) for a > 0 is bounded from above by

1
t+ lim —log Yo+ (1 =1, /e —ty+(5—¢) log(1—y)+(a—e) logly )dy , (3.23)

n—oo N,
p’ 0

and bounded from below by

1
t+ lim —log [0, + (1 — ¥, (ty+(Gre) et losw) 4y | | (3.04)
n—o00 N,

1

1 / n

—_— e
B (5.0)

which we denote as A_(t) and A, (t), respectively. We want to apply the adapted
Laplace principle from Remark 3.1.3 to the terms in limits of the above expressions,

and thus denote
0-ea(y) = —ty + (% - e) log(1 —y) + (o — €) log(y),
and
Oret(y) == —ty + (119 + 6) log(1 —y) + (o + ¢) log(y).
We already have that (9,,),en is bounded and non-negative. Also, (1 — ﬁn)B(%, an)_l

is positive for all n € N bigger than some N € N, since k(¥)) = 1 implies that ¢, # 1
for n € N bigger than some N € N.
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Furthermore, both ¢_.; and g;.; are twice continuously differentiable on (0,1). It

remains to show that (3.3) holds for the sequence (5(2))n€N with

—1
s = (1-19,)B (ﬁ,an) ,
p

and that the maximum conditions of the Laplace principle are met by o_.; and g .
We begin with the former. It follows from a > 0 that «,, — —+o00, thus Stirling’s
formula (2.4) tells us that, for increasing n, B(%, an) behaves like

n

it

>n/p— 1/2 aan_l/Q

n

>n/p+an1/2 ’

Hence, we have

1
lim —log
n—,oo N, B (ﬂ Qa >

p? n
n 1
p

1
_1 a, — 1 .
2 (logn+log n/p) + 2 <logn+ log a_)
n n n n

1 1 1 1
= ——log— —aloga+ (——l—a) log (——i—a) . (3.25)
p p p p

Thus, with k() = 1 and the above, it follows for the sequence (sg))neN, given by

) B(Z, o), that

1 1 1 1
—log— —aloga + (— + a) log (— + a) < 4o00.  (3.26)
p p p

s =(1-

1
lim —log sf) = C(1-v) —
n—oo N

Regarding the maximum conditions of the Laplace principle, direct calculation yields
that for € < min {a, %} and t € R\ {0} we have

s o+ (5 <) tontt =)+ (o - ostr)) |

sup 0-e4(y) =
y€(0,1

y€(0,1)
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—t—(Oz+%—2e>—\/<a+%—26—|—t>2—4(a—e)t]
+(1 )1 t—(oz—i—%—Ze)—\/(a+%—2€+t>2—4(a—e)t
0g

——€
2t

2

2
t+<a+%—26)—l—\/(a—l—%—2e+t) Ao — o)t

+ (o —¢)log 5 ,
and for t = 0 it holds that
sup 0_co(y) = (1 - e) logL + (o — e)logL
el 4 CY—F% — 2¢ a+jlo—25'

The analogue of the above holds for the maximum of g, simply replacing —e by +¢
(also, in this latter calculation the condition € < min {a, %} is not required). By the
above, it follows that the suprema of p_.; and o, are not attained on the boundary
of the interval [0, 1], hence the Laplace principle can be applied to both. But before
doing so, by setting

1
V() = — (1—9 _ ) log(1 — ) — (0 — €) log(y).
and .
W(y) = — (]; ; ) log(1 — ) — (a + €) log(y).
we see that
Sup 0 caly) = sup |(—0)y — W (y)] = v () (3.27)
y€(0,1) y€(0,1)
and
SUp 04ei(y) = sup [(—L‘)y— ‘I'+e(y)] = W1 (—1), (3.28)
y€(0,1) y€(0,1)

i.e., the suprema of p_.; and g, can be written as Legendre-Fenchel transforms of ¥_,
and W, at (—t), respectively. Now, using the adapted Laplace principle from (3.4),
and the identities from (3.26), (3.27), and (3.28), we can reformulate the respective
upper and lower bounds A_(t), Ay(t) from (3.23) and (3.24) as

1 1 1 1
A_(t) =t+cq_y) — —log— —aloga + <— + a) log (— + oz) + U* (1)
p P p p
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and
1,1 1 1 .
Ape(t) =t+cag — —log— —aloga+ | —+a)log |~ +a |+ ¥ (1)
p P p p

As the above holds for every sufficiently small ¢ > 0, considering the limit of A_(?)
and A (f) as € tends to 0 yields that

1.1 1 1
A(t) =t+ca_y) — —log— —aloga + (- +a) log <_ +a) (),
p p P [

where U* is the Legendre-Fenchel transform of U with ¥ (y) := —% log(1—y)—alog(y),
which is the limit of both W_, and ¥, as € tends to 0. Since A is finite in an open
neighbourhood of the origin and is lower semi-continuous and differentiable, it now
follows via the theorem of Gértner-Ellis (Proposition 2.3.7) that the sequence (B ("))
satisfies an LDP with speed n and rate function A*. Setting

neN

1 1 1 1
Copa = C1—9) — —log— —aloga+ | - +a|log| -+«
p p p p

for notational brevity, we get that for x € (0, 1)

A*(z) = sup o — A(t)]

teR *

= sup |[te —t— \If*(—t)] — CIpa
ter L

= sup -t(x —-1)— \I/*(—t)} — Copa-
teR L

Again, using the change of variables z = 1 — z as in (3.20), we get

N () = sup (=) + W (=8)] = copa =sup [T = WD) = crpa = () (2) = rpa
teR teR

By Lemma 2.1.1 (2), the Legendre-Fenchel transform is an involution on (0, 1), hence
N (z) = (U)*(2) — copa = V(2) — Copa-

Plugging in the definition of ¥ and rolling back the previous change of variables, we
have that
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1 1 1 1 1
AN (z)=— Elog(l —z) — alog(z) + p log]—7 + aloga — (Z_? + a) log (]—? + a) — C(1-v)

1 1 1 1 1
= — —log(x) — alog(l —x) + —log — + alog v — (— —1—04) log <— —i—a) — C(1-v)
p p p p p

1 1—=x 1 1
= — —log(zp) — alog ( ) — (— - a) log (— + a) — C(1-9),
p «Q p p

yielding the first case of the rate function. For z € {0,1} direct computation yields

that A*(z) = 400 in these cases.

For k(¢) = 1 and o« = 0 we need to slightly adapt some of the steps in the proof of
the previous case. We again provide upper and lower bounds for the integrand, where
the lower bound will be handled completely analogously to the previous case via the
adapted Laplace principle (3.4), but the upper bound needs to be approached via the
asymptotic integral results from (3.5). Let a = 0, then there exists ny € N such that
for n > ng and y € (0,1) we have that

en(—ty +(%+e) log(1—y)+e log(y)) en(—ty +(%—%) log(1—y)+ a"n_l log(y))

< en(—ty+(%—e)log(1—y)).

IN

We choose a different upper bound here than in the previous case in (3.21), since for
a =0 and (—1) <t the function —ty + (% — e) log(1 — y) + (o — €) log(y) is strictly
decreasing in y and attains its maximum over [0, 1] on the boundary of the interval at
0. Since this is not the case for the lower bound in (3.22), we can use its analogue for
a = 0 here as well. With these bounds we get the following respective upper and lower
bounds for the term in (3.20):

n—oo M

1
1 1
t 4 lim —log |0, + (1 —ﬁn)—/ e (-t +(5 =) los(1-w) g, (3.29)
B(3.an) |

n(—ty+(1+e) log(1—y)+elog(y)) dy|, (3.30)

1
1 1 /
— [ e
n—oo M n
B(E’ a”) 0
again denoting these as A_.(t) and A, (t), repectively. We again need to consider the

behaviour of (5(2))n€N with s = (1— 19n)B(%, ozn)_1 and check the conditions of the

relevant asymptotic integral expansions for the functions in the respective integrands,
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denoted as
. 1 - 1
0-ct(y) == —ty+<2—? — E) log(1—y) and 04c:(y) == —ty+(]—? + 6) log(1—y)+elog(y).

If, on the one hand, both «,, — 400 and a = 0 hold simultaneously, applying Stirling’s
formula as in (3.25) and interpreting the expression 0log(0) as 0 yields that

1 1
lim —log ———— =0. (3.31)

p? n
If, on the other hand, «, is bounded, again, by Stirling’s formula (2.4), it follows that

B(%, an) behaves like I'(cv,) (%)_a" for large n € N, which implies

lim log b — — Ji B ey (ﬁ) = 0. (3.32)

n—oo M B (%’ an) n—oo n n—oo M p

The positivity of s (at least almost everywhere) follows again by k(¢) = 1. The
function ¢4, satisfies the conditions of the Laplace principle (Proposition 3.1.2) by

the same arguments as in the previous case. We again set

By = - (3 - ) og(1—y), and  By(y)i= - (1 ; ) log(1 — ) — elog(y),

p 4
such that
sSup @fe,t(y> = \i/i€<—t> and sup §+e,t(y) = ‘ijie(_t)7 (333>
y€(0,1) y€(0,1)

as in (3.27) and (3.28). Now, using (3.31), (3.32), (3.33), and applying the adapted
Laplace principle from (3.4) to the limit in A, .(¢) in (3.30), we get

Arc(t) =t +cag + U5 (—1).

Again, we consider the limit of A, as € tends to zero, giving the lower bound for A(t):

~ 1
Apo(t) =t + ca—w) + Vig(—t) =t + ca_y) + S?p) {—ty + ]_710g(1 - y)] . (3.34)
ye (0,1

As to the upper bound, for (—1) < t the function ¥*

—€

satisfies conditions (a) — (d)
from Proposition 3.1.4, thus, by (3.5) from Remark 3.1.5, from (3.29) we get the upper
bound for A(t):

~ 1
A_c(t) =t+ca—g) + ¥ .(0) =t +ca_gp + sup {— (— - e) log(1 — y)} =t 4+ ca_v).
y€[0,1] p
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For t < (—1) the function W_, is again strictly concave and attains its supremum on

(0,1), so applying the adapted Laplace principle (3.4) to (3.29) yields
A () =t +ca_g +T* (—1).

Combining the two cases and again considering the limit for € tending to zero, we see
that overall it holds for ¢t € R,

_ 1
A o(t) =t 4 ca—yy + YV o(t) =t +ca_y + sup {—ty + —log(l—1y)|,
y€(0,1) p

which together with (3.34) yields that

1

A(t) =t +ca_g)+ sup |-ty + —log(l — y)} =t 4 cu—y) + V" (-1),
y€(0,1) p

with U* being the Legendre-Fenchel transform of ¥ with W(y) := —é log(1 —y). By

the theorem of Gértner-Ellis (Proposition 2.3.7) and the same involution and change

of variables arguments as in the previous case, we get that for a = 0 the sequence

(B™M),.en thus satisfies an LDP with speed n and rate function
. 1
A (z) = T log(z) — ca—).

Lastly, let k() > 1. This implies on the one hand that ¥ = 1 and on the other hand
that (1—1,) tends to zero faster than the integral expression in (3.20) tends to infinity,

i.e., the product of both tends to zero. Hence, the expression in (3.20) simplifies to

1
1 1 n/p— an—
A(t) = t+ lim —log |V, + (1 — 15‘71)—/6”(_25?”/nllog(l_y)Jr i log(v)) dy
n—oo N, B <ﬂ Q ) 4
p7 n

1
= t+ lim —log[¥,] = t,

n—oo N,

which implies via the theorem of Géartner-Ellis (Proposition 2.3.7) that the sequence
(B™),cn satisfies an LDP on [0, 1] with speed n and rate function

Tuial@) = A"(2) = sup [tz —1] =sup e —1)] =" 77!

teR teR 400 :otherwise.

This finishes the proof of Lemma 3.4.5. O

81



3.4. SANOV-TYPE LDPs FOR EUCLIDEAN p-BALLS

Proof of Theorem 3.4.3. By the probabilistic representation results from Proposition
2.4.5 and Lemma 3.2.1 (i), and the distributional identities from Proposition 3.2.9 and
Proposition 3.2.10 (all for f = 1), we have that

n

n
= 23 g 21 26 —2%
Hin n ”1/pZ Xgn) n= nl/pB(n)l/Pixi(n) ’

, nl/P
=1 (1x B+ wm) 7P i= IXlp

where X (™ is a random vector with density C,, 1 e I*IF z € R", (i.e., with distribution
Nf?”), W™ is a random variable on [0, 00), independent of X with distribution
W, = 9,00 + (1 —9,,)G(a, 1), and B™ := X(”)Hi /(HX(")Hi + W(”)) as in Lemma

3.4.5. Let us define a sequence of random probability measures (&, )nen by

E 6 X(n) .
n

nx(”>np

Then, since X ™ /|| X ) ||p is independent from || X ™|, by Lemma 3.2.1, it follows from
Proposition 2.3.4, Proposition 3.4.1, and Lemma 3.4.5 that the sequence (£,, B™),exn
satisfies a large deviation principle on M;(R) x [0, 1] with speed n and good rate

function

Zi (&, 2) = Leone(§) + Lveta(2), (& 2) € Mi(R) x [0,1].
In the case z = 0, we can see by Lemma 3.4.5, that Zye.(0) = +oo and thereby
Z:(€,0) = Zeone(§) + 00 = 400 for all & € M;(R). Thus, we confine ourselves to
€ (0,1]. Next, we introduce the continuous map F, : M;(R) x (0,1] — M;(R) with
(€, 2) — £(z7Y/7.) and notice that for each n € N and for any Borel set A € B(R),

Fy (6, B™) (4) = ( Zé ‘”)><A>

|\X(”>np

1 _
= =36 e (BT
N "Upm
-~ n Z l/pB(n)l/pXi)<A)
I1x ™),
= ,un(A)-

By the contraction principle in Proposition 2.3.5, the sequence of random probability
measures (i, )nen thus satisfies a large deviation principle with speed n and good rate

function Z, : M;(R) x (0, 1] — [0, 00| given by

I2(,u) = inf [Icone(f) + Ibeta(z) ) M € Ml(R)a S (Oa 1]
£GP )=p()
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It remains to show that Z, in fact coincides with the rate function Zey, stated in the
theorem. The rate functions Z.one and Zyeta each depend on their respective parameters
mp(p) € 0,00], k() > 1, and o € [0,00), so we need to check for which parameter

configurations they remain finite.

Case 1. Let u € M;(R) be such that m,(u) > 1. Then, by &(z7VP-) = u(-),
we know that m,(§) = z7'm,(p), so my(§) > 1. Therefore Zone(§) = 400 and
Ty (1) = Talp) = 0.

Case 2. Let € My(R) be such that m,(u) < 1 and W, be such that o = 0. By
E(z71P ) = (), we again know that m,,(¢) = 2~ m, (). Now we have to distinguish
between the cases m,(§) > 1 and m,(§) < 1. In the first case, Zeone(§) = +o0 and
therefore Zomp (1) = Zo(p) = 4o00. If m,(€) < 1, then z is restricted to the non-empty
interval [m,(u),1]. Hence, z € [m,(p),1] N (0,1]. If k(J) > 1, we know by Lemma
3.4.5 that Zpeta(z) is only finite for z = 1, in which case it follows that £ = p and
To(1t) = Zeone(ft) = Zeone(pt) — ca—gy- If k() = 1, by Proposition 3.4.1 and Lemma
3.4.5, we get

i N 1
Ir(p) = L [H(f ING) + (1= my(€)) =~ log(2) = ca)
: d ) ]
- ﬁ(z‘l/l‘?f):u() /log % §(de) + (1 =27 my () — ]—)bg(z) — C1-v)-

The change of variables y = z!/Pz then gives us &(dx) = £(dz~'/Py) = u(dy), and
N,(dz) = N, (dz7"?y) = (2/7T(1 + 1/10))_1 e WPy = N, (dy).

Thus,

. 1(dy) 1 1
T = inf log ————— pu(dy) + (1 — 27"'m — —log(z)| — ca—w,
o) = inf / 5 R, (dy) p(dy) + ( »(1)) 5 108(2) | = ca-n)

which is only dependent on z € [m,(u), 1] N (0, 1]. We further compute

1u(dy) ~ 10 [ 2(dy) Ny(dy)
R/ s 5 gy ) = [ s (pry) Np,z<dy>) Hidy)

R

I T
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= 1IN + [ 1o A0

J R, ) p(dy).

Since
—}\Tp(dy) = e(Z’l—l)\ylpzl/p7
NP,Z(dy)

we conclude that

/,L(dy) \ 27 =1)|y|P 1/p
R/logmu(dy) = H(p|N, )+/log (e( Wl /> p(dy)

H(u||N,) + ( /!yl” (dy) + —log /udy

= H(p|Np) + (2" = L)y () + Zglog() (3.35)

which minimizes for z = 1. Hence, the rate function is of the form

To(p) = H(plNp) + (1 = my(p)) = ca9) = Zeone(1t) = c1-v).-

Case 3. Let € My(R) be such that m,(u) < 1 and W,, be such that o > 0. By

the same arguments as above, we assume that m,(§) < 1 and z € [m,(n), 1] N (0, 1),
where we exclude z = 1 due to Lemma 3.4.5. Then, by Proposition 3.4.1 and Lemma
3.4.5, we get

1—=z2

Iy(p)=  inf [H(SIINp) + (1 =my(§)) — = 108;(192) —alog

E(z=1P)=p()
1 1
—|—+a)log|-+a]—cqy
p p

- §(dz) .
B g(z—ul?.f):M(J /bg Np(dx)f(dx) + (1= 2" my(p) — = log(pz) — alog

1 1
— <— + a) log (— + oz) — C(1-9)-
p p

The change of variables y = z!/Px as in Case 2 then lets us reformulate the above to

1—=z2

. 1(dy) . 1 1—2z
inf log =————p(dy) + (1 —2z""m — —log(pz) — alo
z€[myp(1),1]N(0,1) / gan(dy)'u( y)+( (1)) D g(pz) g o

R
1 1

— (— + a) log (— + a) — C(1-9)-
p p
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Using the argument from (3.35) it follows that

- 1
To(p) = inf H(u||N | —1 11—zt
AES [ (IRp) + (71 = Drmy(p) + ~log(2) + (1 = = 'm (1)
1 1—=z 1 1
— —log(pz) — alog ] — (— + a) log (— + a) — C(1-9)
p «a p p

— HN,) + (1=, (1) ~ 1 toglp) + atog(a) — (1 +a ) 1og (1 +a)

— C(1—9) + inf [ — alog(1l — z)]

2€[myp(),1]N(0,1)

1 1 1 1 1-—
= Icone(/l) + —log <_> - (_ + a) log <_ + O./) — alog (M) — C(1-9),
p p p

P «

where the last equality only holds for m,(n) < 1, since for my,(u) = 1, we have
z € [my(p), 1] N (0,1) = 0, and thus Zy(u) = +oo. Hence, m,(u) = 1 can only be
permitted if o = 0.

Thus, we have shown that Z, in fact coincides with Zgy,, as given in Theorem 3.4.3,

finishing its proof. [l

Example 3.4.6 If ¢ = 0, we get the large deviation behaviour of the empirical mea-
sure of a random vector distributed according to some beta-type distribution ¥, U, ,
as discussed in Example 3.2.7 for f = 1. Note that this could be any distribution
U,Chrp+ (1 —0,)¥¢,U,, ¢ with ¥, — ¢ = 0. Since 9 only influences the rate function
via c(1_gy and c_gy = 0 for ¥ € [0,1), any distribution ¥,,C,,, + (1 — ,)V;, U, g
with J,, — ¥ € [0, 1) exhibits the same large deviation behaviour, i.e., shares the same

universal rate function for the sequence (p,)nen of corresponding empirical measures

¢

Leone (1) mp(p) <1, a=0

1 1

1 1
Icone(/JJ) + - lOg - = |-t lOg —ta
Temp(pt) = 1 p p p P cmp(p) <1, a>0
—a log ( *”ZJ(N))

+00 : otherwise.
\
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3.5 Sanov-type LDPs for p-radial distributions

on matrix p-balls

In this section, we want to use the tools from the previous sections to analyze the
large deviation behaviours of random matrices in IB%Z”?) and IB%Z:E% distributed according
to P7 wp and P 5 respectively. We will use the probabilistic representations
from Theorem 3.3.1 and Theorem 3.3.5 regarding the eigenvalue and singular value
distributions together with further large deviation results for their p-radial component
in the spirit of Lemma 3.4.5 to derive LDPs for IBSZ”?K and IB%Z:B/%.

3.5.1 Self-adjoint matrix p-balls

In the case of the matrix p-balls our goal is to derive an LDP for the so-called empirical
spectral measure of a random matrix in IB%Z:Z/. Let Z" € %,(F3) be a self-adjoint
random matrix with eigenvalues Ay (Z (”)) < ..o <A\ (Z (”)). We then define the

empirical spectral measure as the random measure

1 n
Y= 2 Oz,
=1

i.e., the empirical measure with respect to the eigenvalues. We will again consider the

suitably scaled version
1 n
Mn 1= ﬁ Zl 5n1/p)\i(Z(’l’L))
1=

and refer to it as the empirical spectral measure of the random matrix Z™. In [63] a

large deviation principle for the empirical spectral measure of random matrices chosen

4
n,p,B8

by proving a large deviation principle for random matrices chosen according to one of
the more general distributions PY v 5 := W({0})C7 5 + ¥*UZ ; on IB%Z,’;/ intro-
duced in Section 3.3. We again consider distributions W,, := 9,60 + (1 — 9,,) G(a, 1)

with weight sequence (9,),en in [0, 1] and parameter sequence (o, )nen in [0, 00), and

according to either U or CZ’; 5 Was proven. In this section, we generalize this result

thus write P 5 and U7 (and Wy, in the Euclidean representation).

Theorem 3.5.1 Let 0 < p < o0, B € {1,2,4}, and let (¥,)nen be a sequence in [0, 1]
with lim, . ¥, = ¥ € [0,1] and denote by k(V) > 2 the smallest number such that
limy, 0o n ¥ | log(1—1,,)| < +00. Further, let (o, )nen be a positive, real sequence such
that 1im,, oo ayn™2 = a € [0,00). For each n € N let W,, = 9,60 + (1 — 9,,) G(au,, 1),

and let Z™ be a random matriz in IB%Z’?/ chosen according to the distribution PZ W
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Then the sequence of random probability measures i, := %ZLI Opi/py,(zm)) Satisfies a

large deviation principle on My (R) with speed n* and good rate function

( mP(lu) S 17
Ifc{ne(u) - 0(1_19) k(ﬁ) Z 2’
o =
Ig;lpW) = Zoone (1) + ﬁ log (ﬁ) - (ﬁ + O./) log (ﬁ + a) my(p) <1,
2p 2p 2p 2p . _
log <1 mp(m) ) a>0
(0 otherwise,
where
b / / 8 Vapl'(5)
-5 log |z — y| p(dz)p(dy) + - log my(p) < 1
a — 2 2 o Jel (2L P
ICOne(IU“) - R R \/E ( 2 )
+oo : otherwise,
and
lim n=2 log(1 —4,) :k(¥) =2
4 . ) n—ooo
Cli—v) =
0 k() > 2.

The proof of this result is rather similar to that of Theorem 3.4.3, with the main
difference that it uses the probabilistic representation from Theorem 3.3.1, which is
weighted by the repulsion factor Ag of the eigenvalues (A§ with normalizing constants).
We again split that probabilistic representation into two components, one directional
component with distribution CZ » On the matrix p-ball and the other reflecting the

p-radial component. The main difference will be that the degree of homogeneity m

Br(n—1)
nl),

outlined in Remark 3.3.4, the first parameter of the beta distribution involved in the

of the weight function f is non-zero if f = A§, but m = Therefore, as
distribution of the p-radial component (compare with Lemma 3.4.5) will have a different
limit behaviour, affecting both the speed (via the order of convergence) and the rate

function (via the limit).

We now present two results outlining the large deviation behaviour of the aforemen-
tioned two components of the probabilistic representation of a random matrix with
distribution PZ”’: ow,. 5 One will do so for the empirical spectral measure of random
matrices with distribution CZ b5 OL IBZ’? and the other for the p-radial component of

the probabilistic representation. We start with the latter.
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Lemma 3.5.2 Let 0 < p < oo, B € {1,2,4}, and let (9,)nen be a sequence in [0, 1]
with lim, 0 ¥,, = ¥ € [0,1] and denote by k() > 2 the smallest number such that
lim,, 00 7 F) | log(1 — ¥9,)| < +o00. Also let (an)nen be a positive, real sequence such
that lim,_o a,n™2 = o € [0,00). For each n € N let X = (Xf"),...,XfL”)) be
a random vector with density Cppac e ll=lly AG(r), * € R", with A§ defined as in
Theorem 3.3.1. Independently of the sequence (X(”))HGN, let (I/V("))neN be a sequence
of random variables with W™ ~ W, = 9,60+ (1 —9,,) G(an, 1). Then the sequence of
random variables (B(”))neN with B = HX(”)Hz/(HX(")Hi + W(")) satisfies a large

deviation principle on [0, 00) with speed n* and good rate function

(

0 k(W) >2,z=1
k(¥)=2,aa=0
ﬁ _ Y )
—3, log(z) — cff_y)(2) e (0,1]
Theal(@) = .
bet _2ﬁp]Og<%>—alog<%>—<%+a>log<%+a> k() =2, >0,
_ C?{_ﬂ)(z) z € (0,1)
| +o0 . otherwise,
where

lim n=2 log(1 —19,) :k(W) =2

n—oo

0 D k(09) > 2.

oy =

This is proven in the same way as Lemma 3.4.5 with only a few differences. Since we
are dealing with matrix p-balls here, the weight function is A%, which is homogeneous
of degree m = %6n(n —1). We use the probabilistic representation of the (}-norm
of the eigenvalue-vector via the distributional convex combination given in Remark
3.3.4. We have seen in the proof of Lemma 3.4.5 that the LDP of the latter is heavily
dependent on the limits and orders of convergence of the involved parameter sequences.
It holds for the first parameter of the involved beta distribution from Remark 3.3.4 that
= 5 This explains the appearance of n? instead of n for the speed
and the factor 2% instead of % in the rate function.

lim,, o0 men—z =2

The second lemma is a large deviation principle for the sequence of empirical spectral

measures of a random matrix in IB%;L’;/ with distribution C7 5 from [62, Theorem 1.1].
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Lemma 3.5. 3 Let0 < p < oo, B €{1,2,4} andn € N. Further, let Z"™ be a random
matriz in B"7 s with distribution C, 5 and eigenvalues \; (z"), ie{1,...,n}. Then
the sequence of random probability measures fi, := 71121:1 Oni/ny,(zm)) Satisfies a large

deviation principle on My (R) with speed n* and good rate function

——//1og|x—y|udx> (dy) + fbg( ot ) () < 1
7 (1) = )

cone

+00 : otherwise.

Proof of Theorem 3.5.1. Since this proof is again quite similar to that of Theorem 3.4.3,
we reduce it to the essential differences. We use the probabilistic representations from
Theorem 3.3.1 and Lemma 3.2.1 (i), and the distributional identities from Proposition
3.2.9 and Proposition 3.2.10 to get

B % > Futson,(zo0) 2 Z 0 X" B % 20
=1 ‘

nl/pp(n)1/P Xi(n) )
1/p =1
(HX<")H£+W(”>)

1x)p

where X ™ is a random vector with density Chp,as e~ llzlly Ag(z), z € R*, W a ran-
dom variable on [0,00) with distribution W,, = 9,09 + (1 — 9,,)G(c,, 1), and with
B™ .= HX(”)Hi/(HX(")Hz + W(”)). Note, that while Theorem 3.3.1 makes a dis-
tributional statement for the randomly permuted eigenvalue vector \,(Z), the above
statement holds for the empirical measure of the ordered eigenvalue vector A(Z) as
well, since we are considering the Dirac measures of its coordinates within a sum, in
which the order of the summands is irrelevant. Using Lemma 3.5.2 and Lemma 3.5.3,
by the same arguments as in the proof of Theorem 3.4.3, we get that (i, )nen satisfies
an LDP with speed n? and good rate function Z5¥ : M;(R) x (0, 1] — [0, c0) given by

()= il IO+ TH.()],  pe MiR),z € (0,1,
eGP )=n()

It remains to show that Z is just the rate function Z7 & stated in the theorem.
However, this is done analogously to the Euclidean setting by a case-by-case analysis
of parameter configurations m,(u) € [0, 00|, k(¥) > 2 and a € [0,00), such that the

rate functions Z%  and Z7

L ne 7+ Temain finite, hence we omit the details. O

Example 3.5.4 Similar to Example 3.4.6, it follows that empirical spectral measure
of a random matrix Z™ of any distribution 9,CZ  ;+ (1 — 9,)¥7 U7, with ¥, —
v € [0, 1) exhibits large deviation behaviour described by the rate function
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I(Zne(ﬂ) . mp(u) S 17
a=20
T7 (1) + s log <£) — <£ + oz) log (ﬁ + a)
7 (1) = 2p 2p 2p 2p my(p) <1,
g (L) o € (0,00)
o)
+00 : otherwise,

hence the rate function and the corresponding large deviation behaviour is universal

for all these distributions.

3.5.2 Non-self-adjoint matrix p-balls

If the matrix is not self-adjoint, we define the empirical spectral measure of a matrix
ARNS M, (Fg) with respect to the squared singular values s7 (Z(”)) <. < (Z("))

as .
1
o = — E On2/ps2(z(m)-
n =1 '

Note that, just as before, the coordinates of the vector (s% (Z(”)), s, 82 (Z("))) € R}
are suitably scaled. In the non-self-adjoint case, we refer to the rescaled empirical
spectral measure with respect to the squared singular values when we talk of the
empirical spectral measure. As in the previous section, a large deviation principle
for the empirical spectral measure of a sequence of random matrices with distribution
U,/fp’ 5 Or Cnﬂ% 5 on IB%Z”;% was proven in [62]. Especially, it was observed that the rate
function in both cases is the same up to a constant. Slightly adapting the proof of
Theorem 3.5.1, we can show that this phenomenon occurs in a more general context.
The proof is now based on Theorem 3.3.5 and the norm distribution outlined in Remark
3.3.7 instead of Theorem 3.3.1 and Remark 3.3.4, but this time also on [62, Theorem

1.5] instead of [62, Theorem 1.1], the latter of which we stated as Lemma 3.5.3 above.

Theorem 3.5.5 Let 0 < p < o0, 8 € {1,2,4}, and let (¥,)nen be a sequence in [0, 1]
with lim, o ¥, = ¥ € [0,1] and denote by k() > 2 the smallest number such that
limy, 0o n ¥ | log(1 — 9,,)| < +00. Also, let (an)nen be a positive, real sequence such
that lim,, oo ayn™2 = a € [0,00). For each n € N let W,, = 9,00 + (1 — 9,,) G(av, 1),
and let Z™ be a random matriz in IB%Z:B/% chosen according to the distribution Pn/%,p,Wn,B'
Then the sequence of random probability measures i, := %Z?:l 5n2/pszg(z(n)) satisfies a

large deviation principle on My(R) with speed n* and good rate function
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(74 () -, my () < 1,k(0) > 2,
cone (1—-9) o=0
s g s B
" “log (=) — (= log [ £
Totnp (1) = conelt) 108 {1 p )\ e (i) < L K(9) =2,
1-my a>0
—alog < " (u)) —ct
[+ : otherwise,
where
)
5// 5 Vvapl (5
-5 log |z — y| p(dz)p(dy) + = log tmppa(p) <1
o () =3 24/ p /el (B57)
| +00 : otherwise,
and

lim n=2 log(1 —1,) : k(W) =2

/A o n—o0

0 k() > 2.

The proof of Theorem 3.5.5 is completely analogous to the one of Theorem 3.5.1, thus

we will only point out the changes in the auxiliary results that need to be made.

Lemma 3.5.6 Let 0 < p < o0, B € {1,2,4}, and let (9,)nen be a sequence in [0, 1]
with lim, 9, = ¥ € [0,1] and denote by k(¥) > 2 the smallest number such that
lim,, 0o *P | log(1 — 9,,)| < +o00. Also, let (a,)nen be a positive, real sequence such
that limy, e apn™2 = o € [0,00). For each n € N let X = (X™ ..., x") be a
random vector with density anp/zV% e_H”””f;g V%(x), r € RY, with V§ defined as in
Theorem 8.3.5. Independently of the sequence (X™),en, let (W™),cn be a sequence
of random variables with W™ ~ W, = 9,80 + (1 — 9,,) G(ay,, 1). Then the sequence
of random variables (B™),en with B™ = HX(n)| p/2 /(“X(")Hp/2 + W(”)) satisfies a

p/2 p/2
large deviation principle on [0,00) with speed n® and good rate function

0 k(W) >2,z=1
k(W) =2,a=0
B M . ’ ’

0 log(z) — 0(1—19)(95) e (0,1]

Tita(7) = S .

t ~210g () ~alog (552)  (2+a) log (24+a)  k(¥) =2,a >0,

— (@) z € (0,1)

400 : otherwise,
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where

lim n2 log(1 —9,) : k() =2

n—oo

0 k() > 2.

G-y =

This first lemma establishes an LDP for the beta distributed (7 /o0 of the random
vector X (™ /(]| X ™ ||zg + W(”))Z/p. This is proven in the same way as Lemma 3.4.5. In
the non-self-adjoint case nothing changes in comparison to the self-adjoint case, besides
the value for p (which becomes £) and the density of the random vector X (") underlying
that representation. For the singular value distribution in non-self-adjoint matrix p-

balls a different weight function V§ is needed with a different degree of homogeneity

8
2

involved in the distribution of the p-radial component (see Remark 3.3.7). It affects

m = (5)n? —n. This m only plays a role in the first parameter of the beta distribution

the large deviation behaviour of the random variable B™ only insofar as the limit of

the first parameter changes from 2% to limy, 0o n%(n +m)/(5) = 5

The second lemma is the analogue of Lemma 3.5.3 and gives a large deviation principle
for the empirical spectral measure of a non-self-adjoint random matrix in ]BZ:B/% with
distribution C;# ;. This result can be found in [62, Theorem 1.5].

Lemma 3.5.7 Forn € N let Z™ be a random matriz in B™% 0.3 with distribution Cnpﬁ
and singular values si(Z(" ), i € {1,...,n}. Then the sequence of random probability
MEASUTES by = %Z?:l On2/vs2(zmy Satisfies a large deviation principle on My (Ry) with

speed n? and good rate function

B VapT (8
e //log |z =yl p(dr)u(dy) + log ( o1

cone Ry Ry

+00 : otherwise.

From here on the proof will be completely analogous to that of Theorem 3.5.1, with
the difference being that one uses the rate functions from Lemma 3.5.6 and Lemma
3.5.7 instead of those from Lemma 3.4.5 and Lemma 3.5.3, and the probabilistic rep-
resentation from Theorem 3.3.5 instead of the one from Theorem 3.3.1. We thus again
omit the details.
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Chapter 4

Large deviations for random

projections of /;-balls

The objects of study in this chapter are projections of probability distributions on
£,-balls onto uniform random k-dimensional subspaces for k£ < n. The main goal is to
show large deviation principles for these projected distributions on the space M (IR¥)
of probability measures on R¥. The distributions that are projected will be taken
from the class of p-radial distributions P, ,w. The uniform random projection will
be facilitated by a random variable V,, , uniformly distributed on the so-called Stiefel

manifold of orthonormal k-frames in R™.

The specifics of the set-up, which was already sketched in Section 1.2, shall be layed
out in the following Section 4.1, followed by a formulation of the chapter’s main results
in Section 4.2 and their subsequent proofs in Section 4.3. The idea of both proofs
can be formulated in three steps: First, one shows that the distance of any projected
distribution (with respect to the Lévy—Prokhorov metric, see (4.4)) to some more sim-
plified distribution tends to zero with increasing dimension n € N. For this simplified
distribution a weak LDP already follows by results of Kabluchko and Prochno from
[59], and hence we infer a weak LDP for said projected distribution as a second step.
The third step then is to ameliorate this weak LDP to a full LDP by some compactness

arguments.
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4.1. PRELIMINARIES

4.1 Preliminaries

For n,k € N,k < n, a tuple of k linearly independent vectors in R" is called a k-
frame. The set of all such k-frames whose constituent (row-)vectors are additionally

orthonormal is referred to as the Stiefel manifold, denoted as
Vo = {VeRF" vVT =},

with I, denoting the (k x k) identity matrix and V' being a (k x n) matrix consisting
row-wise of the k orthonormal vectors from R™. As outlined in the introduction, we
equip V,,;, with the uniform distribution (i.e., the invariant Haar probability measure,
cf. [82, Chapter 3]) U, xv, writing V,, . for the corresponding random variable, and
recall that V,, ;. is characterized by the following invariance property: for any orthogonal
matrices O € R** and O’ € R™", OV}, O’ has the same distribution as V;, . Also,
the multiplication of a vector X in R” with an element V & Vo from the Stiefel
manifold can be interpreted geometrically as a projection of X (™ onto a k-dimensional
subspace. Hence, for a random variable V,, , with distribution U, ;v the multiplication
of a vector X € R™ with Vo corresponds to a projection of X (") onto a uniform
random subspace of dimension k. For a random vector X on B, with distribution
P, ,w for some Borel probability measure W on [0,00) as in (2.13) the distribution
of V,x X™ on R¥, given by

py, oxon (A) =P (Vo XM € A),  AeBRY, (4.1)

can be interpreted as the uniform random k-dimensional projection of P, ,w. This
distribution is the object of study in this chapter. Viewed as a random variable on the
space M (RF) of probability measures on R¥, we want to analyze its large deviation
behaviour. This will be done by transporting the following large deviation results onto
the target sequence of random measures, which was originally given in [59, Theorem
D]. Tt provides an LDP for random projections of product measures, which we will use
in conjunction with the representation from Proposition 2.4.4 to prove this chapter’s
central theorems. In what follows we shall write

RIQCXOO = {A = (Aij>k,oo : <Aij)j€N €ly,1=1,..., k)}

1,j=1

for the set of all matrices A € R¥** with square-summable rows. For A € RF*>® we
denote by ||AAT]|,p the operator norm of the matrix AAT € R¥* (that is, the spectral
norm given by the square root of the biggest eigenvalue of AAT, see [88, Section 5.2]),
where the condition A € R5** guarantees that ||AAT ||, is well-defined.
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Remark 4.1.1 Let us briefly address how to sample a uniform random k-frame from
Vi As every k-frame in V,, ;, is orthonormal, its k row vectors are orthogonal and of
length one, i.e., spherical. Hence, such a k-frame can be seen as an element of (Sg_l)k
with orthogonal coordinates. Thus, to uniformly sample a k-tuple of orthogonal spher-
ical vectors, we begin by sampling a uniform vector x; from Sy~ by using Proposition
2.4.2, that is, sampling a standard Gaussian vector in R” and normalizing. As for p = 2
the cone measure C,,;, and the surface measure o] coincide (see Remark 2.4.1), this
yields a uniform random spherical vector. Second, we sample another uniform random
spherical vector x5 from Sy~ 'Nzi in the same fashion, with 21~ denoting the orthogonal
complement of x1. We repeat this procedure successively until we have k orthogonal

vectors on Sy~!, which, by construction, row-wise make up a uniform random k-frame.
We shall now present the results from [59, Theorem D].

Proposition 4.1.2 Fiz k € N. For eachn € N let Z™ = (Z,,...,7Z,) be a random
vector, where the Z; are i.i.d. non-Gaussian random variables with symmetric distribu-
tion, finite moments of all orders, and variance o > 0. Then the sequence of random
probability measures (py;, , 7o Jnen, n > k, as in (4.1) satisfies an LDP on M (RF)
with speed n and good rate function Lye;: My (R¥) — [0, 00] given by

1
Iproj(V) = —§10g det (]k — AAT) ,

if v admits a representation of the form
v="D <Z Au;Z;+ o(I}, — AAT)l/QNk>
j=1

for some matriz A € RE** with columns (Aej) jeny such that |AAT||op < 1, where Ny
is a k-dimensional standard Gaussian random vector independent of all Z;. If v does

not admit a representation of this form, we set I,5(v) = 0.

Note that the specific distribution of the Z; has a rather subtle influence on the rate
function of the LDP via the matrix A used in the representation of a given measure
v € M;(RF). As a side remark, note that in [59, Theorem D], the case of 02 = 0

actually has to be excluded. The result was amended accordingly.
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4.2. LDPs FOR RANDOM PROJECTIONS OF /7-BALLS

4.2 LDPs for random projections of p-radial

distributions on Eg-balls

We are now in the position to present the first of this chapter’s main results for random

projections of p-radial distributions P, , w,, on £-balls.

Theorem 4.2.1 Fiz p € [1,00), p # 2, and k € N. Moreover, let (W,)nen be a
sequence of Borel probability measures on [0,00) and (W,)nen a sequence of random
variables with W,, ~ W,,, such that W, /n — « € [0,00) in probability. Finally, let
X® Y™ be random vectors in B, with Y® ~ P, w, and X™ 2 ptry ™) Then
the sequence of random probability measures (an,kx(w)neN’ n >k, asin (4.1) satisfies
an LDP on M, (R¥) with speed n and good rate function Zye;: My (R¥) — [0, 00] given
by
Loroj(V) = —% log det (I, — AAT)

if v admits a representation of the form

1 1/p oo
v=" ((1+a) 3" AuiZ; + opa (I — AAT)? Nk)
j=1

for some matriv A € RE*> with columns (Aej) ;e such that |AAT||op < 1, where

) ._( P )2“” ()
Opa = 1)’

and Ny is an independent k-dimensional standard Gaussian random vector. If v does

not admit a representation of this form, we set I,i(v) = 0.

As discussed in Remark 2.4.3, choosing W,, = ¢, gives P,, , w, = C,,, and W,, = E(1)
yields P, ,w, = U,,. In both cases it holds for W,, ~ W, that W,/n — a = 0 in
probability and Theorem 4.2.1 reduces to the results from [59, Theorem C]. Hence, we
can see that in this setting both C,, ,, and U,, ,, share the same large deviation behaviour
in high dimensions, which is in line with similar observations made for other functionals
(see, e.g., [4, 62, 72]). Moreover, the result even implies a certain universality of the rate
function, since despite the expected sensitivity of LDPs to the underlying distributions,
the rate function is the same for all sequences (W,,),en that share the same limiting

behaviour on a scale of order n.
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Given the setting of Theorem 4.2.1, if we consider the case W,,/n — oo in probability
(formally corresponding to the choice & = 00), by the representation result in Propo-
sition 2.4.4 one can see that this corresponds to each component of X ™ converging to
zero in probability, that is, we arrive at a trivial limit. To avoid this, we may choose a

different scaling, as carried out in the following theorem.

Theorem 4.2.2 Fix p € [1,00), p # 2, and k € N. Moreover, let (W, )nen be a
sequence of Borel probability measures on [0,00) and (W, )nen @ sequence of random
variables with W, ~ W, and W,,/n" — B € (0,00) in probability for some x > 1,
and assume that the sequence of random variables (W, /n*)~2/P is uniformly integrable.
Finally, let X™ and Y™ be random vectors in B, such that Y ~ P, w, and
X 2 prley ™ Then the sequence of random probability measures (/ULVn’kX(n))neN,
n >k, as in (4.1) satisfies an LDP on M;(R*) with speed n and good rate function
Toroj: Mi(R¥) — [0, 00] given by

A

P

roj(V) = —% log det (]k — AAT)

if v admits a representation of the form

1/p o
v="D ((%) N AuZy + 0ps (I — AAT)'? Nk)
j=1

for some matriv A € RE*> with columns (Aej) jeny such that |AAT||op < 1, where

ZjNN
SR AO)

p

D

and Ny is an independent k-dimensional standard Gaussian random vector. If v does

not admit a representation of this form, we set I,;(v) = o0.

Theorem 4.2.2 includes an additional integrability condition for W,,, due to the fact
that W, is no longer of the same order as the (J-norm of Z (") Why this is needed
specifically can be seen in its proof. Note that a helpful sufficient condition for the

uniform integrability of (W, /n*)~2/? is given by

ne 4/p
W,

for some absolute constant C' > 0 (since a sequence of random variables being bounded

<C

sup E

neN

in L, for some p > 1 — with p = 2 in this case — implies its uniform integrability).
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In particular, it can be applied to verify the uniform integrability for certain gamma

distributions. In such settings the following lemma will also be useful.

Lemma 4.2.3 For each n € N consider a random variable W,, ~ G(a,,b), where
(an)nen 18 a positive increasing sequence and b > 0. Assume further that a, satisfies

inf,en a, =:m > ;1; and lim,, o % = X € (0,00) for some k € (0,00). Then

sup E
neN

-1._ 174 4
where M = [],_, (1 - m).

e\ 4/p —4/p
W S b Mp(/\m) < 00,

n

Proof. We start by observing that

K\ 4/p an i 4/p
n _ o 4r/p b / an—1—4/p _—bx dr = 4n/pb_r _ é
<_Wn> ] n —F(an) z e rT=n T(an) an, o)
0

According to the inequality [55, Equation (12)] for quotients of gamma functions (ap-
plied with x = a,, + 5 — % and y = %) one has that

Do) (fr teriy (i)
e\ e

( -1
) (11 <1 B P(an4+ z))) (Q)
(

E

T'(an+5)

IA
S/\
==

—_

|
=
3 >~
_I_
=
N—
v
L
N
s}
3
+
= —
|
E< AN
N———
~
hej

an

I
< N
g ~
VR
[
|
=
3
i
+
S
N———
N—
|
Q —
3

=M a_4/p,

where we also used that p > 1. By our assumption on the growth of a,, and since a,, is

increasing it follows that

k\ 4/p
E (I:[L/_) ] < n4“/pb4/pMpa;4/p < n4”/pb4/pMp(/\mn”)_4/p — b4/pMp()\m)_4/p
for all n € N. This completes the proof. O
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Remark 4.2.4 A concrete and geometrically motivated example where Theorem 4.2.1
and Theorem 4.2.2 can be applied is given by the distribution on B} arising as the
projection to the first n coordinates of the cone probability measure C,,4,, , on IB%;“rm",
where m,, is an element of an increasing sequence (m, ) ey satisfying inf,, ey m,, = m > 4

and lim,, . 72 = X for some £ > 1 and A € (0,00). As discussed in Remark 2.4.3, this
mn 1
pp
4.2.3, and thereby of Theorem 4.2.1 or Theorem 4.2.2, depending on the value of k > 1.
The same holds for the projection of the uniform distribution U, ,,, , corresponding
to P, pw, with W, = G(1 + s ]lj) Thus, the LDPs from the main results of this

section do hold for distributions of particular geometric interest.

case corresponds to P, , w, with W,, = G( ) and fits the assumptions of Lemma

4.3 Proof of the LDPs for projections

of p-radial distributions on /(-balls

This section shall prove Theorem 4.2.1 and Theorem 4.2.2. The proofs will follow in
the footsteps of the proof of [59, Theorem C], adapting and generalizing the arguments
therein where necessary. We start off by formulating some probabilistic representations

of the target quantities and show some auxiliary results for the proofs.

Assume the set-up of Theorem 4.2.1 and for a fixed Stiefel matrix V' € V,, ;. denote
by Voj, 7 =1,...,n its columns. Then, by (4.1) and the representation results from
Proposition 2.4.4, it follows that for any Borel set A € B(R¥),

fyxm(A) =P(VX® c A) =P (Z nl/p(||Z(”)||£ J]r T )WV.J € A) , (4.2)
j=1 "

where Z"W = (Z,,...,Z,) with Z; ~ N, iid. and W,, ~ W,, independent of AQH

Moreover, let

. 1 1/p n
fiyxon (A) =P ((1 —|—a> ZZJ‘V-J = A) ) (4.3)
=1

again with iid. Z; ~ N,. We shall see that we can confine our analysis to fiy xm)
instead of iy xm, since they are arbitrarily close to each other in n € N with respect
to the Lévy-Prokhorov metric. On the space M;(R¥) of probability measures on R¥,
the Lévy—Prokhorov metric ppp is defined by

prp(p,v) ==inf {e > 0: p(A) < v(A) +e, v(A) < p(A) +eVAEBRY}, (4.4)
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where A. denotes the e-neighborhood of A € B(Rk), defined as
A. = {z € R*: |ja — z||5 < ¢ for some a € A}, e > 0.

We shall now prove that the distance of pyym and fiy e in Mi(R¥) with respect
to the Lévy—Prokhorov metric, i.e., prp(py, fiy), converges to 0 uniformly over all
V €V, as n tends to infinity.

Lemma 4.3.1 Forp € [1,00) andn € N, n > 4, set X™ as in Theorem 4.2.1. Then,
for k < n, we have

lim sup prp (Uy xe, flyxo) = 0.

n—o0 VGVn,k

Proof. Let A € B(R*), V € V,,; fixed, and &€ > 0. Then,

fiy x ) (A)

1 1/p n
- P <1+a> Y ZVi;eA
j=1
< P nh Z; Ve € A,
N = 120+ W)l ?

1\ Z
P ZiVs
() 2 Vs = Z” (12T + Wy | 2
= NVXW(As)
1 1/p n Z
() 2, ZiVes - Z” 7o+ Wy )| 2 €] - (49
2

Let us prove that the second summand on the right-hand side converges to 0 as n — oo.

By Markov’s inequality,

1 \'""< Z
(1+a) Z”‘” Z" 2o+ Wy | =
2

3

< 'E

Y

1 1/2?" Z
ZV. Ve
(1+a) Z J Z” (125 + W,)7e *7
2

and by the Cauchy—Schwarz inequality,
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1 1/p n n 7.
E ZVu i — 1/p J Vs
(1+a) ; o ;n (125 + W )re ==
= = 2
n 1 1/p nl/p
—F ZVa - _
2 Ak <1+a) (120 + W)
= 2
2 2
n 1 1/p nl/p
< |E N E e — 4.6
S\ (ia) G wgn| | 49
= 2
As Zy,...,Z, are i.i.d. with mean zero and V, 1,..., Vs, are orthonormal vectors, the

first factor in (4.6) reads

n

=E[Z7] ) (Vai Vay)o = KE[Z7]. (4.7)

J=1

> Z,Zj(Vai, Vay)e

1,7=1

E

>z,
j=1

2
=E
2

To address the second factor in (4.6), let us first argue that

1 1/p nl/p 2
n = e — — 0 4.8
‘ Q+J (20T + W) 7o 4

in probability as n — oco. Indeed, by the continuous mapping theorem, it suffices to

show that

Zm)||p W,
Iz W
n

n
in probability. This follows from the fact that 71, ..., Z, are i.i.d. p-generalized Gaus-
sian random variables, which means that E[|Z;|’] = 1 (see (2.7)), and moreover that
by assumption, W, n~! — « in probability. In fact, we even have &, — 0 in L;. To
see this, by the Vitali convergence theorem (see [16, Theorem 4.5.4]), it is sufficient
to show that (&,)nen is uniformly integrable, which in combination with (4.8) yields

convergence in L. Clearly, (&,)nen is uniformly integrable if the sequence

n 2/p n 2/p
S <
(HZ<")H§+Wn) - (\\Z\Iﬁ)

is uniformly integrable, where we have used that W,, > 0. This, in turn, follows from
the fact that || 2|5 ~ G(%, %) together with Lemma 4.2.3 for rate a,, = % > %, shape
b= %, k=1,and A = é, which yields
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n 4/p Y y
E(W) Sp pMpm pE(0,00)

for all n > 4. Hence, &, — 0 in L;, and as a consequence, the second factor in (4.6)
converges to zero. This implies that the second summand in (4.5) converges to zero

uniformly in n € N. Altogether, we have proven that for any € > 0,

fryxm (A) < pryxo (Ae) + €

for n sufficiently large. In the same way, we may also prove that

pyxom (A) < fiyxo (Ae) +€
for n sufficiently large, which finishes the proof. m

Next, we replace the fixed element V' € V,, ; by a random variable V,,;, ~ U, ;v on
the Stiefel manifold. Based on Lemma 4.3.1, we may prove that a weak LDP for the
modified sequence [y, X () implies a weak LDP for I, X () both respectively defined
as in (4.2) and (4.3) with respect to V,, 4.

Lemma 4.3.2 Assume the set-up of Theorem 4.2.1 and recall the notation (4.2) and
(4.3). If the sequence fiy, , xw salisfies a weak LDP on M, (R*) at speed n and rate

Junction L., then the sequence juy, | xm) satisfies the same weak LDP.

Proof. Tt suffices to check the weak LDP on a basis of the topology of M;(R¥), e.g.,
the balls

B,(v) == {p e Mi(R¥): prp(p,v) <r}

for any radius r € (0,00). By Lemma 4.3.1, for n sufficiently large we have

pLP (ljvn,kxw)aﬂvn,kx(n)) <r/2

uniformly over all realizations of V,, , € V,, ;. Therefore, by the triangle inequality for

the Lévy—Prokhorov metric prp, it follows that

1 5 1
- log P <uvn’kx(n) € BT/Q(V)> < - log IP (UVn,kXW € BT(I/)>

1 _
< - log P (“Vn,kX("> € BgT/Q(V)> ,
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and hence,

1
lim sup — log P (,&Vn’kx(n) € Br/g(y)> < hmlnf — logIP’ (,uv xm € Br(v ))

n—oo TN n—00

1
< lim sup ﬁ log P (“Vn,kXW € Br(y)>

n—o0

< liminf — logIP’ (Mv LX) € B3r/2( ))

n—oo N

Thus, by monotonicity in 7, taking the infimum over r € (0, 00), the LDP for fiy; , xm
yields
—Tproj(v) < inf lim mf — logP (/LV xm € B (v ))

TE(O oo) n—oo M
< inf limsup — logP (Mv Lxm € B (v )>
n

r€(0,00) n—oco

< pro(v)-
From here the claim follows directly from Proposition 2.3.8. [

On a compact space, weak and full LDPs coincide. Thus, to “lift” a weak LDP to a

full LDP in our setting, we provide compactness by the following lemma.

Lemma 4.3.3 There is a constant C' € (0, 00) such that for alln > k and allV € V,,,
iy € Me = 4 p e My (R /H:cHz,u(d:c) <cl

where the set Mo is compact for any choice of C € (0,00).

Proof. The compactness of the set M in the topology of weak convergence on M (R¥)
has been shown in [59, Proof of Lemma 5.3], so it remains to prove the first assertion.
To this end, recalling the representation of the distribution gy xwm given in (4.2), it

suffices to prove that

limsup sup E

n—00 VeVn k

Z;
Zn (HZ(n)Hg 4 Wn)l/pv"j < 00,

2

for iid. Z; ~ N, and W,, ~ W,, as in Theorem 4.2.1. By the triangle inequality it

103



4.3. PROOF OF THE LDPs FOR RANDOM PROJECTIONS OF £7-BALLS

then follows that

E 1/p J Vs
2" T s w

2

IN

1 1/p n n 7.
E ZiVu i — 1/p J Vi :
(rFa) 8% R0 g

1 1/p n
-2(m) L
j=1

2

The first summand on the right-hand side converges to zero uniformly in n € N, as was
shown after (4.6). Moreover, by Holder’s inequality and (4.7), the second summand is
uniformly bounded by +/kE[Z?]/(1 4+ «)'/P, and thus the claim follows. O

Combining the accumulated auxiliary results, we now have the sufficient tools to prove
Theorem 4.2.1.

Proof of Theorem 4.2.1. We apply Proposition 4.1.2 to a random vector with coordi-
nates being the symmetric non-Gaussian random variables Z;/(1 + )¥?, Z; ~ N,

which, by (2.7), have finite moments of all orders and, in particular, variance

Hence, the sequence (fiy; , xm )nen as in (4.3) satisfies an LDP on M (R*) with speed
n and rate function Z,.; as stated in Theorem 4.2.1. Therefore, by Lemma 4.3.2,
., x(m satisfies the same weak LDP, which extends to a full LDP by the compactness

arguments given in Lemma 4.3.3, thus finishing the proof. O

The proof of Theorem 4.2.2 works in a very similar way to that of Theorem 4.2.1, hence
we will only point out the steps where it differs from the previous proof. Given the
different scaling of the p-radial component of X it follows via the same probabilistic

representation arguments as previously that for a Stiefel matrix V € V,, 1,

n ~ Z
prae R EA) (Zn "z e € A)
i=1 n

for any A € B(RF), and set
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1/p n
fiyxm (A) =P ((%) Y ZVes € A) ,
j=1

using the same notation as in Theorem 4.2.1 and its proof. The only argument that
needs to be adapted is the proof of Lemma 4.3.1, which will be replaced by the following

Lemma.

Lemma 4.3.4 For p € [1,00) and anyn € N, n > 4, set X" as in Theorem 4.2.2.
Then, for k <n, we have

lim sup prp (tyxo, flyxm) = 0.
n—o0 VGVn,k

Proof. Let A € B(RF), V € V,; fixed, and € > 0. Then, by analogue expansion as in
(4.5), we have that

fly xm (A)
< Hyxom) (Ae)

1 /p n n 7.
P - Z: Ve — /P J Vs
: H<6> 2 ZVes = L g
= = 2

>e|. (4.9

Again, we need to show that the second summand on the right-hand side in the above

converges to zero as n tends to infinity. By Markov’s inequality it holds that

1 1/p n n 7.
— E .. — E k/p J ,
P H(ﬂ) Z;iVs j j_ln (||Z(”)H£+Wn)1/pv.’j > ¢
- 2

J=1

< e E

Y

1 1/p n n , Zj
- Ve — K/p V..
(3) 2 L o

and a further application of the Cauchy-Schwarz inequality as in (4.6) yields

1 1/p n n ) ZJ
_ Z‘/._ K/P ‘/.
(5) Zav -2 o

2

E

2

2

< |E . (4.10)

1 1/p n/{/p
(B) —(1Z0p + W) e

> ZVi,
j=1

with the first factor simplifying to kE[Z7] as in (4.7). It remains to show that

2
E
2
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1 1/p nfi/p 2
= = _ —0 4.11
o= ((5) - -y
in probability as n — oo to address the second factor. We again do so by showing
Zm)||p W,
1200w,
n n

in probability due to the continuous mapping theorem. Since x > 1, by the same
arguments as in the proof of Theorem 4.2.1, it follows that [|Z|[2/n* — 0 and the
behaviour of W,, dominates. By assumption, W, /n" — [ in probability. In fact, we
even have &, — 0 in L;. Indeed, since the sequence of random variables (W, /n*)~%/?
is uniformly integrable by assumption, it follows that the sequence of random variables
&, is uniformly integrable as well, which in combination with (4.11) yields convergence
in L;. As a consequence, the second factor in (4.10) converges to zero. This implies
that the second summand in (4.9) converges to zero uniformly in n € N. Altogether,
by these and analogous arguments for the reverse case of (4.9), it follows that for ¢ > 0

and n sufficiently large
fvxm (A) < pryxem(Ae) +e and  pyxon(A4) < fiyxom (4e) +¢,

thus finishing the proof. O

Since the rest of the proof of Theorem 4.2.1 does not depend on the specific choice of
a or the scaling of the X the remainder of the proof of Theorem 4.2.2 can proceed

in the very same way.
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Chapter 5

Sharp large deviations on ég—balls

Within this chapter we will move away from showing large deviation results in high-
dimensional convex geometry and begin doing the same for sharp large deviation (SLD)
results in the spirit of Bahadur and Ranga Rao [10]. The differences between these two
closely related areas of study, especially regarding their goals and methodology, will be

outlined in Section 5.1.

We then turn to showing concrete sharp large deviation results within £7-balls. Section
5.2 provides such results for the g-norm of random vectors distributed in the £;-ball
B, according to the cone probability measure C,  or the uniform distribution U,
for 1 < ¢ < p < oco. As will be explained therein, the regime 1 < p < ¢ < oo cannot
be handeled by our approach, as certain exponential moment conditions are no longer
met in this case. In Section 5.3 the p-generalized arithmetic-geometric mean (p-AGM)
inequality for vectors chosen randomly from the £]-ball in R" is considered and sharp-
ened by showing a Bahadur-Ranga Rao-type result for the underlying probabilistic

representation of the random vectors from Bj.

5.1 Preliminaries

We have seen in Section 2.3.1 that classic LDPs give an idea of the asymptotic deviation
behaviour of a sequence of probability distributions on a logarithmic scale, that is, for
a sequence of probability measures (P,)n,en on a Polish space X an LDP allows to

describe the limiting behaviour of

%bgm(-)
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via the rate function Z(-), with s(-) being the speed. Hence, we can write

P, (C) = efs(n) Ligfgz(x)ﬂu)]

where, for simplicity, we assumed G' € B(R") to be a set with

inf Z(x) = inf Z(x).

reG° zeCG

By considering these logarithmic probabilities, however, a lot of subtleties of the un-
derlying distributions can be drowned out. Many small- and medium-scale properties
of a given sequence of distributions can be missed in the asymptotic analysis of LDPs,
since they either disappear for very large n € N or are overshadowed by other, more
significant phenomena of the distribution. This is clear when considering the error of
concrete probability estimates based on large deviation results, given by e=*(™°()  for
which we cannot even say whether or not it goes to zero in n € N, as we generally
do not know the relative behaviour of s(n) and o(1). Thus, one is also interested in
considering large deviations on a non-logarithmic scale, which we refer to as “sharp”

large deviations (also called “precise” or “strong” large deviations in the literature).

One of the first results in this regard was given by Bahadur and Ranga Rao in [10].
They showed that for a sequence (X™),cy of non-lattice i.i.d. random variables and

any z > E[X™] with A%(z) < oo it holds for the sequence of empirical averages
(18Mm) _ that

n neN

1 1 "
P(-5M™ > z) = e %) (14 0(1)), 5.1
¢ e ) 5.1)
where x(z) and £(z) are prefactor functions which are only dependent on the distribu-
tion of the X(™ and the deviation size z. Specifically, they are given by functions of
the first and second derivative of A%, which, as the Legendre-Fenchel transform of the

cumulant generating function Ay, is very dependent on the distribution of the X .

This result is a significant improvement on the theorem of Cramér, which in comparison

states that in the same setting as previously

P (1 o) < Z> s Ag ()+o(1)]
n

However, showing sharp large deviation results has proven substantially more difficult,
even for functionals of empirical averages, which for LDPs can often be handled in
straight-forward fashion via the theorem of Cramér and the contraction principle. Let

us take a closer look at how the methodology of the proofs need to be adapted.
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The result of Bahadur and Ranga Rao is proven via a (somewhat implicit) application
of the the so-called saddle point method (also called method of steepest descent or
method of stationary phase), which was established by Debye [28], and brought to
the realm of probability by Esscher [33] and Daniels [26]. The saddle point method
generalizes Laplace’s method for integral approximation to the complex plane, and is

therefore highly useful when dealing with integrals over characteristic functions.

In general, for analytic functions f, g and n € N large, the saddle point method gives

a way to approximate Laplace-type integrals

/g(z) e dz

P

along complex paths P by deforming the path of integration using Cauchy’s theorem
(in the homotopic interpretation as in [84, Theorem 5.1]), into some P that passes
through a critical point of f, around which the mass of the reformulated integral
then heavily concentrates. This is done such that standard integral approximation
methods can be used to great effect. Thus, the path of integration should be chosen
such that the integrand is consistently small along most of the path and then take
the steepest route through said critical point. It follows from the Cauchy-Riemann
equations that this point is always a saddle point, since the second derivatives of an
analytical function in any critical point have opposite signs, hence the name of the
method. Like in the classical Laplace-type approach, one would expect such a critical
point to be attained where the magnitude Re(f(z)) maximizes, but also where the
phase Im(f(z)) is constant, such that the oscillating components of the integral do not
cancel out. And indeed, due to the Cauchy-Riemann equations, it again follows that
the path of stationary phase and the path of steepest descent coincide. For large n € N
the integral can then be approximated well by only considering it locally around the
saddle point. Also, since the phase Im(f(z)) along the deformed path of integration
is constant, the remaining integral can be approached using the standard Laplace

principle.

In the realm of probability, this has been used for both tail probabilities (e.g., Ess-
cher [33], Cramér [25]) and densities of random variables (e.g., Daniels [26], Richter
[101, 102]), by writing them as an integral over their characteristic functions, using
the Fourier inversion formula (see [110, Theorem 1.9]), and then approximating those

integrals via the use of a complex saddle point.
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We say that this was used “somewhat implicitly” in certain results, such as those
of Esscher [33], Cramér [25], and Bahadur and Ranga Rao [10], since the technique
used therein, which is an Edgeworth expansion in conjunction with a certain change
of measure, often called exponential tilting or Esscher/Cramér transform, under the
surface employs saddle points as well. Edgeworth expansion approximates an unknown
density via a series expansion of its (unknown) characteristic function by using known
(Gaussian) characteristic functions and then applying the Fourier inversion theorem,

so we see how the saddle point method is employed here as well.

As pointed out by Richter in [101], the condition of finite exponential moments in a
neighbourhood of the origin in all results that implicitly or explicitly use the saddle
point method just amounts to assuming that the moment and cumulant generating
functions are analytical in an open strip {z € C : |Re(z)| < r} of the complex plane

containing the origin, so the aforementioned arguments can be applied.

Let us briefly walk through the application of the saddle point method to derive an
asymptotic density estimate for the classical example of the empirical average of i.i.d.
random vectors: Let Xi,...,X, € R? be i.i.d. random vectors with moment generat-
ing function ¢y, cumulant generating function Ax, and denote by fgm) the unknown
density of their empirical average % S Assume its Fourier transform F(fgw)) to be
known and sufficiently integrable, i.e., F(fgw) € Li(R%). Then the Fourier inversion

(¢}

theorem lets us write the density fqm of S™ for some z € Dom(A%)° as

+o00
fsle) = (52)" [ Flhs)®e e ar

+o00o
n\4 .
_ e it nef(zt,n@ dt
(27r> / Px(it)
—00
+00
d
_ (ﬁ) / X (i)~ (ita)] gy
2m
— 0o
where we rewrote the Fourier transform via the moment generating function px, as
outlined in Remark 2.2.2. As discussed above, we assume that ¢y is finite around the
origin in order for the moment and cumulant generating functions to be analytical in
an open strip {z € C : |Re(z)| < r} of the complex plane containing the origin. For
the same reason we restrict ourselves to arguments = € Dom(A%)°. Thus, Cauchys

integral theorem allows for a change of the path of integration, such that

110
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+oo
fsm(z) = (;)d / A (i) —{(r+it).2)] gy
T

for 7 € R? such that Ax(7 + it) < co. By some standard arguments for the cumulant
generating function and complex integrals (see, e.g., Daniels [26, Section 2]), one can
show that [Ax (7 + it) — ((7 + it), z)] is a convex function in 7 € Dom(Ay), attaining
its minimum in 7 at some 7(z) € Dom(Ay), and a concave function in ¢ € R, attaining
its maximum in ¢ at t = 0, with the modulus of the integrand itself also attaining its
maximum there. Note that this 7(x) minimizing [Ax (7 +it) — ((7 + it), z)] is the same
as that from Lemma 2.2.1 (4) for which A% (x) = ((7(x)),x) — Ax(7(z)). Thus, the
point (7(z) +1i0) € Dom(Ax) X iR is the saddle point of the exponent in the integrand

and we can write

+oo
Foom () = <£)d / onl{(r(@)+it)2) ~Ax (r(@)+iD)] gy (5.2)
2w

Thus, for large n € N, most of the mass in the integral in (5.2) concentrates in a neigh-
bourhood around 7(z), and hence, appropriate expansions of the integrand around
7(z) yield good approximations to the integral (5.2) and thereby fq¢m). By local ap-
proximation as in [7, Theorem 3.1] it then follows that

Fom (l’) _ (zﬁ)d [det HT(AX<7'<$>>] —1/2 MAx (7(2)) (7 (2),2)] (1 + 0(1))

™

_ (;)d [det H (Ax (7()))] /2 €745 (14 0(1)).

™

Versions of the saddle point method were used for density approximations of empirical
averages of both sequences of i.i.d. random variables (e.g., Daniels [26], Richter [101,
102], Borovkov and Rogozin [17] etc.) and arbitrary sequences of random variables (e.g.,
Chaganty and Sethuraman [21, 22, 23, 24], Joutard [57, 58] etc.), so this procedure is

not limited to the case of considering i.i.d. random variables.

We previously mentioned how many results from (sharp) large deviations theory im-
plicitly employ the saddle point method in the form of so-called exponential tilting.
Let us consider how this works in more detail as well. The accuracy of classic results
for the approximation of probabilities and densities severly detereorate in the tails of
a distribution, as can be seen when trying to estimate large deviation probabilities
using, e.g., CLT results. Such results are accurate around the expectation, but worsen

considerably in the tails. Hence, the idea of exponential tilting is to construct a new
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distribution for a given large deviation event, under which this event becomes typical

and classic approximation techniques can again be applied.

We again consider the previous example of trying to give a good estimate for the density
fgm of the empirical average %S(”) of ii.d. random vectors Xi,..., X, in R%. For a
given z € Dom(A%)° we define a family of exponentially tilted densities (often also

called “conjugate densities”) as

Fsom o(x) = o= 2Ol g (y),

where 7 is in the effective domain Dom(Ay) of Ax. Hence, we can write fgm) via this

exponentially tilted density as

fson () = el =Ax Wl foe, ().

Choosing 7 = 7(z) € Dom(Ax)° from Lemma 2.2.1 (4) yields a distribution cen-
tered around x € Dom(A%)°, and the approximation of fgwm () may now be obtained
efficiently by approximating fgw) ,(,)(%) via various techniques such as Edgeworth ex-

pansion, which, as we mentioned, employ the saddle point method as well.

5.2 Sharp large deviations for ¢g-norms of /)-balls

In this section sharp large deviation results in the spirit of Bahadur and Ranga Rao
as in (5.1) are provided for the g-norm of random vectors distributed in the £}-ball B}
according to C,,, or U, , for 1 < ¢ < p < oo. As stated in Section 1.2, there is a close
connection between the behaviour of g-norms of random vectors in (;-balls and the
intersection volumes of ¢-multiples of volume-normalized £-balls vol, (D) N ¢tDy) with
t € [0,00). We will use this connection to derive sharp asymptotics for said intersection
volumes at an improved rate compared to those provided by previous results. Lastly,
these sharp large deviation results will be applied to retain sharp asymptotics for the

length of the projection of an £}-ball onto a line with uniform random direction.

The proof of the main results is separated into three steps. Using the results of Schecht-
man and Zinn in Proposition 2.4.2, we first rewrite the target deviation probability of
the g-norm of a random vector from B as the probability of the empirical average
of some vector of p-generalized Gaussians lying in some domain, which we will refer
to as the deviation area. The geometric shape of this deviation area will turn out to
have a major influence on the main result. Hence, we can write the target deviation
probability as an integral of the (unknown) density of this empirical average over the

deviation area. The second step then consists of deriving this density explicitly using
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the saddle point method (in the implicit form of exponential tilting). Thus, the devi-
ation probability can be written as the integral of the density approximation over the
deviation area. In the third and final step we then calculate this integral concretely
for £;-spheres and £-balls. To do so, we will utilize some geometric results for asymp-

totic expansions of Laplace integrals from Andriani and Baldi [7] and Breitung and
Hohenbichler [19].

5.2.1 LDPs for ¢g-norms of (}-balls

We start by laying out the target variables and presenting the relevant results that were
established for them previously. Throughout Section 5.2 we assume 1 < g < p < 00,
even if the results we present therein hold for ¢ > p as well, since this section’s main
results will only hold in this particular case. The main variables of interest will be the

g-norms of the random vectors
Z"M~C,, and ZF®"W~U,,

Note, that within this section we will denote quantities related to Z™ ~ U, , cursively.
To get non-trivial results, our target variables also need to be appropriately rescaled.
Thus, for random vectors Z™ Z™ ¢ B, with Z™ ~ C,, and Z" ~ U,,, our
target variables will be

nl/P—1/q ||Z(")||q and nl/P—1/4 ||z=(n)||q’
and we set

12|} == (n/P= Y] Z]),) and | Z] = (P2,

neN neN’

Applying the result of Schechtman and Zinn in Proposition 2.4.2, we get the following
probabilistic representation for this section’s target random variables: Let (Y(™),cx
be a sequence of i.i.d. random vectors Y™ := (Yl(n), . ,Yn(")) with Yi(n) ~ N,, and U

a random variable uniformly distributed on [0, 1] independent of the Y;(n). Then

AR
)| (;Z\Yi !)
q =1

) TR ) 4
n'/P=1a| zm), 2 plt/r=1/ o] — - 7 (5.3)
P (l Z ‘Y»(n) ’p)
!
and
n /q
), d
) v o] (25 er)
pt/P=Va | g, 2 plp=tagi/m 1o __la _ gri/n A =1 (5.4)

Y@, no o\
(%ZMW)
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Since the p-th absolute moment of a p-generalized Gaussian is one (see (2.7)), it follows
via the strong law of large numbers and the continuous mapping theorem applied to
the probabilistic representations in (5.3) and (5.4) that the expectations of ||Z]| and
|Z|| converge in n € N to

el
My = E [V = (5.5)

For fixed n € N we will denote

E [nl/pfl/q ||Z(”)Hq] = Mppg and E [nl/pil/q Hz(n)Hq] = npa

For || Z| and ||Z || LDPs have been given in previous works, which we will present here
explicitly. But first, let us consider some auxiliary probabilistic representations used

both in the proofs of those LDPs and our sharp large deviations results. Define

v = (Vl”>,...,v,§”>> eR™  with V™ .= ({Y}”)V, Yi(”)|p> . (56)

)

and

o) . (%m)’ o ’%(m) ER™  with 7™ .= (,Yi(n>|q7

Yi(n)|p7 Ul/n) ' (5.7>
We denote the moment and cumulant generating function of the Vi(n) respectively as

op(T) = /B“'qu'yprp(y) dy and = Ap(7) := log/eﬁ'y'q””'pfm(y) dy, (5.8)
R R

for 7 = (1, 7) € R? and by A} the Legendre-Fenchel transform of A, as in (2.2). Since
q < p, for the integral in both ¢, and A, to be finite, the sign of the dominant term
ly[P in the exponent must be negative. Recalling the definition of fn,, one can see
that this is given for 7 < 1—17, thus Dom(A,) = R X (— 00, %) Note that for ¢ > p
we no longer have finite exponential moments in a neighbourhood of the origin, which
is why we set the condition 1 < ¢ < p < oo. By Lemma 2.2.1 we have Dom(A;)° =
V-A,(Dom(A,)°) and for every x € Dom(A})° there exists a unique 7(x) € Dom(A,)°
such that A%(z) = (z,7(z)) — Ay(7(x)). Since Dom(A,) = R x (— oo, %) is open and,

by Lemma 2.2.1 (2), the derivative VA, is continuous, we even have that
Dom(A%) = Dom(A,)° = V-A, (Dom(A,)°) = VA, (Dom(A,)). (5.9)

Furthermore, for € Dom(A), set
9 = H A (7(x)) (5.10)

to be the Hessian of A,(7) in 7 € R?, evaluated at 7(z) as in Lemma 2.2.1 (4).
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Lemma 5.2.1 It holds that
i) VoA (x) = 7(2),
i) HoAj(z) = 9,7

Proof. By the definition of 7(z) in Lemma 2.2.1 (4) it follows that  — VA, (7(x)) = 0.

Hence,

VoAi(z) = V,[(z,7(z)) — Ap(7(2))]

Let us now prove that ’HxA;(as) = §, . On the one hand, it follows from the above
Ho () = Jo7 (), (5.11)
while on the other hand, it holds that

HoAp(x) = Hol[(w,7(2)) = Ap(r(2))]

= J, [T(ﬂj) + J.7(z 33} Jx[ 7(x) VTAP(T(QS))}

= L7(@) + L[ (l‘)vﬂ ( ) Vel (7(2)) = Jom(2) Jo [V Ay (7(2))]
= 2J,7(2) + Ho7(2) [2 — o(7(2))] = Jo7(2) Lo (@) He Ap(7(2))
= 2J,7(x) — Jpm(x) Jo7(x) H AN (T(2)). (5.12)

Equating the terms (5.11) and (5.12) yields

Jom(x) = 2J,7(2) — Jum(x) Jum(x) HoAp(T(2))
= Jo7(x) — Jom(x) Jom(2) Ho Ap(T(2))
= Iy — J,7(2) HAp(7(2))
& Jr(x) = HA(r(x)7,

= 0
& 0

where I, again denotes the identity matrix in R?. Again applying (5.11) then gives
ol (@) = Lo7(2) = HeAp(r(2)) ™ = 97,

and thereby finishes the proof. O
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For the sequence ||Z| the following LDP has already been shown by Kabluchko,
Prochno, and Théle [61, Section 5.1]:

Proposition 5.2.2 Let 1 < g <p < oo and Z" ~ C,.p be a random vector in Sgil.
Then the sequence (n'/P=1/4 ||Z(”)Hq,)neN satisfies an LDP with speed n and good rate

function

mf A;(tl,tg) cz2>0
+00 2 <0.

Remark 5.2.3 In the case 1 < ¢ < p < oo this is proven in [61] in the classical way es-
tablished by Gantert, Kim and Ramanan [36]: First, give a probabilistic representation
for the target random variables, which works out to be a function of empirical averages
of the coordinates of the V;(n) as in (5.3). Second, use the theorem of Cramér from
Proposition 2.3.3 to establish an auxiliary LDP for those empirical averages of the Vi(n)
with speed n and rate function Aj. Third, map this auxiliary LDP to the target se-
quence using the contraction principle from 2.3.5 for the function F'(t1,ts) = ti/ Tty 1/p ,
yielding the infimum operator in the above rate function. So we see that the functional
structure of the representation in (5.3) has a direct influence on the LDP in the form
of the infimum of the rate function over the level sets of the “transporting function”
F. Since for sharp large deviations we do not have access to the contraction principle,

this influence will be quite a bit more subtle, as we will see.

In [85, Lemma 2.1, Appendix A] Liao and Ramanan established a simplification of
a similar rate function in a different setting by calculating the infimum in the rate
function explicitly. Their arguments can be analogously applied in our setting to derive

the following result:
Lemma 5.2.4 Let z > my, 4 such that z* := (29,1) € Dom(Ay). Then

Lizy(z) = inf  Aj(yi,92) = Aj(27),

Yy1,y2 >0

1 -1
yl/qu /P _

with 2* being the unique point at which A} attains its infimum under the above condi-

tions.

To keep this section self-contained, we will present the analogous proof of this as well.
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Proof. Let z > m,,, such that z* = (2%, 1) € Dom(Ay). Then it holds that

Liz)(z) = inf - Aj(ynye) = inf A(ad 25) = Inf A (s, ).

1 —1
yl/qyz /p_

We set x, := (2%, %), then with Lemma 2.2.1 it follows that

Lyzy(2) = inf sup [(7,2.) — Ap(7)] = inf [(T(wz),m = Ap(7(22)) |-

x2>0 rER2 x>0

*

Our goal is to show that the infimum is attained at x} := 2*, i.e., at o = 1. For the

function
gx(T) = <7—7 l’> - AP<T>> T E R27

with 2 € Dom(A%), Lemma 2.2.1 implies it attains its supremum at 7(z). Hence, it
holds for x = z, that

Vi o (1(2.)) = 2, — VAy(7(2,)) = 0,

which gives
x, = (%8, 28) = | =— A, (7(x.)), =— A, (7(x.)) ) . (5.13)
z 29 ) D z)) 9 . D z

We now aim to write ;2-A,(7) with respect to 32-A,(7) and then use the above equa-
T2 T1

tion. To do so, we first want to reformulate A, along the lines of [36, Lemma 5.7]. It

holds that

Ay(r) = log / eI fig, (y) dy
R

~ log 1 /enyw—;(l—m)yw dy

zpl/pr<1 n %) J

The change of variable § = (1 — pm)'/Py then gives

_ —L || N g~
AT = log [ (1—pr) / i () dg
R

1 T
= ——log(1— 1 ¢ —————
p og( pTQ) los ] <(1 —PT2)q/p) ’

where ¢y is the moment generating function of a random variable |Y'|? with Y ~ N,,.
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Hence,

T1

a_TlAp(T) = a% {log Py (Wﬂ

= P (W) X a% {Wq (MCW)]

1

—1
T - — 75l
— @‘Y‘q ((1 1 )q/p) /(1 _ p7—2) Q/p |y|q 6(1—p7—2)q/1’ pr(y) dy
R

— P72

-1
_ T1 T1
- (1— a/p ol — loa ——————
(=) om ((1—1972)‘1/p> i ((1—1972)“”)’

where goinq (W) = 8%1 Oy (W) Moreover, with the above we get that

9
87’2

o -1 0 71
= (=pm) 450 {log(plqu((l—p@)‘ﬂp)}

= (1—pr) +¢ype (W) h ai@ {@Y'q (ﬂ—;ﬁ”

-1
1 Ti qT1 |yl
= e W'Y'q( )q/p‘> / (1 [yl® 0o f, () dy
R

Ap(7)

(1 — PTy — p7'2)(‘1+P)/P

—1
_ qT1 1 1
= (1— ! ra— 1 T Na/p
( pTQ) + (1 — pTZ)(qup)/p Py ((1 _ pTQ)q/p> SO‘YVI ((1 —_ pTQ)Q/p)

-1
-1 qamn - k! 71
= (L-pm) '+ (1=pm) "/”W<—)W) g03"’((—)

1—pn (1—pr 1 — pry)/p

= (1- pT2>_1 +qm (1 — pTg)_l Ap(7T). (5.14)

o
Plugging in the identities from (5.13) into (5.14) it follows for (71, 72) = (7(2.)1, T(22)2):

b =(1- pT(Z’Z)g)_l +qr(x,)1(1 — pT(.TZ)Q)_l 2923, (5.15)

Using this, we can calculate the derivative of Aj(z.) in  (we write = instead of xy for

notational brevity), where 7(x,) is considered as a function in z as well. It holds that
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0 0
* = L A(299 P
&BA”(xz) 0xAp(z x4, aP)

0
= ol 7(22)) = Ay(7(2))]

= 9 Ltgtr(e), + aPr(e.)s — Ay(r(z.))

ox

= gt r(2)1 + quqa—r(xz)l + paP r(3,)g 4+ 2P =7 (2.),
T

5 ox
Ay (r(2))

0
— quxq_lT(Iz)l + quqa—IT(xz)l + pxp_lT(xz)Q + [Epa—IT<C(ZZ>2

= Ja(7(22)) Ve Ay (7(2))

0
= gt r(2)1 + quqa—r(xz)l + paP (1) + 2P =7 (2.),
T

ox

0 0 0 0

_8_x7<xz)18_nAp(T<xz)) - %T(fﬁz)za—ﬁf\pﬁ(l’z))-

We now use the identity from (5.13), which yields

9 * -1 9 -1
%Ap(xz) = 2z 1(x,), +zq:vq%7(xz)1 + pxP 7 1 (2,)2

+af —7(x,)2 — %T(l’z)lquq - a—xT(xz)pr

ox
= zqqxq’lT(:cz)l —i—p:z:p’lT(a:Z)z. (5.16)

Reformulating the identity in (5.15) yields
a? = (1 —pr(e.)e) "+ qr(z)1 (1 — pr(a,)g) " 2927
s (1—pr(z.))2a? ™t — a7t = 2% g7 (x,);. (5.17)
Thus, if we set ZA%(z.) = 0, we get from (5.16) and (5.17) that

0 .. _ _
%Ap(xz) =0 & 0=2z2%2" '7(x,) +paP~'7(x,)s

& 0=(1—pr(z.))2a? ' — ' + paP~tr(x.),

& =1
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Hence, the infimum of A} under the conditions in the rate function from Proposition
5.2.2 is attained at x} = (27,1) = z*. Since by Lemma 2.2.1 we know that Aj is strictly
convex on Dom(Ay)° and Dom(A7)° = Dom(Ay), this minimum is unique. Thereby,

our claim is proven. O

For the sequence || Z|| the following LDP was also provided by Kabluchko, Prochno,
and Théle in [61, Theorem 1.2]:

Proposition 5.2.5 Let 1 < g <p < oo and ™ ~ U,., be a random vector in By.
Then the sequence (n'/P=1/4 HSZ’(”)Hq)neN satisfies an LDP with speed n and good rate
function

inf [IHZH(Zl) +IU(22)} z2>0

z = 2122

Z.H”CZH(Z) = z1,22 >0
+00 12 <0,

with Iz as in Proposition 5.2.2 and

—log(z2) : 29 € (0,1]
Ty (29) :=
+00 : otherwise.

We again show that the infimum in the rate function is attained at a unique point.

Lemma 5.2.6 Assume the same setting as in Proposition 5.2.5. For z > m,,,, we can
simplify the rate function by combining the two infimum operations to get

Tz (2) = inf (A} (21, 22) — log(ws)].

1/q —1
z:%l/q:62 /Py
z1,22 > 0,23 € (0,1]

We define
Zs(x) := Ay(21, 12) — log(ws), r1, 79 € R, 23 € (0,1],

and set z* = (29,1) € R?, z* := (29,1,1) € R®. [t then holds for z > m,, with
z* € Dom(Ay) that
Liz)(2) = Ls(27) = Ay (27),

with z** being the unique point at which Lg attains its infimum under the above condi-

tions.

Thus, for z > m,, , with 2* € Dom(A) both || Z]| and || Z || satisfy LDPs with the same

speed and rate function.

120



CHAPTER 5. SHARP LARGE DEVIATIONS ON /£7-BALLS

Proof. Let z > my, such that z* = (27,1) € Dom(A;). Furthermore, set 2™ :=
(2,1,1) and Zg(x) := Aj(x1, 22) — log(x3), © € R®. We use the definitions of Zz and
Ty, together with Lemma 5.2.4, to get that

I||g||(z) = inf I;(x)

1/q —1/p
z=xz) "my x3

z1,xz2 > 0,23 € (0,1]

= inf inf N(zy,x Ty (z
z = z129 z1, 29 >0 p( 1, 2)+ U( 2)
z1 > 0,22 € (0,1] z}/ngl/p:zl

— il A1)~ Tos(e)]
z1 > 07_22162(01 1]

It follows by Lemma 2.2.1 (3) that Zjz(z) = A;(29,1) is strictly convex in z on
Dom(A;)° = Dom(Ay). As Zjz) is a rate function, it has a root in the (limit) expecta-
tion z = m,,, of the underlying sequence || Z|| (see, e.g., [29, Lemma 2.2.5]). Hence, it
follows that for z > m,, , with 2 € Dom(Ay) it holds that Zz(z) = Aj(29,1) is strictly
increasing in z. Since zo < 1, z = 2129, and 1 < ¢, we have 2{ > z > m,,, meaning
that As(z{, 1) is strictly increasing in z;. Furthermore, we can see that (—log(zy)) is
strictly decreasing in z,. Hence, rewriting z; with respect to z; then gives
Lizy(z) = _inf lA;((i)q, 1) - 10g(Z2)} :

21 = z/z2
zg € (0,1]

which is strictly decreasing in z,. Thus, choosing 2o = 1 gives z; = z and
I||:ZﬂH(Z) = Io;(z**) = A;;(Z*),

finishing the proof. [

Remark 5.2.7 As mentioned in Section 1.2, Schmuckenschldger [108] gave a central
limit theorem for g-norms of random vectors with either distribution C,,, or U, .
He showed that for p,q € [1,00) with ¢ # p, and a random vector Z ¢ B, with
7M™ ~ C,, or Z" ~U,, it holds that

N (nl/pl/q M — 1> i> N(0, 02)7

mp7q n—oo

with A/(0,0?) denoting a centered normal distribution, where ¢ is also given explicitly
in terms of p and ¢ and moments of N,,. This result shows that on the Gaussian scale
the g-norm behaviours of both C,,, and U, , coincide. It is thus a natural question

whether one can tell the distributions apart in terms of their their ¢g-norm behaviours
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by considering it beyond the Gaussian scale, e.g., via an LDP. And while the original
LDPs in Proposition 5.2.2 and Proposition 5.2.5 given by Kabluchko, Prochno, and
Théle [61] at first seem to answer this in the positive by giving different rate functions
for the LDPs, the reformulations of Lemma 5.2.4 and Lemma 5.2.6 show that one still
observes the same ¢g-norm behaviour of cone measure and uniform distribution when
employing the tool of LDPs. Since the sharp large deviation results in this section
actually look different for C,, , and U, ,, they provide the first concentration result in
which one can actually tell the two distributions apart. This again goes to show the

high sensitivity of sharp large deviation results towards the underlying distributions.

Remark 5.2.8 Note that in the results within this section, deviations from the “limit
expectation” m,, , are considered, even though the elements of the sequences ||Z]| and
|Z|| have respective expectations m,,,, and 7z¢,,,, that only converge to m,, in
n € N. This, however, is not an issue for our results. As shown in (5.3) and (5.4), the
sequences are represented via the empirical averages of probabilistic representations
seen in (5.6) and (5.7). The expectations of these representations only ever play a
role in our proofs regarding the behaviour of the corresponding cumulant generating
functions, specifically only in the case of ||Z|| (e.g., in the proofs of Lemma 5.2.6 and
Lemma 5.2.18 or implicitly in the proof of the density approximations in Section 5.2.7).
As the V;(n) in (5.6) are i.i.d., they all share the same cumulant generating function as

given in (5.8) and the same expectation

BV = (E "] B [[v")]) = ((m5,07,1).

Hence, the fact that the expectation m,,,, only converges to m,, does not affect our
proofs. This is in keeping with classical results from large deviations theory like the
Theorem of Gértner-Ellis (see Proposition 2.3.7), where an arbitrary (i.e., not necessar-
ily i.i.d.) sequence of random variables is not required to have a shared expectation, but
rather that the sequence of the (appropriately rescaled) cumulant generating functions
of the individual random variables in the sequence converge to a fixed function with the
origin in the interior of its effective domain. The resulting LDP then considers devia-
tion probabilities from the limit expectation as well. In the case of ||Z || the cumulant
generating functions of the %(") are not employed at all (neither themselves nor their
limit in n). Since our main results assume n € N to be sufficiently large (that is, large
enough for the local density approximations in Section 5.2.7 to hold), this effectively
means that for n € N sufficiently large, the difference of m,, and m,, 4, 72, 4 is of

order at most o(1) and therefore does not affect our sharp large deviation estimates.
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5.2.2 Weingarten maps and curvature

The proof of the main result for £-spheres will proceed by integrating over a previously
established density estimate via a result of Andriani and Baldi [7] for Laplace-type
integrals. This result has a heavily geometric flavour and relies on the Weingarten
maps of certain hypersurfaces, which in our setting will simply be curves in R?. We
will therefore just give a brief reminder of the Weingarten map in this setting, recall
some of its properties, and refer to the relevant literature (e.g., [48, 79]) or Andriani

and Baldi [7] for a more in-depth discussion of the topic.

In general, the Weingarten map of a smooth hypersurface M C R? at a point p € M
is an endomorphism of the tangent space 7,M at p, mapping any y € T,M to the
directional derivative of a normal field of M in p in the direction of y. However, as
remarked in [7, Example 4.3], for d = 2, hypersurfaces simplify to planar curves and
the Weingarten map at a point p simplifies to the absolute value of the curvature K (p)
of the curve at p. For implicit curves, i.e., curves given as the zero set of a function,

we have the following formula for its curvature from [39, Proposition 3.1]:

Lemma 5.2.9 Let F' : R? — R be a twice differentiable function. Further, let € =
{z € R?*: F(x) = 0} be a curve given as the zero set of F, and p € € be a point where
V.F(p) # 0. Using the derivative notation Fy; ;) = Fy; j(p) as in (2.1), it holds that

Fiao
—Flop, Pl ’ ’ —Flop, Pl
( ) Fuy Fos ( )

(Fuo®+ 1?[0,112)3/2

K(p) =

Corollary 5.2.10

i) Given the set-up of the previous lemma, straightforward calculation of the above

fraction gives that
_ Flo® Fo0) — 2F0,1F 01 F11 + Fiuo*Flo
(Fuo®+ Fou®)™”

K(p)

i1) In case that € is the graph of a twice differentiable function f: R — R, that is,
€ ={(71,29) € R*: 3 = f(x1)}, and p = (z, f(z)), the above reduces to

Ky — ")

(1 +f/($)2)3/2 ’
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5.2.3 SLD results for ¢g-norms of /;-balls and -spheres

Using the concepts and notation previously established, we now proceed to present the

main results of Section 5.2:

For 1 < ¢ <p < ooand Z™ ~ C,, we want to give sharp asymptotics for the

probability
P(nl/pfl/q Hz(n)Hq > z)

for z > m,, such that z* € Dom(A%), with 2* := (27,1) as in Lemma 5.2.4. Let us
define prefactor functions £(z) and k(z), as mentioned also in the sharp large deviation
results of Bahadur and Ranga Rao in (5.1). For 2z > m,,, such that 2* € Dom(A;), we

set

£(2)? == (9. 7(2%),7(2%)) det H.-, (5.18)
with 9.« = H,A,(7(2%)) as in (5.10), and

k(2)? =1 — cq(2), (5.19)
with
(13 + 7299 Ipalp — )2

Cu(2) == 73
‘T(Z*)% (‘62_"1)11 B QT(Z*)lT(Z*)2 (ﬁ_*l)w + T<Z*>% (52*1)22 | (ZZq +p2q*2) /

We refer to Lemma 5.2.1 to see why the inverse matrix .6;1 in the above is in fact
well-defined for z* € Dom(Aj). Let us now present the main result of Section 5.2 for

{,-spheres.

Theorem 5.2.11 Let 1 < ¢ <p < o0, n €N, and Z™ be a random vector in B, with

ZM ~ Cop- Then, for n sufficiently large and any z > my,, such that z* € Dom(A3),
it holds that

_ n 1 —n A (2*
P(nl/p ez, > Z) T Vamnk(2)€(2) e (14 0(1)).

We shall now turn from £7-spheres to £;-balls. For 1 < ¢ < p < oo and Z ™~ U,,

we want to provide similar sharp asymptotics for
p(nl/p—l/q Hg(n)H > z)
q

for z > m, 4 such that z* € Dom(A;).
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Again, we start by defining a prefactor function for z > m,,, with 2* € Dom(A;) as

v(2)? = det$H..7(z)3 (qqu(z*)l + 1)2

2q 2 2,4 q —
X [szq (‘6;*1)11 + ;q (‘6;‘1)12 + (‘6;*1)22 + T(Z*)lw , (5.20)

with which we can now give this section’s main result for £7-balls.

Theorem 5.2.12 Let 1 < g <p < oo, n €N, and Z™ be a random vector in B, with
F™ ~ U,.,. Then, for n sufficiently large and any z > my, 4 such that z* € Dom(A),
it holds that

]P’(nl/p_l/q |z®|, > z) - e M) (14 o(1)).

1
V2mny(z)
We have seen in Section 5.2.1 that || Z|| and |[|Z || both satisfy LDPs with the same
speed and rate function for z > m,, such that z* € Dom(A;), despite the underly-
ing distributions being different (see Remark 5.2.7). Comparing Theorem 5.2.11 and
Theorem 5.2.12 now paints a different picture, with the sharp asymptotics for || Z]|
and ||Z || being noticeably different. As mentioned in the introduction and Section
5.1, idiosyncratic phenomena of underlying distributions, which can be drowned out
on the LDP scale, are often still visible on the scale of sharp large deviations. This is in
keeping with what was shown in [85, Theorem 2.4, Theorem 2.6] for one-dimensional

projections of £7-spheres and ¢}-balls.

Remark 5.2.13 Let us draw a brief comparison between our results and the concen-
tration inequality that follows by the Gromov-Milman Theorem as discussed in [92,
Remark, p. 1062]. Therein, it is shown that the Gromov-Milman theorem from [44]
implies that for 1 < ¢ < p < co and a random vector Z™ ~ C,, ,, it holds that

P(|n1/”_1/q HZ(”)Hq — mnﬁp,q| > Z) <C exp(— cnzmax{2’p}>,

where C' > 0 and ¢ > 0 are constants. If we consider the set-up of Theorem 5.2.11,
ie,1<qg<p<ooand z>my,,, and only consider deviations without the absolute

value, we can derive from the above that

P(nl/p_l/q HZ(”)Hq > z) <C exp(— cnzma"{z’p}>.
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Comparing this with our sharp large deviation results from Theorem 5.2.11 for z > m,, ,
such that z* € Dom(A%),

1
V2rn r(2)6(2)

we can see that our results improve on the estimate in terms of n € N by a factor

e M ED (14 0(1)),

P(nt/r= )20 > 2) =

of n~1/2 and give explicit and deviation-dependent prefactor functions x(z) and &£(z)

instead of fixed constants for all deviations z.

Remark 5.2.14 When comparing the sharp large deviation results in Theorem 5.2.11
and Theorem 5.2.12 to those of Liao and Ramanan [85, Theorem 2.4] and [85, v2, The-
orem 2.6], one directly notices the core difference in the settings. Liao and Ramanan
examine projections of random vectors on Sg’l and B with respective distributions
C,p, and U, , onto fixed one-dimensional subspaces, and therefore have to consider
weighted sums of dependent random vectors as probabilistic representations. Thus,
all their results have to be conditioned on the projection space and include additional
terms accounting for the specifics of the subspace. In our case, however, the proba-
bilistic representations are given as sums of i.i.d. random variables (see Section 5.2.6),
which does not necessitate these additional factors. Therefore, when using results from
Liao and Ramanan [85], we adapt their usage accordingly to the given probabilistic
representations in our setting. Beyond that, however, the sharp large deviation results
share several similarities, especially when comparing the prefactor functions x, & and

v, which for ¢ = 1 are almost equal.

5.2.4 Application 1: Intersection volumes of (}-balls

We want to use our sharp large deviation results to further the findings of Schechtman
and Schmuckenschlager [105] and Schmuckenschlager [108] for intersection volumes of
t-multiples of different volume-normalized ¢}-balls. We will first give a brief overview

of the original results along the lines of [61, Section 2.1]. For p € [1,00), we define

Dy := vol,,(B}) /" By

p

to be the volume-normalized E;-ball and recall that

Vol (B) = r(ee))

r(1+g)
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We furthermore set
n 1
Cnp = n'/? vol, (Bg)l/ and cpi=2 el/ppl/pf(l + —) ,
p
and recall that it was shown in [105] that

lim ¢,, = c,.
nooo P p

Moreover, for p,q € [1,00),p # q, we set

Cnp Cnp
Cnp,q = ) An,p,q = and A

)
Cngq Mp,q Cnyq

= lim A

n—oo

P.q n,p,q*

Hence, it follows that

(141 1+(1/q)
A _ Cp < + 5) el/p—l/q
P,q m c - 1 1/(] :

()

Lastly, for £ > 0 and n € N, we define ¢,, > 0 such that

tn—A” =t.
Anpg
We shall now recall the result of Schmuckenschlager [108, Theorem 3.3]. Therein, it

was shown that for p,q € [1,00),p # ¢, and ¢ > 0 it holds that

1 A,,t>1
voly (D NEDy) — § 4 A, t=1 (5.21)
0 A4,t<1

(where the cases A,,t > 1 and A,,t < 1 had already been established in [105]).
To prove this, a central limit theorem for n'/?~Y4|Z™|, with Z™ ~ U,, and
p,q € [1,00), p # q, is shown in [108, Proposition 2.4, Proof of Theorem 3.2], since

vol, (D} NtDy) can be written as

A
Voln(DZ N t]D)Z) = vol, ({Z ehy:zet, Aﬂﬂ)g})
n7p7q

c
= V01n<{2 ey :z ety Apgmyy, EDZ})
c

n?p
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= vol,({z € Voln(IB%Z)_l/” By 2z €tnApgmpg nt/a=1/p Voln(IB%Z)_l/” IB%Z})
= Voln(]B%Z)’1 VOln({Z EB) 2z €ty Apgmypy pl/a=1/p IB%Z})
]P’(nl/pfl/quZ’(”) |, < ta Ay mpﬁq) . (5.22)

However, we know from the Berry-Esseen Theorem (see [114, Theorem 2.1.3]) that the
error of the Gaussian approximation given by a central limit theorem decreases with
rate n~'/2. Thus, using (5.22) and the central limit theorem from [108], we can only
infer a rate of convergence of n='/2 in (5.21). The LDP for g-norms from Proposition
5.2.5 already takes this from a sublinear rate to an exponential rate. This can then be
improved upon for 1 < ¢ < p < oo by using Theorem 5.2.12, yielding a more precise
result that also allows to derive concrete estimates of this intersection volume, due to

its asymptotic sharpness.

Proposition 5.2.15 Let 1 < g < p < oo and n € N. Using the notation established
above, fort >my c, " . such that (tcnpq)* € Dom(AY), and sufficiently large n € N it
then holds that

1
V2mny(tenp,g)

Proof. Let 1 < g < p < oo and t > mygc,,, such that (tc,pe)* € Dom(AZ). Fur-

ther, assume Z ™ is a random vector in B, with ZF™ ~ U,,. Using (5.22), we get that

e M (enpa)) (1 4 o(1)).

vol, (DF N DY) =1 —

vol, (D N D7) = P<n1/1’*1/quz<”>||qgtnAp,qmp,q)

- 1- p(nw— Vi g @) > t,A4,, m)

It now holds, by t > myqc, ., that we have tm L cppg = tAnpg = th Apg > 1,
and hence t ¢, 4 = tn Apgmypg > My, With (tc, )" € Dom(Ay). Thus, by Theorem
5.2.12, it follows that

1
V2 y(t cnpg)

which finishes the proof. O

vol, (DP NDY) =1 — e "M (tenpa)) (1 4-0(1)),
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5.2.5 Application 2: One-dimensional projections of //-balls

In Remark 5.2.14 we have already discussed the differences between the setting of
the results of Liao and Ramanan [85] and the setting of this section. However, a
geometrically similar result to those in [85] follows from Theorem 5.2.11. In [61, Section
2.4] Kabluchko, Prochno, and Théle derived a central limit theorem for the the length
of the projection of an £J-ball onto the line spanned by a random vector o ¢ snt
with 6" ~ C,5 as a corollary of their main results. We will proceed similarly and
derive sharp large deviation results in the same setting. To be specific, in [85] sharp
asymptotics where provided for the scalar product of a random vector Z ~ C,, on
Sg_l with a vector 0 € §"~1 which can be negative. We, on the other hand, consider
the absolute value of the scalar product of such random vectors. Additionally, in [85]

the vector ™ ¢ S;_l is fixed instead of chosen randomly.

In the following define for ¢ € [1,00] its conjugate ¢* via é + q% = 1, setting é =0
by convention. Furthermore, for a direction 8 € S*', we write Py By for the
projection of Bj onto the line spanned by 6. Then, our quantity of interest is the

projection length voly (Pg(n)]BZ) for some random direction 6 ~ C,2.

Corollary 5.2.16 Let 2 < q < oo and 0™ € S™ be a random vector with 0™ ~
C,2. Then, for any z > 2mgy 4 such that (g)* € Dom(A%), and sufficiently large
n € N, it holds that

1
Vo (3) € (3)

with Ay as in (5.8) and &,k as in (5.18), (5.19), respectively, defined for ¢* and p = 2.

]P’(nl/z_l/q voly Py BYy) > Z) = e M (14 0(1)),

Proof. 1t holds that

IP’(nl/Q*l/qVOh(Pew)BZ) > z) = P(nl/zl/qQ sup‘<x,9(n)>| > z)

zEBY

_ n z
_p <n1/2 1/q Hg( )||q* > 5) .

Since 2 < ¢ < oo, we have 1 < ¢* < 2 = p, whereby we can apply Theorem 5.2.11 to
get that

1 * Z\*
P(nl/Q’l/q voly (PymB) > z) = e 23((3)7) (14 0(1)),
Pl =) = U ()20
with Ay, &, k as described above, which concludes the proof. n
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5.2.6 Probabilistic representations for ¢g-norms of ()-balls

The first step in proving Theorem 5.2.11 and Theorem 5.2.12 will be rewriting the target
probabilities in both theorems with respect to convenient probabilistic representations.
Recalling the definitions of the random vectors V™ and "™ from (5.6) and (5.7), we
define . .
sm .- L v and 8™ = ! PIFAR (5.23)
i=1

n < n <
=1 _

as the empirical averages of their respective coordinates. Furthermore, for z > m,, , we
define the sets
D. = {(t1,ts) €R? : 11,15 > 0, ;71,7 > 2},

and

D. = {(ti, to, t3) €R®: 11,85 > 0, t5 € (0,1], tat,/ 74,7 > 2},
It then follows from the reformulations of ||Z(||, and ||Z™]|, in (5.3) and (5.4) that
we can write the probabilities within Theorem 5.2.11 and Theorem 5.2.12 with respect

to S and &™), respectively, as

P (nl/pfl/q ”Z(n)Hq > z)

n n a/p
1 n 1 n
P ﬁ; ’Y'Z( )|‘I > 4 (5; ‘}/;( )|p>

- IP’(S(") c Dz>,

and
1 n 1 n Q/p
(- elg = 2) = (o SO (13

_ ]P’(é’(") c %).

We refer to these sets D, and @, as “deviation areas”, since S and & lying in D,
and 9., respectively, represent a deviation of ||Z™|, and ||Z ™|, of size z. The idea
will then be to write the target deviation probabilities as an integral of the densities
of S and ™ over the deviation areas D, and 9,.

Remark 5.2.17 Note that the boundaries of the deviation areas

0D, = {(t1,ts) € R : 11,15 > 0,8,/74, /" = 2} (5.24)

and

0D, = {(t1, 12, t3) €R® 1 11,15 > 0, t5 € (0,1], t3¢1/9; "7 = 2}
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are the same sets given by the infimum conditions in the respective LDPs for || Z]|
and ||Z || in Proposition 5.2.2 and Proposition 5.2.5. As mentioned in Remark 5.2.3,
the structure of the functional one considers — the g-norm of a random vector from
B, in our setting — has a direct influence on an LDP via the infimum operator from
the contraction principle. In the realm of sharp large deviations this influence is still
there, however, it is quite a bit more subtle, as it originates from the geometric shape
of the deviation area. Indeed, as we will see in the proofs of Theorem 5.2.11 and
Theorem 5.2.12, these shapes actually do have an influence on the sharp large deviation

behaviours, specifically via the prefactor functions.

The fact that for z > m,,, the rate functions of the LDPs for ||Z|| and || Z || in Propo-
sition 5.2.2 and Proposition 5.2.5 both assume a unique minimum on 9D, and 09.,
respectively, as was shown in Lemma 5.2.4 and Lemma 5.2.6, will be essential to the
proof of Theorem 5.2.11 and Theorem 5.2.12 in Section 5.2.8 and Section 5.2.9. We can
expand this unique infimum property onto the entirety of D, and 9., as the following

lemma will show:

Lemma 5.2.18 Assume the same set-up as in Lemma 5.2.4 and Lemma 5.2.6. Let
z > my g such that z* € Dom(AY). Then

i) 2* = (27,1) is the unique point at which A}, attains its infimum on D.,
ii) 2 = (27,1,1) is the unique point at which Ts attains its infimum on D..

Proof. We start off by showing i). Let t € R? such that ¢ € D2, which means that

ti/qt;”p > z. We assume ¢ € Dom(A), as otherwise it trivially holds that A%(2%,1) <
A3 (t1,t2) = oo. We then have that t € dD; for z = /9517 and thus, by Lemma
5.2.4, As(t1,ta) > Aj(29,1) = Zjjz(2). We know by Lemma 2.2.1 that Aj is strictly
convex on Dom(A%) with a unique root in the limit expectation (m? 1) of the V;(n).
Thus follows the strict convexity of Zjz(2) = Aj(2*) in 2z on Dom(AY) with a unique
root in m, 4. Hence we know that Tz (2) is strictly increasing in z for z > m, 4, and

as zZ > z > my,, it follows that
A;(tl,tQ) > Ap(,?q,l) = IHZH(Z) > IHZH(Z) = A;(Zq,l) = A;(Z*),

showing that z* = (z9,1) minimizes A} over D,. The proof of ii) is analogous, also

using the strict monotonicity of the rate function. O
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Suppose that the distributions of S and &™) have respective densities h(™ and £ ™.

Then we can formulate our probabilities of interest as

B 120, > 5) =B(sW € D) = [y 629
D
and
]P;<n1/p—1/q lz®|, > Z) — ]P(&W e gzz) = /ﬁi(")(x) dz. (5.26)
D

In the following section we will show the existence of these densities A and %™ and
present asymptotic estimates for them, while Section 5.2.8 and Section 5.2.9 will then

approximate the above integrals over the respective deviation areas D, and 9,.

5.2.7 Asymptotic density estimate for ¢g-norms of /-balls

The second step in proving Theorem 5.2.11 and Theorem 5.2.12 is giving local den-
sity approximations for the probabilistic representations S™ and & . Recalling the
notation and definitions established in Section 5.2.1, we assume the same set-up as in
Section 5.2.6 and formulate the following local limit theorems for the densities 2™ and
%™ of our probabilistic representations:

Proposition 5.2.19 For 50 = 15" V™ witn v = (jy, ", [y, "), v ~ N,
i.i.d., and v € Dom(Ay), it holds that for sufficiently large n € N the distribution of
S has Lebesque density

n
o

where 9, = H,A,(7(x)) as in (5.10).

h(" () (det §,) % e 8@ (1 4 0(1)),

For the proof of this we proceed along the lines of Borovkov and Rogozin [17] — or rather
their convenient reformulation in [7, Theorem 3.1] and subsequent proof. Therein, a
local density estimate is derived for a sum of i.i.d. random vectors in R? via the saddle
point method. As discussed in Section 5.1, this means one writes the density via the
Fourier inversion theorem as a complex path integral of its Fourier transform and then
uses Cauchy’s theorem to deform the path of integration, such that it passes through a
complex saddle point. For sufficiently large n € N, the mass of the integral then heavily
concentrates around that saddle point and standard integral expansion methods can

be used to great effect.
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Naturally, this requires the conditions of the Fourier inversion theorem to be met, that
is, the Fourier transform of the density has to be integrable. In [7, Theorem 3.1] this
follows from the assumption that all the i.i.d. random vectors have a common bounded
density, though it is noted in [7, Remark 3.2], that this can be replaced by any argument

ensuring that the Fourier inversion theorem can be applied.

In the setting of this chapter (and the case of £}-spheres) the i.i.d. vectors are given by
the
= (WO ) e

(2

whose coordinates are highly dependent and who lie on the curve

Wpq = {ye R*: |y2| = |y1|p/q}'

Thus, such a non-degenerate density of the Vi(") in R? is not available. However, their
Fourier transforms can be given explicitly. Additionally, while the coordinates of the
V™ are highly dependent, the different Vi(") are i.i.d. and their sums do not lie on said

)

curve, as one can see in Figure 5.1.

Y2

L,q(“) + ‘/2(”/)

hn

FIGURE 5.1: Empirical average S™ (black) of Vl(n) (green), VQ(n) (red) for
n=2,q = 1,p = 3 lying outside of the curve w, , (blue)

We will show that the empirical average of the V;(") does in fact have an integrable
Fourier transform and thus its density can be written as an integral of this Fourier
transform. We will show this using the underlying distribution N, of the Yi(n) and the
Hausdorff-Young inequality [43, Proposition 2.2.16], as was done by Liao and Ramanan
in [85, Lemma 6.1]. Heuristically speaking, this means that while the individual Vi(n)
do not possess densities in R?, for n € N sufficiently large their empirical average S™
asymptotically does. Beyond that, the proof will follow along the lines of Borovkov
and Rogozin [17, Theorem 2] as presented in [7], using the saddle point method (im-
plicitly via an exponential tilting argument) to approximate the integral of the Fourier

transform.

133



5.2. SHARP LARGE DEVIATIONS FOR ¢-NORMS OF ¢}-BALLS

The first step is to calculate the density g™ of

for n > 1. As previously mentioned, due to the high dependence (even comonotonicity)
of the coordinates of the V" the individual V" do not have a density in R2. But

since the Y;™

~ N, have sufficiently finite exponential moments for 1 < ¢ < p < oo,
both the moment and cumulant generating functions ¢, and A, of the V;(n) from (5.8)
are finite in a neighbourhood of the origin. This can be used to show integrability of
the Fourier transform of G . We will begin by showing this for two summands, that

is, for Vj(n) + Vk(n), j # k, in the following lemma in the spirit of [85, p.20, Claim].

Lemma 5.2.20 Let z € Dom(A}) and denote by g](.;? the density of Vj(n) + Vk("),
g,k e {l,...n},j # k, as in (5.6). For general T € Dom(A,) consider the function
fr 1 R? = R with f,(z) := e<T’“’”>g§.Z) (x), where we suppress its dependence on other
parameters such as j,k in the notation. Then there exists an s > 1 such that the
Fourier transform of fr(z) is Ls-integrable, i.e., F(fr()) € Ls(R?).

Proof. Without loss of generality we chose 7 = 1,k = 2 for ease of notation. For

z € Dom(A%) and general 7 € Dom(A,) consider the Fourier transform at some ¢ € R?:

, , 4 () )
F(fﬂ')(t) _ /‘€<T’x>g§72) (33') e(zt,x) dr = /6(7+2t,x)g§t¢2) (.T) dr = E<6<T+Zt,vl +V, >) .
R2 R2
By the definition and the independence of the V;(n) and the properties of the moment

generating function we have

F(f)(t) = E<€<T+it,vl(")>)2
_ af ety

2

_ / eI £y dy |

R

where the last equality yields that F(f,)(t) = ¢,(7 + it)?* with ¢, being the moment
generating function of the Vi(”) as in (5.8) at the complex argument 7 + it. Since this
holds for any 7 € Dom(A,), for 7(z) € Dom(A,) we have that

F(fr@)(t) = ¢p(7(@) +it)". (5.27)
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By the Hausdorff-Young inequality [43, Proposition 2.2.16] we can show that there
exists an s > 0 such that F(f,) € Ly(R?) by showing instead that there exists an
r € (0,1) such that f, € Li,.(R?) for general 7 € Dom(A,). We thus want to prove
that for some r € (0,1)

/ ‘e ™) e < oo (5.28)

Since the density g%) itself is unknown, we want to rewrite it as a transformation of
the density of the Y;(") in the coordinates of Vl(n) and ‘/'2(”), whose density fn, is known.

It holds that

‘/1(”) _|_V*2(n) — <|}/1(")‘q_|_ ‘Y'Q(”)|q,

) <10,

In order to make a transformation of densities argument, for a given z € R2 we need

to solve x = T'(y) for y € R% This means we are interested in the set
T Hx) ={y € R*: [y1|" + |2|” = z1, || + |12 = 22} (5.30)

If either of the x1, 2y is zero, either both are zero and T~ (x) = (0,0), or T} (z) = 0
otherwise. As this only holds for a zero set of z € R , we assume 1 > 0,29 > 0. It

follows from (5.30) that 7' (x) is the intersection of two £2-spheres of radius /4 and

xé/ ?, respectively, which we will denote as S, (xl/ ‘) and S} (xQ/ "). Therefore, we have

T ( ) = Sl( 1/q)ﬂSl( 1/p)‘

As one can see in Figure 5.2, the number of intersection points depends on the relative

size of their radii xl/ 7 and xl/ P, Since ¢ < p and B} C B, there are no intersection

V7 < 2} The same holds if ]/ > 21/q_1/px , yielding that T—!(z)

is empty, hence we disregard both cases. If xl = xQ/ P we have the canonical four

points if x;

intersection points of (7-spheres on the coordinate axes scaled by their common ra-
dius, and if z}/% = 2/4-1/P z}/? we again have exactly four intersections at the points
2-1/p z}/P(+£1,4+1) € R2. However, the set of z € R? for which these equalities hold is
merely a zero set with respect to the distribution of V(”) + Vk("), hence we disregard
these cases as well. Hence, we only concentrate on xl/ a (xé/ P l/a=1/p g 1/P ), which

yields eight intersection points in R?, which we denote by

T 2)M =y T H2)® =), (5.31)

Further, we write

Hyo = {o € B a1,y > 0,217 € (a7, 20 0 a) ),
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{ )

7N |

FIGURE 5.2: Intersection points (red) of Si(r) (orange) and Si(1) (blue) for
different radii of S}(r) with r € {0.75, 1, 1.25, /2, 1.75} (from left to right).

We use a version of the well-known change of variable argument for “many-to-one”
transformation functions, i.e., locally bijective functions, from [54, Section 4.5, p.151 ff ]
which states the following: Let Y7,...,Y, be continuous real-valued random variables
with joint density ¢(y1,...,yn), and o = {y € R™ : p(y) > 0}, denoting ¥V =
(Y1,...,Y,). Further, let Xy =T1(Y1,...,Ys),..., X, = T,(Y1,...,Y,) be real-valued
transformations for which one can partition &/ (up to zero sets) into disjoint Ay, ..., A
such that X =T(Y) = (T1(Y), ..., Tn(Y)) is bijective on these sets. We denote these
bijective components as T;jl : R" = A, with T:’jl = (Tf’jl,...,Tn” ]1), where ngl
maps to the preimage of 7; on A;. Then the joint density of the X;,...,X,, at some

x = (x1,...,2,) is given by

g(x) = Z ‘det (LT (z)]] oly) = Z ‘det[JxT,fjl(x)} ‘ gp(T,le (2)).

yeER™: T(y)=x

We apply this to the transformation 7" of (Yl(n), YQ(n)) from (5.29) with o = R? and
Ay, ..., Ag chosen to be a partition of R? up to zero sets such that y¥) € A; for all
je{l,...,8} with ) as in (5.31). This yields that the density ginz) of V™ 4 VQ(") at

some = € R% is given by
RO (Z et [ LT} @)] | f, (i} (@) fis, (TQ,;@))) L, (@), (532)

with T, ]1 = (T » ]-1 (z), T, ]-1 (93)) Let us calculate the determinant of J, 7, ._7]-1 (x) explicitly.

First off, it holds that T'(y1,v2) = (|y1|"+|y2|”, |v1["+]y2|”) is continuously differentiable
for any 1 < ¢ < p < oo outside of (0,0) with

I T(y) = sgn(yn)glyi|! sen(yz)alye|*™
! sen(y)ply [Pt sen(y2)plyaPt )

with sgn(t) denoting the sign of ¢ € R, and
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det [J,T(y)] = sen(v) sen(ya) ap (al* o™ = lon el ), (5:33)

which is only zero for |y;| = |ya|. This case can be disregarded, however, since geomet-
rically this would mean that S}](xi/q) and S})(x;/p) intersect at 2~ 1/Pz3/P(+1, £1) and
hence, 21’7 = 271/ z1/7 which we excluded, as we only consider T(y) = z € H,,.
Since T' is continuously differentiable with non-zero functional determinant at the

points yM, ..., y®) the inverse function theorem yields that for all j € {1,...,8}

-1
LT @) = [BT9)]
which, together with standard rules for determinants of square matrices, yields that

-1

det | 1T, } ()] = det [JyT(y(j))]ll —det[1,T(y7)] . (5.34)

Further, it holds that

- - 1 1 (1 @)y (@)
IN, (Tl,jl(x)) IN, (szl(l’)) = <2P1/pr(1 + 5)) e (1) @13 @)
—2
_ <2p1/pp(1 N 1)) (1 @15 @)
p
1\ 2
ol
p
Setting 7, := 2 p'/P F(l + %) and using the above, (5.32) yields

8
ﬁ%)—%*<§j®ﬂkﬂﬂwﬂeﬂﬁl%xm
j=1

To finish the proof of Lemma 5.2.20, as stated in (5.28), we want to show that

g%nz) () € Ly1,(R?) for some r > 0. We thus consider

/‘emg12 s

1+7r
= / el 2<Z ‘det [JxT;jl(:c)} ’ e_;”) 1y, ()| dx
R? =1
8 1+’I‘
= np_Q(HT) / ’e”xl*%(pm’l)”‘l” Zdet [JIT._’;(QS)} 1y, ,(x)dz.
=1

Now it generally holds for z1, 29 > 0 and r > 0 that (z; + z2)" < 27 (27" + 23™").
Successively applying this for xq,...,z, > 0 yields
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k I+r n
§ T < ri E le+r )
=1 =1

Since we know from (5.33) and (5.34) that |det [JzT._J1 (z)]| > 0 for z € H,, and all
j€{1,...,8}, it follows from the above that

/ !e“’”g@(m)}lﬂ dx
RQ

8 1+r
< ¥y, 20 / |e“x1+%(p72’1)3”2‘1+r Z ‘det [JxT-_,;(x)} ‘ dz
=1

HPlI

)

— 98" np—2(1+r) Z / ‘det [JIT._; (x)} ‘1+T e(1+r)(7'1x1+%(p7'2*1)xz) d.

Moreover, using the change of variable argument in the other direction for each T._JI,
together with the fact that T, | (H,,) = A; by construction, and that for y € A; with
T'(y) = x it holds by (5.34) that

det [T, (2)]o(To} (2)) = det [J,T(y)] o),

one can conclude by the partition property of the Ay, ..., Ag that

> / ‘det [J T—1<x)”m ) (i + L pra—T)az) g,
x L]
]:1 Hpsq
8 » 1
= > / ‘det [JyT(y)]‘ (T2 D+ 5 (=) (42l g
]:1 A

= /‘det [JyT(y)} )_T N1y |%+Hy2| D)+ 5 (pra=1) [y [P+ |2 7)) dy

-r r)(T Lipro—
= / (qp|(‘y1’q71’y2|pfl _ ’y1|P*1’y2‘qfl) ‘) L) (T (Y1l +ly2|?)+ 5 (pr2=1) (Jyn [P +]y2[7)) dy,
R2
where the last equality is due to (5.33). For a neighbourhood of the origin B C R? we

can split up the above integral on B and its complement B¢ as

-r )(T Lipry—
J A e T e

B
+ / (qp| <|y1|q—1|y2|p—1 _ |y1|P—1|y2|q—1) })*T I (T (ly1|%+y2| D)+ 5 (pr2=1) ([y1[P+y2 (")) dy.
b (5.35)
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Since 7 € Dom(A,) =R x (— oo, %), it holds for any r > 0 that

el a5 ra =D Pzl ¢ 1 (R2),

For the first integral in (5.35) we can find a sufficiently small 7, € (0,1) such that

(ap| (17 Mol = 1P Yol D))" € Ly (B).

Hence, for = r; both factors in the first integral term in (5.35) are in L;(B), and since
B is bounded it follows via Holders inequality that their product also lies in L;(B), i.e.,
the first integral is finite. For the second integral expression, we can find a sufficiently

large ro > 1 such that

(ap (o P~ = [P el ™)) € Ly (B
Hence, for r3 := 2>1it follows that

(g (o] My~ = 0[P yal®")) ™" € Ly (B).
Lastly, for 75 > 1 such that % + % = 1 we know that

6(1+T1)(Tl(|yl\q+|yz\q)+%(10‘r2*1)(\y1|”+\y2|p)) c Lrg(Bc)a

thus, by again applying Holders inequality, we get that the product of the two functions
lies in L1 (B¢), and thereby the second integral term in (5.35) is also finite. Overall, we
have shown that for sufficiently small » = r; € (0,1)

/lfT(x)}l—Hﬂdl’ = /‘G(T’x>g§72)(x)|l+rdx
R2

R2
8r —2(1+7r) ° —1 1+r (1+r)(7‘1x1+l(p7'2—1)x2)

< 2%, Z det [JxT.J- (m)} e P dz
]:1 Hpvq

= 287”77;)_2(1“)/(qp\(|yl|q_1|y2|p_1 —Jy Py )
RQ

« 6(1+T)(T1(|y1\q+|y2\q)+%(pT2*1)(|y1|p+\yz|”)) dy
< Q.

By the same arguments, one can also infer f.(z) € Liy; for any 7 € (0,71). As
stated previously, by the Hausdorff-Young inequality [43, Proposition 2.2.16] we can
hence conclude for 7 = 7(z) € Dom(A,) that there exists an s € (£, 00) such that

F(frz)) € Ls(R?), which proves Lemma 5.2.20. O
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By (5.27) and Lemma 5.2.20 it follows that there exists an s > 1 such that
op(T(x) +1it) € Lyp(R?). (5.36)

This will now be used to write the density ¢ of S Vi(") via is Fourier transform,

that is, to prove the following lemma.

Lemma 5.2.21 For G™ =" V;(") with V;(n) = (‘Y;(n)|q, ’Yi(n)|p), Y;(n) ~ N, w.i.d.,
x € Dom(A}), and sufficiently large n € N, it holds that the distribution of Y7, Vi(n)
has Lebesque density

1)’ .
g™ () = (—) e~ (r@ /e“t’x)(gop(T(x) +it))"dt.

27

R2

Proof. For z € Dom(A%) and general 7 € Dom(A,) define f, : R* — R with f-(z) :=
e{™%) g () and proceed similar to the proof of Lemma 5.2.20 by considering its Fourier
transform at some ¢ € R?. The first goal is to show that F(f-)) € L1(R?) to apply

the Fourier inversion theorem. It holds that

F(fr)(t) _ /€<T,m>g(n)(x) e(z’t,m) dr = /€<T+it,z>g(n)(x) dr = E (e(r—i-it,z:?:l ‘/i(n)>> '

R2 R2

Again, the independence of the V;(") and the properties of the moment generating

function yield that

n

.F(fT)(t) = <€<T+it,(|Y1|‘1,\Y1|P)>> _ /€<T+it7(y|q7|y|p)>pr(y)dy _ Spp(']- n 2{;)”
R

As seen previously, it follows from Lemma 5.2.20 that there exists an s > 1 such that,

as in (5.36), we have
p(7(x) +it) € Lya(R?).

For n € N large enough such that n > 2, it thus follows that
F(fr@) (1) = @p(r(z) +it)" € L (R?).

Applying the Fourier inversion theorem (cf. [110, Theorem 1.9]) to f,(z) = 7% g™ (z)
then yields

1 2 . 1 2 ; . n
e = (5 ) [ rm = () [e o +inra
R2 R2
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thus,
1

2
g(”)(x) = (%) e (72 /e‘<it’x>(¢p(7+z’t))”dt.

R2
Since the above holds for arbitrary 7 € Dom(4A,), it also follows for 7(x) € Dom(A,)

that

1 ? —(7(x),x —(it,x . n
9@ = (55) e [ gy ria) + in)ar, (5.37)

R2
which proves the claim. O

The exponential term e™® in the definition of f, and the specific choice of 7(x) €
Dom(A,) in (5.37) were not necessary up to this point, but will be helpful to approx-
imate the remaining integral term in the density. We will now expand the results of
Lemma 5.2.21 to yield a similar integral expression for the density h(™ of S™:

Proposition 5.2.22 For S® =15" V™ witn v .= (v, ", [y, ["), v ~ N,
i.i.d., x € Dom(Ay), and for n € N large enough the distribution of S™ has Lebesque

() = (o )26—”A2<f”> / e (—%(T@) +)it))ndt.

21 op(T(2)

q
|

density

R2

n

Proof. Setting ¢ : R? — R? with ¢(z) = 1z such that S™ = ¢ <Z?:1 V;(")>, yields

W (@) = g™ (67" (2)) | det Jo(¢71)| = ¢ (nar) n®.
Hence, Lemma 5.2.21 gives

n

2 .
W (z) = (%) @) / e~ (o (7 () + it))"dt.

RQ

Furthermore, note that by Lemma 2.2.1 (4) we have (7(z), z) = Aj(z) + Ap(7(z)), and
by definition (5.8) it holds that e=*»("(®) = ¢ (7(x))~. Thus,

2 .
R (z) = <2ﬁ> oA (@)+Ay(r(2))) /e"<’t"”>(gop(7-(x) +it))"dt
™ J
2 _ar : 1)\"
_ <ﬁ> e—nAp(x) /6—n<zt,x) (SOP(T<$) + )) dt,
2m pp(7(7))
R2
finishing the proof. [l
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We denote the integral term in the above as

T (z) = / e~nlita) (M)ndt. (5.38)

J 27 (@)

The approximation of Z (x) will be the content of the next result and the final step

in the proof of the asymptotic density estimate in Proposition 5.2.19.

Lemma 5.2.23 Let x € Dom(A}) and h(™ be the density from Proposition 5.2.22 with
integral coefficient T (z) as in (5.38). It then holds that

M (z) = <2£> - (det ﬁm)_l/z (1+0(1)),

T

where 9, = H,A,(7(x)).

As one can see, Proposition 5.2.22 and Lemma 5.2.23 directly imply the asymptotic

density estimate in Proposition 5.2.19.

We prove Lemma 5.2.23 via the saddle point method, whose basic idea was outlined
in Section 5.1. Specifically, this will be done via what we have called an “implicit”
application of the saddle point method in the form of exponential tilting. We will
define a conveniently shifted and exponentially tilted distribution, such that the em-
pirical average of random variables with that tilted distribution is centered, and has
the integrand of Z(z) as its Fourier transform. The integral over this distribution’s
Fourier transform then heavily concentrates around the origin and can therefore be

efficiently approximated using standard techniques.

For general 7 € Dom(A,) and n € N, we define the probability measure on R
Np T = e(Tv(‘y|q1|y|p)>_AP(T) N—p7 (539)

which is N,, exponentially tilted with respect to 7 € Dom(A,). Accordingly, N,, - has

the density
Ny (y) = (Y% 1y[P))—=Ap(7) n, ().

One can quickly check that this is indeed still a probability measure, since

/ N, - (dy) = e / P i (y) dy = @p(7) 7 p(7) = 1.
R R
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For x € Dom(A) we define the i.i.d. random vectors Vl(n), LV with

VZ(") = <‘yi(n) p)? with yi(n) ~ vaT(x)’

resulting in an exponentially tilted version of Vi("). We also define the sums

G .— i (Vf") _ m) and  S™ — % é (Vf”’ ~ x) (5.40)

i=1

of the Vi(”) shifted by z, denoting by gi" the density of G™. We show two useful results

for these auxiliary quantities.

Lemma 5.2.24 For x € Dom(A}) and G™ as defined in (5.40) it holds that

.7:(9(")) (t) = e it (%) n.

Proof. For t € R? it holds that

Flgm)t) = / el gt (y) dy

]RQ

- ]E[e@t»g("))}
- [z ()

— litna) g [e<it,v£”)>] n

— e (itna) /€<z‘t,(y|q1|y|p)>N (x)(dy)

_ litna) / 81081 r@) (Wt ~Anr@) i () dy
R

n

— - litmz) —nhp(r(2)) /€<T(x)+it,(|y|q,|yp)> pr(y) dy

R

_ e—n(it,x) (SOP(T('T) + Zt) ) "
pp(r(2) )
finishing the proof. O]
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Lemma 5.2.25 For S™ as defined in (5.40) it holds that
i) E[Sﬂ —0,
i) Cov [3<n>] — 9., with H, = H, A (7(x)),

with A, still being the cumulant generating function of V;(") as defined as in (5.8) with
respect to N,,.

Proof. Since the VZ-(”) are i.i.d., it holds that E [S(”)] =/n (E [Vl(n)] — x) . We continue
by showing

] _ (s _
V"] = st{e o = V(7))
It holds that
(n) a a
Ellv)] _/ GO N (d _/ SN (d
\% {6 } 95 | € por(x) (dY), 95 | € por(z)(dY)
R R

= /’y|qe<s,(lqu,ylp)> NP’T(r)(dy)j/|y|p€<s,(|yq,|yp)> N, (dy) |,
R R

thus,

V.E [e<5"’5n)>}

s=(0,0)

- /|y|qu,T(x)(dy)7/|y|pr,T(:c)(dy)
R R

= (B[] E[271))

Furthermore, for some 7 € Dom(A,),

0

q |ylP 0 (4. |ylP
V() = | gl /e<7,(|y| 0 e (9) . 5 o /e< W) () dy
R R

_ M /|y|q6<7’(|y|q’|yp)> pr(y) dy’/|y|p (Tl |y[P)) pr(y) dy
R R

11N @n), [ 1PN | (541
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Thus,

VA (r(z) = / 917N e (), / 1P Ny o (dly)
R R

= (B[] E[2r])
_ E[Vl(")].

Recalling Lemma 2.2.1 (4), 7(x) was defined to be the argument, where the supremum

of [(z,7) — Ay(7)] is attained, hence,
V[, 7(2)) = Ap(7(@))] = 2 = Vohy(7(2)) = 0,

yielding V:A,(7(x)) = x, and thereby E[Vl(n)] = x. Hence, we see that the (Vi(”) — )
are centered and E[S™] = /n (]E[Vln)] - :r;) = 0, which proves 1).

It remains to show that Cov[S™] = 6, = H,A(7(r)). By independence and identical
distribution of the V™ it holds that Cov[S™] = LS Cov[(V™ — 2)] = Cov[V{").

Hence, we need to show that

:
(] () (1), ] - €[ 02) | () ] )Mem} - (357 Ap(T(””)))j,ke{l,g}'
We can reformulate the left-hand side in the above for individual j, k € {1,2} as

a) K = (L1 E [7]] - e [pi7)]

b) (k) = 2.2) B [|9] ~E [y

¢) (G, k)= (1,2) and (j,k) = (2,1) - E [|y{”>|q+”} _E Uyl(")ﬂE []y{"’ﬂ .

Now, using the calculations from (5.41), it holds for general 7 € Dom(A,) that

0? O | _am g (1Yl 1yl?))
Ap(r) = an | ¢ |y|* T i, (y) dy
R

87'187'1 P

0
- = ) / ]2 W) £ () dy
R
i 0 ]
4 e )a_n /\y|qe< W f () dy
R
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and
0 A
87'1 (e )
Hence,
62
87'1 87'1

146

a _ T q P
= 2 A ))/W T £ () dy

R

L) / ly[20 T £ () dy,
R

0
(m,(ly19,y[P)) d
o /e pr(y) Yy
R

|
—

W) £y () dy ai / Y 0, (y) dy
R

|
e

T £ () dy / y|? e IWIBE) B (y) dy
R

-2

_ / ml N -200) f () dy | e M)

-2

— /Np,r(dy) e_Ap(T)/|y|qu7T(dy)
]R R

e~ (") / 57N, . (dy).
R

A(r) = /|y|2q6<T,<|yq,|y|p>>—Ap<T> v, () dy
R

2

/ |7 el =2 () dy
R

2

_ /lyIQquTdy /!y\"dey ,
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which, evaluated at 7 = 7(z) € Dom(4,), yields

82
A = 2N, 1IN,
T Malr(a) /m 1 (dy) ~ ﬂm (dy)

= B[P -E [y

Analogously it follows that

a% (e = =MD B[P0,
and thus
O Ay = B[] + B[],
O0T20Ty
Finally, using the derivatives of e=*»(") from the previous two cases, yields
2 2
87’?87'2 (r) = 87'(;)87'1 Ap(7)

0 —A(r (lyla.|y|P
G A >)/|y|q€< W f () dy
R

0
4o M) ly|? e(72:(lyl%:1yI7)) fr, (y) dy
87'2
R

= /Iy\q“’N (dy) — /!yl N, - (dy) /\y! N, (dy)

Then, for 7 = 7(z) € Dom(A,) we get

32
%%%W%—ﬁwwwdy ﬂmmr@ /MMT®

= E[|9""] ~E 001 [yer].

proving ii). O

We proceed to prove the integral approximation in Lemma 5.2.23.
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Proof of Lemma 5.2.23. By Lemma 5.2.24, we can rewrite the integral Z("(z) from
(5.38) via the Fourier transform of the density g,; ) of G as

It remains to show that

/f(gi")) (1)t = (=) (et 572 (1 4 0(1)).

T

To do so, we will show that most of the mass of the integral is concentrated in a

neighbourhood of the origin, outside of which it drops exponentially in n. It holds that

it 4 e
fﬁl@lillzzeAAﬂ@)/@vmﬂmuwww»ﬁ%aodyzﬂgmeiﬂ,

o T(@) /

i.e., the term can also be writen as a Fourier transform. Hence, for ¢ € R we have

e o Gl | EL e R

with E[e<it’v£n)>] = 1 only for ¢ = (0,0). Also, from the density property of N, ;)
follows that e(™@-(WWWIM) =2 (@) £g (y) € Li(R?). By the Riemann-Lebesgue lemma
[42, Proposition 2.2.17] we hence know that
lim B[] 0.
[l =00

Together with (5.42) we thus conclude that for every neighbourhood B of the origin,
there is a C' < 1, such that E[e“t’vl(")ﬂ < Cforall t € B°. Also, we have seen in Lemma
5.2.20, that there is some s > 1 such that ¢, (7(x) +it) € Ls(R?) and the same extends
to E[ (it V" } Thereby, for some sufficiently large sy > 1 it follows that

/ F g™ dt| < / 7 (g) (1)) dt

n

- / ’M
Anzce)
(n—s0) QOP(T(I) +it) %

¢ / (@)

IN

dt,
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which goes to zero exponentially fast in n € N, that is,
/;f (g) () dt = o(1). (5.43)
BC

We see, that the contribution of the integral outside of a neighbourhood of the origin
can be neglected for large n € N. Hence, it remains to consider the integral over said
neighbourhood. By substituting t by £ = \/nt, we get

[Fuoa=1 [ Fee(L)a (54

n n
JnB

The integrand on the right-hand side is just the characteristic function of \/Lﬁ G =
S™. By Lemma 5.2.25 S™ is the /n-multiple of the empirical average of centered
1.i.d. random vectors (Vi(n) — IL‘) with covariance matrix COV(S(n)) = $,. Thus, by
the central limit theorem, it holds that S™ converges in distribution to a centered
Gaussian distribution in R” with covariance matrix §,, denoted as N (0, $z). Thus,

the characteristic function of the distribution of S™ will converge pointwise to that of

N®™(0,9,), ie.,

n—o0

lim F () (%) ~exp (_% (5, E,£>) | (5.45)

To use the above on (5.44), we show the conditions of the dominated convergence
theorem. Using Taylor expansion of F (gé’”) (\%) around the origin (see, e.g., [67,

Lemma 4.10]), we have that for « € N2, k € Ny, and ¢ in a neighbourhood of the origin

F (gt) (%) = > (ii!)a E[S(n)"] + o(t"),

lledlr <k

using the multi-index notation t* = ¢{*t5? and a! = ay!lay!. For &k = 2, by Lemma
5.2.25, this gives

76 (7)
= 1+ (ify) E[(5<n>>l} + (its) E[(S(”’m

N (z'£21)2 . [(8(")>2] (itzz)z E [(S(n)>2] + (ity) (ity) ]E[(SW))1 (8(”))2} + o(t")

.
| ()| 2aE (), (47),]) + o)

2

= 1 (9 ) o). (5.46)
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By [67, Lemma 4.14] and the Jensen inequality for (£, S™), we can give the following

upper bound on the error term

E[ez’(ﬂs(n)>]_ Z (ii_!)aE[(S(n))a]

lleflr <2

F) (55) -1+ 3 (0| -

IN
=

sy 5™ O gy

al

|1 <2

IN

E

(5]

L
E| [l 151 ]

IN

~ 2
= [l E[ls™1)- (5:47)

The next step is to show that E[ HS(”)Hﬂ is bounded, which will be done along the
lines of [85, Lemma 6.3]. It holds that

E[HSWH;] _ E[(%;ﬂ;(mx@_@l)l<%i(v;n>_x)2>2]

where, by independence of the Vi(n) and Lemma 5.2.25, we have for k € {1,2} that

o X e[(-ep]) Je(-e ) ]

1<i<j<n

= (92)p + % Z COV[<Vi(n))k’ (V;n))k]

1<i<j<n

= (51)%

Thus, E [HS (n) Hﬂ is bounded, and thereby the same holds for the error term in (5.47).
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Recall, that $, := H,A,(7(x)) is positive definite, as it is invertible by Lemma 5.2.1
and positive semi-definite by the convexity of A, on its effective domain. For n € N
sufficiently large, we can now always choose a small enough neighbourhood B of the

origin, such that there is an € > 0 with
1 I ~ 12
S(eLiE) = |||, E[[s]).

and §), — €I, positive definite, where I, denotes the (2 x 2) identity matrix in R
Together with the well-known inequality 1 + x < e”, x € R, this yields with 5.46 that

f(g;m)(%) = 1 L(8.E0) + of)
< 1 (0.5 E) g (e BiE)
- 1——< . —¢ely) t~t~>

< exp (—5 (92— 612)575>) :

Furthermore, it holds that

[ (a oot ) o= =

i.e., the function is integrable. The conditions of the dominated convergence theorem
are thus fulfilled, and thereby it follows with (5.45) that

T (14 o(1)). (5.48)

Combining (5.43), (5.44), and (5.48) to get

/ Fg™) () dt = / F (¢5)(t) dt + / F(957) (t)at

1

_ ﬁ/]:(g;"))(%) di + o(1)

VB
- <£>_1 (det 5,) "% (14 0(1))

2m
finishes the proof of Lemma 5.2.23. O]
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Combining Proposition 5.2.22 and Lemma 5.2.23 then yields the asymptotic density
estimate in Proposition 5.2.19. We shall now consider the case of £7-balls, that is,

derive an asymptotic density estimate for ™ as in (5.23).

Proposition 5.2.26 For §™ = 15" %(") with %(") = (|Y;(n)}q, Y;(n)|p,Ul/"),
Yi(n) ~ N, i.i.d., U uniformly distributed on [0,1] independently of the Yi(n), and x =
(z1,22) € Dom(Ay), y € (0, 1], 4t holds that for sufficiently large n € N the distribution
of ™ has Lebesque density

2

7 (21, 29, y) = % y~(det $5,) 72 e Ts@rmn) (1 4 o(1)),

where Ts(xy, x,y) = [A5(x) —log(y)] and H, = H.A(7(x)) as in (5.10).

Proof. By direct calculation we can see for y € [0, 1] that P (Ul/" < y) =PU <y") =
y™, hence the density of U™ is given by fii/(y) = ny"'. As U™ is independent
of the Y;("), and thereby also of S(™ = %2?21 (‘Y;(n) " Y;(n) ‘p), the density of ™ =
DD (‘Y;(n) ’q, }Y;(") |”,U/") is given by the product of their densities, hence

2

n - —n [A¥(x)—lo
A (21, 29,y) = h"™ (21, 23) frrm (y) = %y_l (det $.) 12 gmn [y -tosw)] (1 +o(1)).

This completes the proof. O

5.2.8 Proof of the SLD results for /;-spheres

The third and final step to prove Theorem 5.2.11 is to calculate the integral in (5.25)
over the deviation area D, using the density estimates from Proposition 5.2.19. Based

on the density estimate, one can tell that the integral in (5.25) is of Laplace-type, i.e.,

/h(”)(x) dz = % / (det ﬁx)_l/z e @) dg (1 + 0(1)).
D, D,

Hence, for large n € N one would assume it behaves like the integrand evaluated
at the infimum of A7. However, as we have seen in Lemma 5.2.18, the infimum of
A over D, is attained at z* = (2% 1) and lies on the boundary 9D, of the area of
integration, which needs to be accounted for. This is done by a result of Andriani
and Baldi [7], which construes the boundary of the deviation area D, and the level
sets of A7 as hypersurfaces (which are just planar curves in our setting), and uses their
Weingarten maps (i.e., absolute value of their curvature) to give a Laplace-type integral

approximation with the critical point lying on the boundary of the area of integration.
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The resulting factors accounting for the minimizer 2* of A} lying on 9D, will partly
make up the prefactor functions from Theorem 5.2.11. This will thereby confirm what
was said in Remark 5.2.17, that is, that the geometric shape of D, — which in itself
is a result of the functional structure of the quantity being considered — indeed does
have an influence on the sharp large deviation result. So while this influence is very
direct for LDPs via the infimum operator from the contraction principle, for sharp
large deviations it is considerably more subtle in the form of the absolute curvature of

the boundary of the deviation area.

Similar to the proof of the density estimate itself, the proof will again rely on splitting
up the integral onto some domain where the mass of the integral concentrates and its
complement on which the integral is negligible. Specifically, the integral will be split
up into a neighbourhood B, of z* and its complement B¢. The LDP from Proposition
5.2.2 will be used to show the comparative negligibility of the integral on BS. On B,
we then apply the Laplace-integration result of Andriani and Baldi [7]. Following that,

we derive the Weingarten maps used therein explicitly, thus finishing the proof.

Proof of Theorem 5.2.11. We assume the set-up of Theorem 5.2.11 and use the refor-
mulation (5.25) to proceed by considering IP’(S(") € DZ). Let B, C R? be an open
neighbourhood around z*, small enough that B, C Dom(A;). Then it holds that

P(S™ € D,) = / h () dz = / K () dz + / ™ () dz. (5.49)
Dz Dszz DZOB;

Since z* ¢ B¢, by Lemma 5.2.18 | there exists an n > 0, such that

inf Al(y) > AL+,

yeD,N B¢

and thus, by the LDP in Proposition 5.2.2, it follows

1
limsup —logP(S™ € D.N BS) < — inf  A’(y) < —A%(z") — 7.

n—oo T ye DN B¢

This gives

* * 1 * *
P(S™ e D.n BS) <e™MENTI(140(1) = — e ™ EN (14 0(1).  (5.50)

enn

Furthermore, by the density estimate in Proposition 5.2.19, we have

[ @ ae=t [ (@) e de (14 o), (5.51)
T
D.NB, D.NB,
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As stated above, to calculate this explicitly we rely on a technique established by
Andriani and Baldi in [7, Proof of Theorem 4.4]. Therein, an asymptotic integral
expansion of Bleistein and Handelsmann [15, Equation (8.3.63)] for Laplace integrals
with critical point on the boundary of the area of integration is reformulated via the
Weingarten maps of the integration area’s boundary and the level set of the exponential
function at its critical point, both seen as hypersurfaces. We will present it as one

concise result, similar to that formulated in [85, Lemma 5.6].

Proposition 5.2.27 Let D C R? be a bounded domain such that 0D is a differentiable
hypersurface in RY. Furthermore, let g : R — R be a differentiable function and
¢: D —[0,00) a non-negative function that is twice differentiable and attains a unique

infimum over D at x* € OD. Define the hypersurfaces
€p = 0D and Gy = {r € R : ¢(z) = p(2*)},

and denote by Lp and Ly their respective Weingarten maps at x*. Then, for sufficiently
large n € N, it holds that

(2m) V2 det (L (Ly — Lp))~*

n(0/2 (9, (a*) ' Vod(a®), Vad(a*))

5 9(a%) e (14 0(1)).

/g(m) e @) dgp =

D

The proof of this is given by first applying the result from [15, Equation (8.3.63)] for
Laplace-type integrals and then using the reformulation of the terms therein from [7,

Equation (4.6)] with respect to the Weingarten map.

We shall check that the above conditions hold for the integral in (5.51). D, N B, is
bounded and for z > m,, ,, we can write 0D, as the graph of the infinitely differentiable
function f : (0,00) — (0,00) with f(t;) = 2P t’f/q (see (5.24)), thus both 0D, and
d(D, N B,) are differentiable planar curves. For B, chosen small enough such that
D.N B, C Dom(A;), by Lemma 2.2.1 and (5.9),it follows that A% is twice differentiable
on D,N B,. From Lemma 2.2.1 we also know that (z,7) —A,(7) has a unique argument
7(x) of its supremum in 7, i.e., z — V,A,(7) = 0 has a unique solution in (z,7(x)).
Further, by Lemma 2.2.1 and Lemma 5.2.1 we have that #H,A,(7) is invertible for all
7 € Dom(A,). Thus, it follows from the implicit function theorem that z — 7(x) is
as differentiable in z as (z,7) — (x — V,;A,(7)) is in 7, yielding that 7(z) is infinitely
differentiable on Dom(A;). Hence, we get that (det ﬁw)_l/Q = (det HTAP<T(I))_1/2 is
differentiable in x. Lastly, by Lemma 5.2.18, z* € (D, N B.) is the unique argument
at which the infimum of A; on D, and D, N B, is attained.
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Thus, in view of the above, we can use Proposition 5.2.27 for D = D, N B, C R? with
g(x) = (detf)x)_lﬂ, ¢(x) = Aj(x), and 2* = 2*, to get that

/ A" (z) dz

D.NB;
B —1/2 — —n A% (z*
om0 det(Eyt (= Lp)) M et ) e
o /2 (§, A5(2) 7V, Ax(2%), V, Ax(2%)) 2 |

for the respective Weingarten maps Lp and L, at z* of the curves
€p=0(D.N B.) and €y ={reR: Ar(x) = Aj(2%)
Via Lemma 5.2.1 we get
<m A5z IV, A (), Y, A;;(z*)> - <5§Z* T(z*),T(z*)>.
With the definition of £(z)? in (5.18) the integral in (5.52) hence simplifies to
/ W(z)de = ﬁ (det(LyM(Ln — Lp)) e M) (1 +0(1)).  (5.53)

(2)

D.NB,

It only remains to prove that det (Lxl (LA — LD)) = r(2)% We proceed to calculate
the Weingarten maps of the curves €p and €, explicitly. As discussed in Section
5.2.2, the Weingarten map of a planar curve at a point x reduces to the absolute
value of its curvature in x. As previously mentioned, 0D, is the graph of the function
F(t1) = zPt?%_ Thus, the same holds locally for €p = d(D.N B.) in a neighbourhood

of z*, so the curvature formula for graphs of functions in Corollary 5.2.10 ii) gives

|f"(29)]
Lp = 3/2°
(1+ f(29)?)
where
Ft)? = (pg 2PN = (292 = pPg 2™,
and

') =pg "t (pg ' — 1) 2 PP = f1(20) = (p* —pq)g P2
This yields

2 2 -2 .
L, |0 =pa)a = palp —0)="] (5.54)

(L4 p2g2220)" (204 p2g2)Y"
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The curve @, is the zero set of the function F(z) := Aj(x) — Aj(z*). From Lemma
5.2.1 we know that

8 * [ % a * (% *
(Fu,o],F[o,u) = (a—xl/\p(z ), a—@Ap(Z )) = 7(2%),

and
0? 0?
A* * * *
8x% p(Z ) 3x28x1 p(z
Foo Il | _ _ 5
Fuy Fog 5?2 5?2 o
A* * A* *
8x18m2 p(Z ) 8ZL‘% p(Z )

for derivatives Fj; ;; = F; ;1(2*) as in (2.1). Hence, by the curvature formula for implicit

curves from Lemma 5.2.9 and Corollary 5.2.10 i), we get

_TENE 0 = 27 EN ()2 (92, £ 7T (92|
(7(z >+T< 3)"

Since both Lp and L, are one-dimensional, it follows from (5.54) and (5.55) that

(5.55)

L
det(Ly (Ly — Lp)) = Ly (La — Lp) =1 — L—D = r(z)%
A
for k(2)? as in (5.19). It now follows with (5.53) that
1 * *
™ () dx = e o (F) (1 4 0(1)). 5.56
[ KO e = s e (1 0) (5.50

D.NB;

Comparing (5.56) with the upper bound of the integral outside of B, in (5.50), we can
see that the integral over B¢ is negligible for large n € N. Thus, combining (5.49),
(5.50), and (5.56) finishes the proof of Theorem 5.2.11. O

5.2.9 Proof of the SLD results for Kg-balls

We now turn to proving Theorem 5.2.12, that is, consider || Z || distributed in the £}-
ball according to U, ,. We assume the set-up of Theorem 5.2.12 and proceed similarly
to the previous proof, using the reformulation of the target probability as a density
integral over 9, from (5.26) in conjunction with the density approximation from Propo-
sition 5.2.26. The resulting integral over 9, is again split into a neighbourhood of the

minimizer of Zg over @, and its complement, which, according to Lemma 5.2.18, is
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attained at z** = (29,1,1). However, in this setting the integral approximation of
Andriani and Baldi [7] from Proposition 5.2.27 is not applicable, as certain differentia-
bility conditions are no longer met. Hence, for the integral within that neighbourhood
we apply a result of Breitung and Hohenbichler [19], which yields a Laplace integral
approximation under less restrictive differentiability conditions. This result is again
geometric in nature, as the behaviour of the density on 09, still heavily dictates the
value of the overall approximation. However, since this result is formulated for a cer-
tain neighbourhood of the origin, we first need to construct a sufficient transformation,
mapping our deviation area onto such a neighbourhood. After that, we calculate the

specific approximation in the setting of £}-balls.

Proof of Theorem 5.2.12. We assume the set-up of Theorem 5.2.12 and use the refor-
mulation (5.26) to proceed by considering P (8™ € 9,). Let %, C R® be an open
neighbourhood around z** = (29,1, 1) small enough such that the first two coordinates
of points within 9, lie in Dom(Aj) and the third is positive. Then it holds that

IP’(S(")GQZZ) = / A (z,y)dedy + / 7" (z,y) dz dy, (5.57)

D-NAB- DN BE

for z = (z1,72) € R? and y € (0,1]. As in the proof of Theorem 5.2.11, it follows from
Lemma 5.2.18 ii) and the LDP in Proposition 5.2.5 that there is an > 0, such that

- 1 .
P(S™ € 2.0 @) < e BEDT (1 o(1)) = — e N1 o(1)),  (5.58)

enn

with Zg(t) = [A}(t1,t2) — log(ts)] as defined in Lemma 5.2.6. We will again use this
to show the comparative negligibility of the integral over &, N ;.

Let us now consider the first integral in (5.57). Since z* € Dom(Ay), for sufficiently
small &., we have that = (71, 72) € Dom(A}) and y € (0,1]. By the density approx-
imation from Proposition 5.2.26, it then holds that

f&(n)(%,-fz,y) dz; dzy dy

2.N B,

TL2

=5 / y " (det ﬁm)_l/z e " Is@e2) qgy day dy (14 o(1)).
2.0B.

As we have seen in Lemma 5.2.18, Zg attains its infimum on 9, at z**. However, we
cannot use the result of Andriani and Baldi from Proposition 5.2.27 here, since at z**

the boundary of 2, N %, is not differentiable, and thereby not a smooth planar curve.
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As a substitute we use the following asymptotic integral approximation result based on
Breitung and Hohenbichler [19, Lemma 4], which gives a Laplace integral approxima-
tion very similar to that in Liao and Ramanan [85, v2, Lemma 5.1], but under weaker
conditions. Note that this version of [19, Lemma 4] is not to be confused with that in

Proposition 3.1.4, where the setting was simpler and merely one-dimensional.

Proposition 5.2.28 Let ' C R3 be a compact set containing the origin in its interior.
If

(a) f: F—Randg: F — R are continuous functions with g(0) # 0,
where 0 := (0,0,0),

(b) f(z) > f(0) for allz € FN (R% x R) \ {0},

(c) there is a neighbourhood V- C F of O in which f is twice continuously
differentiable,

(d) f[l,o,o] >0, f[o,l,o] >0, and f[o,o,z] > 0, with f[z‘,j,k] = f[i,j,k](()) as in (2.1),

then it holds that

V27 g(z*) .
g(z)e @ dy = e @) (1 4 0(1)).
/ np/2 Ji0,0 fo.1,0 / f10,0,2)

Fn (Ri ><]R)

Remark 5.2.29 This is the result from [19, Lemma 4] for n = 3,k = 2 and functions
g and (—f) instead of h and f. The parameter A from [19, Lemma 4] in our setting
is replaced by the integer n € N. Furthermore, a typo within said result has been
corrected, namely the sum in [19, Equation (11)] is replaced by a product (compare
proof therein). This proposition is quite close to [85, v2, Lemma 5.1], but does not

require the same level of smoothness of f and g, and g does not depend on n € N.

To apply this, we use a transformation of &, N A,, mapping z** = (2%,1,1) to 0.

Consider
J:R* - R? with Iz, 29,y) = (yqxl — qug/p, 1—y,x9— 1) = (t1, 19, t3).
It then holds that

J(z*)=0 and J(2.)=9,:={teR%:t; >0,t,€[0,1),t3 > —1}.
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Furthermore, in a neighbourhood of z** small enough such that ¢, < 1, J is invertible
with

_ tl + Zq(t3 + 1)(1/17
It ta, ) = AN
( b 3) ( (]_—tz)q ? 3+ 9 2
Let us calculate the Jacobian of J71:
1 q(t1429(t3+1)1/P) zq%(t3+1)Q/P— 1
(1—t2)d (1—ta)a+1 (=AD
JI) = 0 0 1 . (5.59)

0 -1 0

Thus, we have that |det ;37" ()| = (1 —t2) 7% We set g(z1,22,y) :=y~ ' (det ﬁx)_lp,

as well as B, = 3(9&), and transform the area of integration via J7!, yielding

P(S™ e D, NAB.) = / A (1, 32, y) da dy
D.NAB,

2
_ 721_ / y—l(detﬁx)*l/Ze—n[A;(wlﬂm)_lOg(y)} dz dy (1 + o(1))
™
2.NAB,
2
- ;L_ﬂ / g(x1,22,y) e " T2 Az dy (1 4 (1))
2.NAB,
2
-z / 7037 (t)e BT (1 1)1 dt (14 o(1)).
™
9N B

We now set §(t) == (1 — t5) 9 g 0 3 (t) and f(t) := Ts o T~(t), then
2 .
P(s™ e, NAB,) = ;l—ﬂ / Gt) e W dt (14 o(1)). (5.60)
2.N B

We intend to apply Proposition 5.2.28 to the integral in (5.60). It holds that D,NRB, is
bounded and since the value of the integral is the same if we integrate over the open set
§32 or its closure, we will continue to work with gﬁ’z. Further, we have that 9:92 contains
the origin in its (relative) interior, as the interior point z** of &, is again mapped by
the continuous function J onto an interior point, which is J(2**) = 0. Since we have

*

chosen the neighbourhood %, of z** small enough for A, to not contain (t1,1,13), it

holds that
g(t) = (1 —t2)™1 [(1 — )" (de‘ﬂﬁw*l(t)l,sfl(t)g))71/2]
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is also differentiable on @, N &, as a composition of differentiable functions, and is
thereby continuous on %,. The differentiability of 31, together with that of Aj given
by Lemma 2.2.1, yields the differentiability (and thereby the continuity) of f(t) :=
Ts 0 37(t) on A.. It holds furthermore that

3(0) = (det $.-) "2, (5.61)

which is positive, since ).« is positive definite on Dom(A;), as argued in Section 5.2.8.
Again, for &, small enough, it also holds (up to a null set) that #,N(R? xR) = B.ND.,

on which we know from Lemma 5.2.18 that 0 = J(2**) is the unique infimum of f since

F(0) =Zs 0 371(0) = Zs(™) = A (2%). (5.62)

We can see from (5.59) that all partial derivatives of J=*

are themselves continuously
differentiable in a sufficiently small neighbourhood of 0. Thereby, J7! is twice continu-
ously differentiable in such a neighbourhood. The two-fold continuous differentiability
of Ay on Dom(Ay) has already been shown in the proof of Theorem 5.2.11. Finally, by

Lemma 5.2.1 i), it holds that

(1,22,y)=2**

- 9 . Q.. 1
V(zlm,y)I&(Z ) = (a_xl‘/\p<x17x2>7a_xQAp<xlax2>7_§)

o (ol - )

(w1,22,y)=2**

from which we can deduce that

Vif(0) = ViayLs(z™) hI7H(0)

1 gz? 21
- (T(Z*)laT(Z*)Qa_l) O 0 1
0 -1 0

= (T(Z*)l, qiT(2")1 + 1, 21 %T(Z*)l + T(z*)2> . (5.63)
It thereby follows that V,f (0) # 0, as the first two components cannot be equal to
zero simultaneously. But since f(t) attains its infimum on %, N (R2 x R) in t = 0, it
holds that f[l,0,0] > 0 and ];[0,1,0] > 0, as otherwise a step into either direction ¢; or t,

would maintain or decrease the value of f, contradicting the unique infimum property.
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On the other hand, by the same argument it has to hold that ]?[07071] =0 and f[0,072} > 0,
as otherwise a step into either direction t3 or (—t3) would maintain or decrease f, again
contradicting the unique infimum property of 0. Hence, we have shown all conditions

for Proposition 5.2.28, whereby it now follows for the integral in (5.60) that

2 .
P(s™ea.Nn%B.) = % / gty e ™D dt (14 o(1))
D.NRB,
n2

= — / g(t) e O dt (1 + 0(1))
27
B-N(R2 xR)

_ ! 9(0) e O (1+0(1)). (5.64)

v 2mn f[l,o,O] f[o,l,o} \/ f:[0,0,2]

The final term that remains to be calculated explicitly is f[O,Q,g], as f[l,o,o] and ]3[07170]

are given in (5.63). We start by noting that

9 299 (tq 4+ 1)9/P—1

Ty = plfa 1) 1,0 - (zq?,l,o),

8253 t=0 (1 _t2)q q

t=0
and
ARSI ol Chas Ky | Y ECREU Y
ot? =0 (1 —ty)4 T S\ p? T
3 2 —o p p

By Lemma 5.2.1 ii), we get that

HearaapLs(27) = (5_*1)21 (5 *1)22 0

It thereby follows that

~ 02

Joo2 = 82_@1503_1(0)
0 0
= — Zs(37M(t)) =37 '(¢
o | ViermnZs(070) 5370
0 0 0?

= gty Ve Zs (T O)] o 53,37 O+ Vearan Is () 5577(0)
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q ok q
— (qu—g,l,O) H (w1 w0 Ls (27) (zq5,1,0>

—|—<T(Z*)1,T(Z*)2,—1> (qu2 _ ﬁ,o,o)

p? P

24q 2q _ 29q -
= (_» L 0) (_ (f)z*l)n + (ﬁz*l)n T (ﬁz*l)m + (f)z*l)m ) 0)

D D p

o (2 zqq)
+7(2 - —
= ( P op
2 229 (4 -1 * 2 2%
= p? (92 )11 D (9 )12 + (92 )22 +7(zh 2 p (5.65)
Plugging the terms from (5.61), (5.63) and (5.65) into the fraction in (5.64) yields
9(0)

f[l,o,o]f[o,m] ’JE[0,0,2]’

= (det$H.) "2 (7(z)0) " (@207 (z) + 1)

~1/2
z2qq2 _ 229 , _ « qu2 z1q
X [ p2 (ﬁz*l)n + D (ﬁz*l)m + (5z*1)22 + T(Z )1 ( p2 o ?) ]

- [detsz* (T(z*)1)2 (qz07(2")1 + 1)2

~1/2
a2 229q , _ - ?1q(q —p)
( 2 52) 2 (520) ot (97) e L)

= (2™ (5.66)
with v(2) as in (5.20). Hence, it follows with (5.62), (5.64), and (5.66) that

i 1 e
P (C\S)( ) c 92 N %2) = me Ap( ) (1 —+ 0(1)) (567)

Combining (5.57) with the two integral estimates from (5.58) and (5.67) shows that

the integral over the complement of %, can be comparatively neglected and it follows

1 * *
iy (nl/f’*l/q ZO| > z) —P(SW e D NRB.) = —— e "NED) (1 4 0(1)),
=], > =) =B )= S e (Lol
which proves the second main result of this section for £-balls. m
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5.3 Sharpening the p-AGM inequality using SLDs

In this section we use sharp large deviation results to derive improvements for a prob-
abilistic version of the p-generalized arithmetic-geometric mean (p-AGM) inequality,
expanding on works of Kabluchko, Prochno, and Vysotsky [66] and Théle [111]. We will
begin by laying out the setting and the main results of this section and then proceed to
prove them via the same three-pronged approach of the proof in the previous section,
i.e., giving probabilistic representations for the target variables, deriving asymptotic
density estimates for those representations, and then integrating over those densities
using the geometric Laplace integration results of Andriani and Baldi [7] to finish the
proof. Due to the similar nature of Section 5.2 and Section 5.3, we refer to proofs in

the former whenever possible for the sake of brevity.

The well-established AGM inequality states that for n € N and x4,..., 2, € R"

n 1/n n
(H |xz~|> < 3w,

i=1 i=1

which can be generalized for some p > 0 to

n 1/n 1 1/p
<H‘$z|> < (EZ’%V’) ; (5.68)

i=1 i=1
referred to as the p-generalized AGM inequality. As layed out in Section 1.2, if the
vector one applies the inequality to is chosen randomly from B with directional dis-
tribution C,, ,,, the p-AGM inequality can be improved or reversed up to a respective
scalar constant with high probability. By a random vector X ™ ¢ B, having directional
distribution C,, , we mean that there is a distribution R on [0, 1] with R({0}) = 0 such
that for a random variable R with distribution R and a random variable Z™ with

distribution C,, , independent of R we have that
XM ER. zm. (5.69)

This can also be expanded to sequences of p-radial distributions (R("))%N, if the limit-
ing distribution also has no atom at zero. Furthermore, note that it can be conjectured
that all such distributions are already characterized by the class of p-radial distribu-
tions P, ,w from Proposition 2.4.4, however, it has not been proven at this point
that this is in fact the case. The relevant quantity to consider when deriving such a
result is the ratio of the two sides of the inequality in (5.68), which is analyzed with

respect to is distributional properties. For a random vector X & B, with directional
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distribution C,,, and p-radial distribution R without an atom at zero we now want
to give sharp asymptotics for the probability that the ratio of the two sides of the
p-AGM inequality is, respectively, bigger or smaller than a constant 6 € [0,1]. Effec-
tively this means that we provide asymptotically exact estimates on a non-logarithmic
scale for the probability of the p-AGM inequality being improvable or reversible up to

a constant, respectively.

To state this section’s main result, we define the following functions: For 7 € R?, set

Ap(7) = log / ert sl p (y) dy, (5.70)
R
and denote by ]\; the Legendre-Fenchel transform of /~\p, where we employ the notation
“]\p” etc. to avoid confusion with A, from (5.8). However, the two functions are indeed
very similar to each other, as only the first summand in the exponent of A, from (5.8) is
exchanged from |y|? to log(|y|). Hence, we will often refer to arguments from Section 5.2
regarding A, when making the same point for /~\p if the argument remains the same. As
we will see in Section 5.3.1, /~\p is the cumulant generating function of the probabilistic

representation used in this section, so by Lemma 2.2.1 there is a 7(z) € Dom(A,) for
every T € Dom([X;), such that

Aj(z) = (2,7(x)) = Ap(7(2)).
For x € Dom([\;) set
D o= H,Ap(7(2)) (5.71)

analogue to (5.10). By the same arguments as in Lemma 5.2.1 it holds that
VA% () = 7(2), and M, A(z) =9H, " (5.72)

For z > 0 we define the digamma function ¢ and a constant m,, based on p and v as

() = Fpg; and  m, = ]19 (w (}9) + log(p)) <0,

As Section 5.3.1 will show, €™ is the limit towards which the expectations of the ratio
of the p-AGM inequality converge in n € N, thereby filling the same role as m, , from
(5.5) in Section 5.2. Furthermore, we define the prefactor functions £(#) and #(6) for
6 € 10,1]. For § € (0, 1], we denote §* := (log,1) € R? and for § € (0,1) set

£(0)% := ($9- 7(67),7(6")) det o,

and
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R(0)? :==1— cx(0),
with cz(6) given by
(7(6)3 +7(6)3)"" p*er?o
‘7(9*)% <5:35*1>11 —27(0%)17(0%)s (5%9—*1)12 +r(04)? (59—*1) | (1 _‘_p262p9672p)3/2

22

With the necessary definitions and notation set up, we now proceed to formulate the

main result of Section 5.3.

Theorem 5.3.1 Let 1 < p < oo, n € N, and X™ be a random vector in B, with
directional distribution C,,, in the sense of (5.69). It then holds

i) for 0 € (e, 1) and n sufficiently large that

n 1/n n 1/p
P (H\XW\) >9-(Z\X£”)\) = mgw)g(me-”ﬁ<9><1+o<1>>7

=1

it) and for 0 € (0,€™?) and n sufficiently large that

n 1/n n 1/p
(n) _ () _ 1 L0 (1 4 o
P (J_!\Xi \) <0 (;_1 |X; \) N0 (1+0(1)),

where

Ip(e) = {pGp(‘g) - 1] log(Q) + Gp<0) [log Gp(g) - 1} — log F(Gp(e))
1 1
+ 2—9(1 +log(p)) + logT’ (];) : (5.73)

with G,(0) := H~'(plog(#)), where H : (0,00) — (—00,0) is an increasing bijection
given by
H(z) :=¢(z) — log(x). (5.74)

The two parts of the above theorem describe the decay of the probability that the
p-AGM inequality is either reversible with a prefactor 6 € (e”»,1) [part i)] or can be
sharpened with a prefactor 6 € (0,e™) [part ii)]. Conversely, their respective opposites,
i.e., the probabilities that the inequality can be reversed with a prefactor 6 € (0,e™)
or sharpened with a prefactor 6 € (¢™»,1) tend to 1 in n € N. This will be pointed out
in further detail in Section 5.3.1.
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Note that this result is not dependent on the p-radial distribution of X ™. as is also
the case in [66, 111], even though SLD results usually tend to be more sensitive to the

idiosyncrasies of the underlying distributions.

These results are consistent with the LDP of Kabluchko, Prochno, and Vysotsky, as
taking the logarithm of the probability in the above theorem, dividing by n, and then
considering the limit, yields what they have shown in [66, Theorem 1.2], namely that

1/n n 1/p
nh_)rgonlog}? (H\X ) >0 (Z}X}’”\) = ~T,(0) (5.75)

=1

for 0 € (e™»,1) and

1 n : 1/n i 1/p

lim —logP (H\Xf >y> >0 (;}X( \) = —T,(0) (5.76)
for 0 € (0,e™). However, we do provide a refinement of their findings in the classic
sense of sharp large deviation results refining LDPs, as layed out in Section 5.1: Theo-
rem 5.3.1 gives estimates on a non-logarithmic scale and we can thereby give concrete
and asymptotically exact probability estimates for the reversibility and improvability
of the p-AGM inequality for a specific (sufficiently large) n € N, whereas on the loga-
rithmic scale of an LDP, as in (5.75) and (5.76), this is not possible and the prefactor

in Theorem 5.3.1 vanishes.

5.3.1 Probabilistic representation for p-AGM ratios

We now turn to the first of the three steps in proving Theorem 5.3.1, which is providing
a probabilistic representation for the ratio of the two sides of the p-AGM inequality
in terms of p-generalized Gaussian random vectors. Furthermore, the large deviation
results of Kabluchko, Prochno, and Vysotsky [66] for this ratio will be given explicitly

and expanded to general distributions with directional component C,, .

For a random vector X" € B with directional distribution C,,, in the sense of (5.69)

the main variable of interest is the ratio of the two sides of the p-AGM inequality given

n 1/n
H |Xi(n)|)
=1

n ) 1/p°
= |xP)

as

(5.77)
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We want to formulate the target probabilities P(R,, > 6) and P(R, < 0) via a ran-
dom vector Y™ with p-generalized Gaussian distribution N, of its coordinates. It
directly follows from Proposition 2.4.2 for a random vector X € B} with directional

distribution C,,, and p-radial distribution R on [0, 1] in the sense of (5.69) that
1/n
Y.(")Hp > (Z

n 1/n
[ )
r 2 _\"! ' _

n p\ 1/p 1/p’
Rt (15 mr)
= =1

with i.i.d. Yi(n) ~ N,. Thus, we see that R,, does not depend on the p-radial distribution

R, which is why the rate function in the main result is universal for all random vectors

(n)
Y,
R+

s

(5.78)

= L

o
Il

in B} with directional distribution C, ;. This calculation, previously given in [111],
also shows that the central limit theorem and the LDP established in [66] and the MDP
shown in [111] also hold for any random vector in B}, with directional distribution C,,
as in (5.69). In the light of the representation in (5.78), let us present the LDP based

on [66, Theorem 1.4] here in this more general form.

Proposition 5.3.2 Let 1 < p < oo and X™ be a random vector in B} with directional
distribution C,,,, in the sense of (5.69). Then the sequence (Ry)nen with R, as defined
in (5.77) based on X ™ satisfies an LDP on [0, 1] with speed n and rate function I, as
in (5.73).

It is furthermore shown in [66] that Z,(e"*) = 0 and Z,(0+) = Z,(1—) = 400, where
Z,(0+) and Z,(1—) denote the limits of Z, for sequences that converge to zero and one
from above and below, respectively. As suggested by the central limit theorem in [66,
Theorem 1.1], the expectations of R,, converge to €™, that is, €™ is the value from
which deviation probabilities are given in the above LDP and the sharp large deviation

results in Theorem 5.3.1.

Proposition 5.3.2 is proven in [66] by showing an LDP for the sequence of empirical

averages of the coordinates of the random vector

v . (171(">,...,\7,§”>), with 7™ .= <1ogm<">],|1g<”)\p), (5.79)

2

with ¥, i.i.d. and ¥;"™ ~ N, (we again employ the notation “V™” to avoid confusion
with the terms from (5.6)). This is done via Cramér’s theorem in Proposition 2.3.3,

i.e., by showing that the cumulant generating function of the f/i("), which is given by /~Xp
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from (5.70), is finite in a neighbourhood of the origin, hence the sequence of empirical

averages of the coordinates

n

&) ._ % SOV = % 3 <10g v
=1

=1

, IK(”)}’”> (5.80)

satisfies an LDP with speed n and rate function given by /NX; This LDP is then mapped
to the sequence (R, )nen via the probabilistic representation from (5.78) and the con-
traction principle in Proposition 2.3.5, considering the map F(zy,z;) := e®ay /P,
yielding an LDP for (R, ),en with speed n and rate function

inf ]\*x,l’ ) 0 €10,1].
(21,22): F(z1,22)=0 (71, 29) 0, 1]

This is then finalized by showing that the above infimum is attained uniquely at 6* :=

(logf,1) and that this infimum can be given explicitly as

inf Ai(z1,29) = A5(07) = T,(0), (5.81)

(z1,22): F(z1,22)=60

with Z, as in (5.73). Further, it is shown that the effective domain of Z, is (0,1) and
that for x € Dom(]&;’;) it holds that

T(x) = (p H’l(pxl — log xg) — 1, pt—atH! (pxl— log :c2)> (5.82)
with H as in (5.74) (see [66, p. 11 f]).

We use the same probabilistic representations from (5.79) and (5.80), but proceed with
them in a different fashion. Hence, as in Section 5.2, we rewrite the target probability
as the probability of S lying in some domain dependent on 6, which we again refer
to as the deviation area. It holds that for 6 € [0, 1]

P(R,>0) =P(S" € Dy.) and P(R, <0) =P(S" eDyc),  (583)

with
Dy~ = {x eR?: x> 0,6y VP > 0}, (5.84)

and
Dy ={z€R*: 2y >0,e" 2y /" < 0}. (5.85)

Remark 5.3.3 Again the points satisfying the infimum condition F(z1,z2) = 6 in
(5.81) are exactly those on the boundary {(x1,72) € R? : 25 > 0,e%1a," /P = 0} of
Dy~ and Dy . (which coincide). Hence, (5.81) shows that the infimum of /NX;; over this

boundary is uniquely attained at 6*.
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5.3.2 Asymptotic density estimate for p-AGM ratios

We now give an asymptotic estimate for the density of S denoted by A" such that
for sufficiently large n € N we can write the probabilities in (5.83) as integrals of A

over Dy~ and Dy .

Proposition 5.3.4 Let p € [1,00) and n € N. For S® = L5 v with V™ =
(log ‘Y;(H)L ‘Y;(")’p), Yi(") ~ N, iid., z € Dom([\;), and n sufficiently large, it holds
that the distribution of S™ has Lebesque density

n

o (det §.) 2 e B@ (1 1 0(1)),

A (1)
with $, as in (5.71).

Deriving the density estimate in Section 5.2.7 was quite involved, so to prove the
above we only adapt the parts of the proof therein in which the specific nature of the
probabilistic representation, that is, the change from ’Yi(n)|q to log }Y;(n)‘, is relevant.
As pointed out in Section 5.2.7, the proof of Proposition 5.2.19 follows along the lines of
Borovkov and Rogozin [17]. However, since the conditions therein, namely the random
variables having a common bounded density, are not satisfied in either of our settings,
one mainly needs to show the integrability of the Fourier transform (see [7, Remark
3.2]). The main part of the proof of Proposition 5.2.19 for which the structure of
the first component of the V. = (‘Y;(n)|q,

Therein it was proven that there is an s > 1 such that the Fourier transform of the

Y;(”)’p) plays a role is in Lemma 5.2.20.

sum of two V;-(n) (times some exponential term) is in Ly(R?). This can be proven for
‘71’(”) — (10g |Y;(")

transformation of the Yi(n) and making a transformation of densities argument, and we

, |Y;(")‘p) in a mostly analogue fashion by rewriting their sum as a

will briefly argue why that is the case. For 1 = 1, j = 2 we can write

Y'l(”)lp + ‘}/2(”)|p> — T(}/l(n)7y'2(n)>.

Y

‘71(") + f/zn) _ (log {Yl(”)l + log }Yz(n)

For some given x € R? we solve z = T'(y) for y € R?, which amounts to characterizing

T~ x) = {y € R? :log(|y1|) + log(|ya]) = 1, [11]? + |yalP = 22}

If 25 < 0, the above set is clearly empty, hence we assume x, > 0, in which case the
set {y € R? : |y1|P + |y2|’ = 22} is an £}-sphere with radius za/?
Sg_l(x;/p). For 1 € R the set G(z;) := {y € R? : log(|y1]) + log(|y2|)) = z1} can be

interpreted as the graph of the function f(y) = e®'y~! mirrored along the axes and at

, again denoted as

the origin into all orthans of R? (see Figure 5.3).
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FIGURE 5.3: The set G(r) for r = 0.

Therefore, we have .
T~ (z) = G(a1) NS} (xy7).

As one can see in Figure 5.4, the number of points in the above set is zero in case

exp(%) > (%)Up, four if exp(%) = (%)UP, and eight if exp(%) < (%)l/p. Since the

)= (%2)1/27 only holds for a zero set of z € R x (0,00), we only consider

%
r € R x (0,00) with exp(%) < (%)l/p.

case exp(

FIGURE 5.4: Intersection points (red) of G(r) (orange) and Sj(1) (blue) for
different values of r with r € {0.25, 0, —1} (from left to right).

The transformation T is continuously differentiable outside of (0,0) with Jacobian

5 () = ( sgn(yn)lpn| ™ sgn(ye)ly2| ™! ) 7
sgn(yu)plyP sen(ye)plyel~
and
det [1,T(y)] = sgn(yr) sgn(ys) |y~ wel ™ p(lwel” — 11 ]?),

which is only zero for |y;| = |yz|, thus can be disregarded, since it geometrically amounts
to G(z1) and S}j(x;/p) intersecting at the points 271/P23/”(£1, 1), which we excluded.
For the remainder of the proof, one can proceed just as was done in the proof of Lemma
5.2.20, that is, apply the density transformation argument from [54, Section 4.5, p. 151

ff.] via T and use the same integral estimates therein.
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Thus, we see that one can show an analogue version of Lemma 5.2.20 in this setting,
and hence, we can proceed in an analogue fashion as the remainder of the proof of
Proposition 5.2.19 to show the density estimate in Proposition 5.3.4. The details of

this are therefore omitted.

5.3.3 Proof of the sharpening of the p-AGM inequality

Assuming the set-up of Theorem 5.3.1 and combining the probabilistic representation

results in (5.78) and (5.83) with the local density approximation in Proposition 5.3.4,

we get that
P(R, > 0) = P(W € Db)
= / A" () da
Dy~
_ 23 / (det $.) e @ 4z (1 4 o(1)), (5.86)
7r
Dy
and

-1/2 i

= 2 [ (det$H,) e M@ ax (1 4 o(1)), (5.87)

o

Doy, <
with Dy~ and Dy . as in (5.84) and (5.85). The final step of the proof of Theorem
5.3.1 now is to calculate the above integrals explicitly. We will only do this in detail for
the integral in (5.86), as the calculation for the integral in (5.87) proceeds in a mostly
analogue fashion, and we will merely point out the specific differences at the end of
the proof. As in [7, 69, 85], the first step is to split up the integration area into a
neighbourhood around the point #*, at which the exponent in the integrand attains its
infimum on the boundary of Dy -, and its complement. On this neighbourhood we then
employ the Laplace integral approximation from Proposition 5.2.27 by Andriani and
Baldi [7], and on the complement we use the large deviation principle from Proposition

5.3.2 to show the comparative negligibility of the corresponding integral.
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Proof of Theorem 5.3.1. We begin by proving the statement in Theorem 5.3.11). Let us
assume the setting therein and let By be an open neighbourhood of 6*, small enough
such that By C Dom([\;’;). The fact that §* € Dom(]\;;) follows from the fact that
As(0%) = Z,(0) < oo for 8 € (0,1), as seen in Proposition 5.3.2. Splitting up the
reformulation of our target probability in (5.86) into integrals of 2™ over By and B
yields
P(R, > 6) = / A () dz + / h™ (z) da. (5.88)
Dy ~NBy Dy ~NBg
We begin by showing the comparative negligibility of the second integral term. We
know from Remark 5.3.3 that A; attains its unique infimum on 0Dy~ at 6*. This
property can be shown to hold for the closure Eg’> as follows: assume t € R? with
t € Dy, ie, etlt;/p > . We then consider ¥ := etltgl/p. If 9* ¢ Dom(]\;j), it
trivially holds that /1;(9*) < A;;(t) = 0o. Hence, assume that ¢* € Dom(]\;;). It now
follows that t € 0Dy -, which yields that A%(t) > A5 (%) = Z,(¥) by Remark 5.3.3. By
Lemma 2.2.1 A% is strictly convex on Dom(A%). From Proposition 5.3.2 we have that
A;(emp*) = T,(e") = 0, thus 7, is strictly increasing on the interval (e™», 1), hence
for 9 > 6 we have Ay(t) > Z,(J) > Z,(0) = A;(0%), thereby proving that A} attains its

unique infimum on Dy - at 0*.

Therefore, it follows from 6* ¢ B§ that there is an 1 > 0, such that

inf  Ax(t) > As(0%) + .

t€Dg ~N B§

The LDP in Proposition 5.3.2 then implies that

1 N - -
lim sup—logIP’(S(”) €Dy~ N Bg) < — inf Aj(y) < —AL(07) —n,

n—oo 1 y € DN B§

from which it follows that

=S e N1+ 0(1)).  (5.89)

enn

P(SW € Dy~ N Bg) < e RO (1 4 (1)) =

Due to the leading exponential term e™"", the above will be comparatively negligible

compared to the other integral term

/ W () de = - / (detH,) > e 8@ dz (1 4 o(1)), (5.90)
T
D9’>I'WB(9 D6,>QBG

which we will concretely calculate in the following. The clear course of action for this
will be to apply Proposition 5.2.27 to the integral in (5.90) with D = Dy~ N By C R?,
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z* = 0%, g(z) = (det 5;3;,;)71/2 and ¢(x) = A;(x) The area of integration is clearly
bounded and since for sufficiently small By it follows from (5.84) that 0(Dy~ N By)
around 6* is a section of the graph of the differentiable function f(t;) = 6 PeP!t| it is
indeed a differentiable planar curve. Also, /NX; attains a unique infimum on 9(Dy > N By)
in 0* (see (5.81) and Remark 5.3.3), which also holds for the entirety of Dy~ N By, as
was shown above. The other conditions of Proposition 5.2.27 follow by the same argu-
ments put forth in the proof of Theorem 5.2.11 in Section 5.2.8. Hence, we can apply
Proposition 5.2.27 as intended, which gives

/ A" () da

D97>QB9

1 det (L' (Lz — Lp)) /e hi@)

VR (M, Ay(07) VL A6, Ve As(6)) (det Bp-)

5 (L+0(1),  (5.91)

where Lz and Lp are the respective Weingarten maps of the curves
Gp = 0(Dg~ N By) and Gy ={z € R*: AX(z) = A (0%)}

at 0*. We now need to resolve the different components in this fraction. As stated in
(5.72), by the same arguments as in Lemma 5.2.1 it holds that Vx]\;(x) = 7(z), and

fo\;",(x) = §_'. This allows rewriting the term in the denominator in (5.91) as
<’H,x A7) VL A0, V, A;;(e*)> det $Ho-
- <59* (6%), 7(9*>> det $g- = £()2. (5.92)

It remains to give the Weingarten maps of the curves €p and €j explicitly. We start
by noting that det(L;'(Lz — Lp)) = 1—LpL; " = &(6)?, the determinant falling away
due to the Weingarten maps being one-dimensional. As discussed in Section 5.2.2, the
Weingarten map of a planar curve at a given point reduces to the absolute value of its
curvature at that point. Since €p = 9(Dy~ N By) around 6* is a segment of the graph
of f(t1) = 0 PeP"| we get from Corollary 5.2.10 ii) that

O p*e’o"

Lp = (1+ f7(6)2)3/2 - (1 +p262p99_2p)3/2' (5.93)

The curve €3 can be written as the zero set of the function F(x) := /~\;(x) — /~\;(9*),
and its derivatives Fj; ; at 0 as in Corollary 5.2.10 i) are known from the identities
Vx]\;(:c) = 7(z) and ’Hx/NX;(a:) = §;'. (Note, that for = ¢™ we have that @; is the
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zero set of F(x) = ]\;(a:), since A;(eml’*) = 0. By (5.82) it follows that 7(x) = 0 only if
x = ™" = (myp, 1). Hence, the zero set of F'(x) = Aj(x) is solely the point ™", which
is not a differentiable curve, and hence is not accessible by these geometric methods).
It thus follows that
(073 (8) =200 (0): (8) 4073 (95)
Li = 11 3/212 221
(r(6°); + 7(6°)3)

This, together with (5.93), now yields that 1 — LpL; ' = &(#)?, which combined with
(5.81) and (5.92) and applied to (5.91) gives

) (z) dz = ~1 e " (0) o(1)). )
/ M) de = e (14 o(1) (5.94)

D97>ﬂBg

Comparing (5.94) with the upper bound of the integral outside of By in (5.89), we can
see that the integral over Bj is negligible, as it is of order o(1). Thus, combining (5.88),
(5.89) and (5.94) finishes the proof of Theorem 5.3.1 i).

The proof of Theorem 5.3.1 ii) is almost completely the same regarding probabilistic
representation, local density estimation, and integral approximation, as hardly any of
the steps therein use the fact that we are working on Dy for 6 € (e”»,1) instead
of Dy for 6 € (0,e™»), but rather consider a neighbourhood of 9Dy~ around 6,
which coincides with that same neighbourhood of 0Dy . around 6*, and are therefore
the same in both settings. The only notable difference is that one shows the fact
that #* minimizes /NX; not only on 9D, , as in (5.81), but also on Dy -, by using the
fact that /i;‘; is strictly decreasing on (0, e™») instead of it being strictly increasing on
6 € (e"»,1). Beyond this, the proof is the same as for Theorem 5.3.1 i) and is hence
omitted here. O
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